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1.

(a)

Solution 1

The first odd positive integer is 1. The second odd positive integer is 3, which is 2 larger
than the first. The third odd positive integer is 5, which is 2 larger than the second.
Therefore, the 25th odd positive integer will be 24 x 2 = 48 larger than the first odd
positive integer, since we must add 2 to get to each successive odd number.

Thus, the 25th odd positive integer is 1 + 48 = 49.

There are 1 +2 + 3+ 4+ 5+ 6 = 21 integers in the first six rows of the pattern, so 49
must appear in the 7th row.

Solution 2

The first odd positive integer is 1, which is 1 less than the first even positive integer,
namely 2.

The second odd positive integer is 3, which is 1 less than the second even positive integer,
namely 4.

This pattern continues, with the 25th odd positive integer being 1 less than the 25th even
positive integer, which is 25 x 2 = 50.

Therefore, the 25th odd positive integer is 49.

There are 1 +2 +3+4+ 5+ 6 = 21 integers in the first six rows of the pattern, so 49
must appear in the 7th row.

In the triangular pattern, the first row contains 1 number, the second row 2 numbers, the
third row 3 numbers, and so on.

Thus, the first twenty rows contain 1+ 2+ 3+ --- 4+ 19 4+ 20 numbers in total. This total

20(21 :
(1) _ 919 (usingthefactthat1+2+-"+(n_1)+n:@>'

Therefore, the 19th integer in the 21st row is the 210 + 19 = 229th odd positive integer.
Using either of the methods of part (a), this integer is 1 4 228(2) = 229(2) — 1 = 457.

equals

To get from 1 to 1001, we must add 2 a total of 500 times, so 1001 is the 501st odd positive
integer.

From part (b), we know that the first 20 rows contain 210 integers, so the row number is
larger than 20.

How many integers do the first 30 rows contain? They contain 1+ 2 + --- + 29 + 30 =

30(31
# = 465 integers.

This tells us that the first 31 rows contain 465 + 31 = 496 integers.
Since 1001 is the 501st odd positive integer, it must be the 5th integer in the 32nd row.

We find C'E by first finding BE.

Since AE = 24 and ZAEB = 60°, then BE = 24 cos(60°) = 24 (3) = 12.

(We could have also used the fact that AABE is a 30°-60°-90° triangle and the appropri-
ate ratios.)

Since BE = 12 and ZBEC = 60°, then CE = 12 cos(60°) = 12 (5) = 6.
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(b) Using the same strategy as in (a),

AB = 24sin(60°) = 24

BC = 12sin(60°) = 12

CD = 6sin(60°) =6
ED = 6cos(60°) =6

L) =123
73> — 63
):3\/3

The perimeter of quadrilateral ABCD is equal to AB + BC 4+ CD + DA and
DA = DE + EA, so the perimeter is 12v/3 + 6/3 4+ 3v/3 + 3 + 24 = 27 + 21/3.

(c) The area of quadrilateral ABC'D is equal to the sum of the areas of triangles ABE, BCE

and CDE.
Thus,
Area = 3(BE)(BA)+ 3(CE)(BC) + 3(DE)(DC)
= 3(12)(12v3) + 3(6)(6v/3) + 5(3)(3v/3)
= 72vV3+18V3+ V3
(a) The line through points B and C' has slope 71—(__; =-—1.

Since (7, —1) lies on the line, the line has equation y —

(b) Solution 1

(—=1)=—1(z—T7)ory=—x+6.

Suppose P has coordinates (z,y). Since P lies on ¢, then y = —x +6, so P has coordinates
(x, —z +6).
Since A has coordinates (10, —10), then PA = \/(z — 10)2+ (—z + 16)2.
Since O has coordinates (0,0), then PO = /2% + (—z + 6)2.
For PA = PO, we must have PA? = PO? or
(x —10)* + (—x + 16)? 2%+ (—z +6)?
2® — 207 + 100 + 2° — 327 + 256 z® + 2* — 122 + 36
320 40z
x 8

so P has coordinates (8, —2).
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A(10,-10)

Solution 2

For P to be equidistant from A and O, P must lie on the perpendicular bisector of AO.
Since A has coordinates (10, —10) and O has coordinates (0,0), then AO has slope —1, so
the perpendicular bisector has slope 1 and passes through the midpoint, (5, —5), of AO.
Therefore, the perpendicular bisector has equation y — (—=5) =z — 5 or y = z — 10.
Thus, P must be the point of intersection of the lines y = x — 10 and the line ¢ which has
equation y = —x +6,s0 —x +6 =2 — 10 or 2x = 16 or x = 8.

Therefore, P has coordinates (8, —2).

(c) Solution 1
Since @ lies on the line ¢, then its coordinates are of the form (¢, —q + 6), as in (b).
For ZOQA = 90°, we need the slopes of OQ and QA to be negative reciprocals (that is,
the product of the slopes is —1).
—q+6
The slope of OQ) is q+ )
q

—q+6—(—10 —q+ 16
The slope of QA is q +q — 1é ) = qq_+10 )
Therefore, we must solve

—q+6 —q+16

= -1
q q—10
(—q+6)(—g+16) = —q(q—10)
P —22¢+9 = —¢>+10q

2¢° —32¢+9 = 0
P —16g+48 = 0
(q—4)(g—12) = 0

Therefore, ¢ = 4 or ¢ = 12, so () has coordinates (4,2) or (12, —6).
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Solution 2

For ZOQA = 90°, then ) must lie on the circle with diameter O A.

The centre of the circle with diameter OA is the midpoint M of OA, or (5, —5).

The radius of the circle with diameter OA is OM or /52 + (—5)2 = 1/50.

Therefore, this circle has equation (z —5)? + (y + 5)? = 50.

The points () that we are seeking are the points on both the circle and the line ¢, ie. the
points of intersection. Since y = —x + 6,

(x =52+ (—z+6+5)* = 50

22— 10z 4+ 25+ 22 — 222+ 121 = 50
20 — 320 +96 = 0

2 — 162 +48 = 0

(x—4)(z—-12) = 0

Therefore, x = 4 or x = 12, so @ has coordinates (4, 2) or (12, —6).

4. (a) Suppose p is a prime number.
The only positive divisors of p are 1 and p, so o(p) = 1 + p.

Thus,

1+4+p 1 1 3
Ip)=——=-+1<i41=23
)= — L= +1<it1=1

since p > 2.

(b) Solution 1
Suppose that p is an odd prime number and k is a positive integer. Note that p > 3.
The positive divisors of p* are 1, p, p?, ..., p*~ 1, p*, so

P = ok T p—1 TRk
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Thus,
() < 2
pk+1 -1 5
pk+l _ pk <
— pk—i—l -1 < 2<pk+1 o pk)

= 0 < pFt—2pF+1
— 0 < pFp—-2)+1

which is true since p > 3.

Solution 2
Suppose that p is an odd prime number and £ is a positive integer. Note that p > 3.
The positive divisors of p* are 1, p, p?, ..., pF~L, p¥, so
" PPyt
I(p") = p
p
1 1
= 1+ ]_9 + -+ F + ﬁ
k41
1
| (1 () )
p : :
= i (geometric series)
1- =
p
1
< I
1-— =
p
- P
p—1
= 1+ !
— |
< 1+ L
- 2
< 2

. : . L 1+p+p°

c¢) Since p is a prime number, the positive divisors of p? are 1, p and p?, so I(p?) = #.
2

p

1+

Since ¢ is a prime number, I(q) = q’ as in (a).

Since p and ¢ are prime numbers, the positive divisors of p?q are 1, p, p?, q, pq, and p?q,
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SO

1+ p+p°+q+pg+p°q
P*q
(I+p+p°) +q(1+p+p°)
P*q
(1+p+p*)(1+q)
P*q

l+p+p* l+g

p? q
I(p*)1(q)

as required.

(d) We start by listing a number of facts:

From part (b), if n is a prime number, then I(n) < 2. Thus, to obtain an n with

I(n) > 2, we must combine multiple primes.

Ifn =p1“p*2 - - p,,°™ where the p;’s are distinct primes and the e;’s are positive inte-

gers, then by extending the ideas of (¢), we can see that I(n) = I(p1*)1(p2°?) - - - I (pm°™).

If p and ¢ are primes with pk< q, ];chfn I(p*) > I(q").

_ptp +k--~+p+1 14 1 T kl_1
p p p

1 1
q—2, etc., so I(p*) > I(¢").)

(This is because I(p¥)

1
+ = and
D

L >
q p*

The previous point tells us that smaller primes are more efficient than larger primes
at increasing I(n). In other words, given an n, we can find an m with I(m) > I(n)
by replacing some of the prime factors of n with smaller primes to obtain m. (For

example, if n = 527311, then m = 523*7 would gives I(m) > I(n).)
From (b), I(p*) < 3 and I(5%) <

2
1(3%5%) = I(3")I(5") < % -2
The previous two points tell us that no odd integer n with at most two prime factors
can have I(n) > 2. Therefore, to get I(n) > 2, n must have at least three prime

factors.

1 11 1
I(¢*") = 1+5+M+F+?' Itp <yq, thenl—? >

b 7 80 in particular 7(3%) < 3 Therefore,

_15
=L <2

Let us consider integers of the form n = 35°7¢ and try to find one with I(n) > 2:

alb|lc| n |I(n)

1[1]1]105]I(n)=IB)IGB)I(T)=5-2-2=%<2
211|315 | I(n)=I3)IGE)I(T)=2-2-2=28<2
3111945 | I(n)=IBIG)I(T)=%-2-2=2>2

So 1(945) > 2.

Why is n = 945 the smallest odd integer with I(n) > 27

We notice that any positive odd integer with at least 4 prime factors is at least
3(5)(7)(11) or 1155, which is larger than 945, so we can restrict to looking at integers
with at most 3 prime factors.
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e By our opening remarks, we can restrict our search even further, looking at only those
odd integers with 3, 5 and 7 as possible prime factors, since we can decrease the primes
and make I(n) larger at the same time.

e Furthermore, we only need to consider those integers n = 3°1527% with e; > ey > eg3,
since otherwise we could reassign the exponents in this order and obtain a smaller
integer. (For example, 32537 is larger than 3%527.)

e Since n must have at least three prime factors and we can assume that these prime
factors are 3, 5 and 7 and that the exponents have the property from the previous
point, then there are no integers smaller than 945 left to check other than the ones in
the table above (none of which have I(n) > 2).

Therefore, n = 945 is the smallest odd positive integer with I(n) > 2.



