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1. (a)

Since the average of the 5 numbers n, 2n, 3n, 4n, and 5n is 18, we obtain the equation
n+2n+3n+4n+5sn 18

5

1
Therefore, % = 18 and so 3n = 18 or n = 6.

Solution 1
Adding the equations 2z +y = 5 and « + 2y = 7, we obtain (2z +y) + (r +2y) =5+7
and so 3z + 3y = 12.

Therefore, the average of x and vy is a ; y_ 5 g 3Y = % = 2.

Solution 2

Since 2x 4+ y = 5, then 4x + 2y = 10.

Subtracting the second equation, we obtain (4z + 2y) — (x + 2y) = 10 — 7 which gives
3r =3 and so z = 1.

Thus, y =5 — 2x = 3.

143
The average of x and y is thus i

I
o

*+2t+3
Since the average of the three numbers t?, 2t and 3 is 9, then Pt =9
Therefore, t? 4+ 2t + 3 = 27 and so ¢* + 2t — 24 = 0 which gives (¢ + 6)(t — 4) = 0.
Since t < 0, then t = —6.

1 5
Since Q(5, 3) is the midpoint of P(1,p) and R(r,5), then r_ 5 and I% = 3.
Thus, 1 + r = 10 which gives r =9, and p + 5 = 6 which gives p = 1.

Therefore, p =1 and r = 9.

Solution 1

The point with coordinates P(3,6) is 6 units above the z-axis.

A line with slope 3 moves 2 units to the right as it moves 6 units up. Therefore, to move
from P(3,6) to the z-axis along a line with slope 3 results in a move of 6 units down and
2 units left. Thus, its x-intercept is 3 — 2 = 1.

A line with slope —1 moves 6 units to the left as it moves 6 units up. Therefore, to move
from P(3,6) to the z-axis along a line with slope —1 results in a move of 6 units down
and 6 units right. Thus, its x-intercept is 3+ 6 = 9.

The distance between these z-intercepts is 9 — 1 = 8.

Solution 2

The line with slope 3 that passes through P(3,6) has equation y — 6 = 3(z — 3) or
y =3 — 3.

The z-intercept of this line has y = 0 and so 0 = 3z — 3 or 3x = 3, which gives z = 1.
The line with slope —1 that passes through P(3,6) has equation y — 6 = (—1)(z — 3) or
y=—x+9.

The z-intercept of this line has y =0 andso 0 = -z +9 or x = 9.

The distance between these z-intercepts is 9 — 1 = 8.
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(c¢) The line with equation y = 2z + 7 has slope 2.
The line with equation y = tx + t has slope t.

Since these lines are perpendicular, the product of their slopes is —1 and so 2¢ = —1 which
gives t = —%.

We now need to find the point of intersection of the lines with equations y = 2x + 7 and
y=—3x— 3.

Equating expressions for y, we obtain 2z 47 = —%x — % or ga: = —%, which gives x = —3.
Therefore, y = 2o +7 = 2(—3) + 7 = 1, and so the point of intersection of these lines is
(—3,1).

3. (a) Since 64 = 2° its positive divisors are 1, 2, 4, 8, 16, 32, and 64.
The sum of these divisorsis 1 +2 +4 4+ 8 + 16 + 32 4+ 64 = 127.

(b) Suppose that the four consecutive integers that Fionn originally wrote on the blackboard
were x, x + 1, x + 2, and = + 3.
When Lexi erases one of these integers, the sum of the remaining three integers is equal
to one of the following:

(x+1)+(x+2)+(x+3)=3x+6
r+(r+2)+(x+3)=3x+5
z+(z+1)+(x+3)=3x+4
r+(x+1)+(x+2)=3x+3

We are told that the sum of these integers is 847.

We note that 847 = 3 - 282 + 1, which is one more than a multiple of 3. Since 3x + 3 and
3x + 6 are always multiples of 3 and 3x + 5 is 2 more than a multiple of 3, then we must
have 3z + 4 = 847 and so 3x = 843 or x = 281. (Alternatively, we could have set each
of the four sums above equal to 847 to determine in which case or cases we obtained an
integer solution for z.)

Therefore, the original integers were 281, 282, 283, 284 and Lexi erased x + 2 = 283.

(c) From the given information, the 7 terms in the arithmetic sequence are
&, &+d, d*+2d, d*+3d, d*+4d, d*+5d, d*+6d
Since the sum of these 7 terms is 756, we obtain the following equivalent equations:

d* + (d® + d) + (d* + 2d) + (d* + 3d) + (d* + 4d) + (d* + 5d) + (d* + 6d) = 756
7d* + 21d = 756
d* + 3d = 108

d>+3d—108 =0

(d+12)(d—9) =0

and so d = —12or d =9.
The corresponding arithmetic sequences are

144,132,120,108,96,84,72  and  81,90,99, 108,117, 126, 135
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4. (a) In 1 hour, Liang paints % of the room.
Thus, in 2 hours, Liang paints % of the room.
Edmundo needs to paint 1 — % = % of the room.
In 1 hour, Edmundo paints % of the room.

el 3 4
Since 1= 1 5

hour.

1 _
ande

Therefore, Edmundo paints for 80 minutes.

When converted to a fraction, A% is equal to 100"

this means that Edmundo paints for % =

1_
1=

When an amount is increased by A%, we can find its new value by multiplying by 1+ —.

100

When an amount is decreased by A%, we can find its new value by multiplying by 1 — —

A
When $400 is increased by A%, the amount becomes $400 (1 - —)

When this value is decreased by A%, the amount becomes $400 (

Therefore,

100

A A
$400 (1 + m) (1 — ﬁ) = $391

- A ) A\ 391
100 100/ 400
A? 9
1— -1—-—
1002 400
A2 9
1002 400
A? 32
1002~ 202
A 3
1—00 = % (Since A > O)
3
A=100-— =15
20

Therefore, A = 15.

1+ ——

w) (!

100

100°

_A
100 )
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5. (a)

The quadratic function f(z) = 2% + (2n — 1)z + (n? — 22) has no real roots exactly when
its discriminant, A, is negative.
The discriminant of this function is

A= (2n— 1) —4(1)(n* — 22)
= (4n* —4dn+1) — (4n* — 88)
= —4n + 89

We have A < 0 exactly when —4n 4+ 89 < 0 or 4n > 89.

This final inequality is equivalent to n > % = 22%.

Therefore, the smallest positive integer that satisfies this inequality, and hence for which
f(z) has no real roots, is n = 23.

Using the cosine law in APQR,

PR*=PQ*+ QR*>—2-PQ-QR-cos(£PQR)
21% = a® + b? — 2abcos(60°)

441 :a2+b2—2ab-%

441 = a* +b* — ab

ST TU a b
ing the sine law in AST btai = dso — = .
Using the sine law in ASTU, we obtain Sn(/TUS) — sm(ZTS0) and so 15~ sm(30°)
Therefore, a2 and so a = 2.2b= %b.

4/5 1/2 5
Substituting into the previous equation,
2
441 = (8b)" + 0> — (8b) b
441 = 8p* + b — &

__ 6412 25712 4072
441 = 8457 4 B — 19

_ 4912

441 = 19

225 = b?
Sinceb>0,thenb:15andsoa:26:2-15:24.
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6. (a) Solution 1
We make two copies of the given triangle, labelling them AABC and ADFEF, as shown:

A D
B C E F
The combined area of these two triangles is 2 - 770 cm? = 1540 cm?, and the shaded area

in each triangle is the same.
Next, we rotate ADEF by 180°:

% | ; |
B C D
and join the two triangles together:

4 E

B C

We note that BC' and AE (which was F'E) are equal in length (since they were copies of
each other) and parallel (since they are 180° rotations of each other). The same is true
for AB and EC.

Therefore, ABCFE is a parallelogram.

Further, ABCE is divided into 11 identical parallelograms (6 shaded and 5 unshaded)
by the horizontal lines. (Since the sections of the two triangles are equal in height, the
horizontal lines on both sides of AC' align.)

The total area of parallelogram ABCE is 1540 cm?.

Thus, the shaded area of ABCE is & - 1540 cm? = 840 cm?.

Since this shaded area is equally divided between the two halves of the parallelogram, then
the combined area of the shaded regions of AABC is 1 - 840 cm? = 420 cm?.
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Solution 2
We label the points where the horizontal lines touch AB and AC' as shown:

o/

We use the notation |[AABC| to represent the area of AABC and use similar notation
for the area of other triangles and quadrilaterals.

Let A be equal to the total area of the shaded regions.

Thus,

= |AAB101| + |BQB3C3CQ| —|— ‘B4B5C5C4| + |BGB7C7CG| —|— |BngCgCg| + |BloBCC10|

The area of each of these quadrilaterals is equal to the difference of the area of two triangles.
For example,

| BoB3C5Cy| = |AAB3Cs| — |[AAByCy| = —|AABCy| + |AAB;3Ch|
Therefore,

— |AABCs| + |AAB:Cy| — |AABsCs| + |AAByCy| — |AAB1oCio| + |AABC|

Each of AABCy, AAByCs, ..., AAB1C1g is similar to AABC because their two base

angles are equal due.

Suppose that the height of AABC from A to BC is h.

Since the height of each of the 11 regions is equal in height, then the height of AAB;C
h the height of AAByC, is h and so on.

When two triangles are similar, thelr heights are in the same ratio as their side lengths:

To see this, suppose that APQR is similar to ASTU and that altitudes are drawn
from P and S to V and W.

P
S
o v R T W U
Since ZPQR = ZSTU, then APQV is similar to ASTW (equal angle; right
P PV
angle), which means that S_g =S In other words, the ratio of sides is equal

to the ratio of heights.
Since the height of AAB,C} is $7h, then B,C, = +;BC.
Therefore, [AAB,Cy| =1L -B,Cy - £h=1-LBC - Lh=1,-1.BC h=1,|AABC|.

Similarly, since the height of AAB,C5 is h then B,Cy = 2 BC.

11
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Therefore, [AAByCy| =L ByCy- Zh =1 2BC-2h=2,.1.BC - h=2,

11 11 12’ 112

IAABC].

This result continues for each of the triangles.
Therefore,

A= LIAABC| — Z|AABC| + 25| AABC| — £ AABC| + 25| AABC

— S AABC| + L | AABC| — S| AABC| + L|AABC| — | AABC| + | AABC
H|AABC|(112 = 10° +9* — 8+ 7 — 6 +5* — 4> + 3 — 2° + 1)

= (770 cm®)((11 + 10)(11 = 10) + (9+8)(9 —8) + -+ (3+2)(3 —2) + 1)

= (770 cm®)(11 410+ 9+ 847+ 6+5+4+3+2+1)

11(70(3H1)-66

= 420 cm?

Therefore, the combined area of the shaded regions of AABC is 420 cm?.

(b) Solution 1
We label five additional points in the diagram:

Since PQQ = QR = RS =1, then PS =3 and PR = 2.

Since /PST = 90°, then PT = +/PS?+ ST? = /32 + 12 = /10 by the Pythagorean
Theorem.

We are told that ABC'D is a square.

Thus, PT is perpendicular to QC and to RB.

Thus, APDQ is right-angled at D and APAR is right-angled at A.

Since APDQ, APAR and APST are all right-angled and all share an angle at P, then

these three triangles are similar.

PA P 2 PD P 1
This tells us that S = P? and so PA = ?/—1_0 Also, P_S Pg and so PD = \/—1_?)
Therefore,
6 3 3
DA=PA—-PD = — =
v10 /10 /10

3\ 9
This means that the area of square ABCD is equal to DA? = (—) = —.
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Solution 2
We add coordinates to the diagram as shown:

0,3) (1,3) (2,3 (3,3

0,00 (1,0) (2.,0) (3.,0)

We determine the side length of square ABC'D by determining the coordinates of D and
A and then calculating the distance between these points.

3—2 1
The slope of the line through (0,3) and (3,2) is 3= F
1
This equation of this line can be written as y = ——z + 3.

The slope of the line through (0,0) and (1,3) is 3.

The equation of this line can be written as y = 3.

The slope of the line through (1,0) and (2, 3) is also 3.

The equation of this line can be written as y = 3(z — 1) = 3z — 3.

Point D is the intersection point of the lines with equations y = —gm + 3 and y = 3z.
1 9
Equating expressions for y, we obtain —gx + 3 = 3z and so gx = 3 which gives z = 10

27 9 27
Since y = 3x, we get y = 0 and so the coordinates of D are (E’ 1—())

Point A is the intersection point of the lines with equations y = —ga: +3 and y = 3z — 3.

1 10
Equating expressions for y, we obtain —ga: +3 = 3x — 3 and so E:c = 6 which gives
18
r=—.
10
18 24

24
Since y = 3z — 3, we get y = 10 and so the coordinates of A are <E’ 10

>. (It is easier

to not reduce these fractions.)

Therefore,
13\ 2 9 24\ 2 2 2
N T O N A S S N )
10 10 10 10 10 10 100 10
9 ’ 9
This means that the area of square ABCD is equal to DA? = ( 1—0> =10
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7.

(a)

Each possible order in which Akshan removes the marbles corresponds to a sequence of 9
colours, 3 of which are red and 6 of which are blue.

We write these as sequences of 3 R’s and 6 B’s.

Since are told that the first marble is red and the third is blue, we would like to consider
all sequences of the form

krR_B_
The 7 blanks must be filled with the remaining 2 R’s and 5 B’s.
7-6
There are 0) =5 = 21 ways of doing this, because 2 of the 7 blanks must be chosen in

which to place the R’s. (We could count these 21 ways directly by working systematically
through the possible pairs of blanks.)

Of these 21 ways, some have the last two marbles being blue.

These correspond to the sequences of the form

R B BB
In these sequences, the 5 blanks must be filled with the remaining 2 R’s and 3 B’s.
5-4
There are 0 =5 = 10 ways of doing this, because 2 of the 5 blanks must be chosen

in which to place the R’s.
Therefore, 10 of the 21 possible sequences end in two B’s, and so the probability that the

last two marbles removed are blue is TR

Factoring the first equation, we obtain
ac+ ad+bc+bd = a(c+d) +b(c+d) = (a+b)(c+d)
We now have the equations

(a+b)(c+d) = 2023
(a+0) + (c+d) = 296

If we let s =a+ b and t = ¢ + d, we obtain the equations

st = 2023
s+t =296

Noting that s and ¢ are integers since a, b, ¢, and d are integers, we look for divisor pairs
of 2023 whose sum is 296.
To find the divisors of 2023, we first find its prime factorization:

2023 =7-280 ="7-17°

Therefore, the divisors of 2023 are 1, 7, 17, 119, 289, 2023.
This means that the divisor pairs of 2023 are

2023 =1-2023 =7-289 =17-119

The one divisor pair with a sum of 296 is 7 and 289. (Alternatively, we could have found
these by substituting ¢ = 206 — s into st = 2023 and using the quadratic formula.)
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Sincea <b<c<d,thena+b<c+dandsos=a+b=Tandt=c+ d=289.
Since a and b are positive integers with @ < b and a 4+ b = 7, then the possible pairs (a, b)
are

(a,b) = (1,6),(2,5),(3,4)

We know that ¢ and d are positive integers with ¢ < d and ¢ + d = 289, but also with
b<ec<d.
When (a,b) = (1,6), this means that the possibilities are

(c,d) = (7,282), (8,281), (9,280), ..., (143, 146), (144, 145)

There are 144 — 7+ 1 = 138 such pairs.
When (a,b) = (2,5), the possibilities are

(c,d) = (6,283), (7,282), (8,281), (9, 280), . . ., (143, 146), (144, 145)

There are 138 + 1 = 139 such pairs.
When (a,b) = (3,4), the possibilities are

(c,d) = (5,284), (6,283), (7, 282), (8,281), (9,280), . . ., (143, 146), (144, 145)

There are 139 4+ 1 = 140 such pairs.
In total, there are 138 4+ 139 4 140 = 417 possible quadruples (a, b, ¢, d).

Since AABC' is right-angled at B, then

BC?* = AC? — AB?
= ((n+1)(n+4))* - (n(n+1))*
=m+1)2(n+4)?*—n*n+1)?
=(n+1)? ((n +4)? — n2)
=(n+1)*(n®+8n+ 16 — n?)
= (n+1)*(8n + 16)
=4(n+1)*(2n +4)

The length of BC' is an integer exactly when 4(n + 1)%(2n + 4) is a perfect square.

Since 4(n + 1)? is a perfect square, then BC' is an integer exactly when 2n + 4 is a perfect
square.

We note that 2n +4 > 6 (since n > 1) and that 2n + 4 is even.

Since n < 100000, then 6 < 2n + 4 < 200004, and so we need to count the number of
even perfect squares between 6 and 200 004.

The smallest even perfect square in this range is 42 = 16.

Since /200004 = 447.2, the largest even perfect square in this range is 446°.

Therefore, the number of even perfect squares in this range is - 1 =222.

Thus, there are 222 positive integers n for which the length of BC' is an integer.
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(b) Let f(z) = \/logy x - log,(4x) + 1 + \/10g2$ -log, ( ° ) +9.

64
Using logarithm laws,
log, x - log,y(4x) + 1 = log, z(log, 4 + log, z) + 1
= log, z(2 + logy z) + 1 (since 22 = 4)
= (logy x)? +2-logyw + 1
— (logy z + 1)?

and
log, = - log, <6£4> + 9 = log, z(log, © — log, 64) + 9
=logy z(logox —6) +9  (since 2° = 64)
= (logy z)* — 6logy x + 9
= (logy v — 3)?
Therefore,
f(z) = \/log, « - log,(4x) + 14—\/log2 x - log, <é) +9=+/(logyx + 1)2++/(logy v — 3)2

Before proceeding, we recall that if a < 0, then Va2 = —a and if @ > 0, then Va2 = a.
When log, x < —1, we know that log, z + 1 < 0 and log, z — 3 < 0, and so

f(z) = —(ogyz+1) — (logyx —3) =2 —2log, x
When —1 < log, z < 3, we know that log, z + 1 > 0 and log, x — 3 < 0, and so
f(x) = (logyx + 1) — (logy v — 3) = 4
When log, x > 3, we know that log,z + 1 > 0 and log, x — 3 > 0, and so
f(z) = (logyz + 1) + (logyx — 3) = 2log, x — 2

We want to find all values of x for which f(x) = 4.

When log, x < —1, f(x) = 2 — 2log, © = 4 exactly when log, x = —1.

When —1 < log, z < 3, f(z) is always equal to 4.

When log, x > 3, f(z) = 2log, @ — 2 = 4 exactly when log, x = 3.

Therefore, f(x) = 4 exactly when —1 < log, # < 3, which is true exactly when 1 <z <8.
(It seems surprising that the solution to this equation is actually an interval of values,
rather than a finite number of specific values.)
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9. (a) If there are 5 or more people seated around a table with 8 chairs, then there are at most
3 empty chairs. But there must be an empty chair between each pair of people, and this
is not possible with 5 people and 3 empty chairs.

Therefore, there are at most 4 people seated.

If there were only 2 people seated, then there would be 6 empty chairs which would mean
that at least one of the two “gaps” around the circular table had at least 3 empty chairs,
and so another person could be seated, meaning that the table wasn’t full.

Therefore, there are at least 3 people seated.

This means that a full table with 8 chairs has either 3 or 4 people.

If there are 4 people, there are 4 empty chairs, and so there is exactly 1 empty chair
between each pair of people.

Thus, people are seated in chairs {1,3,5,7} or in chairs {2,4, 6, 8}.

If there are 3 people, there are 5 empty chairs.

With 3 people, there are 3 gaps totalling 5 chairs, and each gap has at most 2 chairs in it.
Therefore, the gaps must be 1, 2, 2 in some order. This is the only list of three positive
integers, each equal to 1 or 2, that adds to 5.

The gap of 1 can be between any pair of seats. In other words, the gap of 1 could
be between {1,3}, {2,4}, and so on. In each case, the position of the third person is
completely determined because the remaining two gaps have 2 chairs each.

Thus, with 3 people, they are seated in chairs

{1,3,6},{2,4,7},{3,5,8},{4,6,1},{5,7,2},{6,8,3},{7,1,4},{8, 2,5}
In total, there are thus 10 ways to seat people at a table with 8 chairs:

{1,3,5,7},{2,4,6,8},{1,3,6},{2,4,7},{3,5,8},{4,6,1},{5,7,2},{6,8,3}, {7, 1,4}, {8, 2, 5}

(b) Suppose that k is a positive integer.
Suppose that t people are seated at a table with 6k + 5 chairs so that the table is full.
When t people are seated, there are t gaps. Each gap consists of either 1 or 2 chairs. (A
gap with 3 or more chairs can have an additional person seated in it, so the table is not
full.)
Therefore, there are between t and 2t empty chairs.
This means that the total number of chairs is between t 4+ ¢t and ¢t + 2t.
In other words, 2t < 6k 4+ 5 < 3t.
Since 2t < 6k + 5, then t < 3k + g Since k and t are integers, then t < 3k + 2.
We note that it is possible to seat 3k + 2 people around the table in seats

{2,4,6,...,6k+2,6k+ 4}

This table is full becase 3k + 1 of the gaps consist of 1 chair and 1 gap consists of 2 chairs.
Since 3t > 6k + 5, then t > 2k + % Since k and t are integers, then ¢ > 2k + 2.
We note that it is possible to seat 2k + 2 people around the table in seats

{3,6,9,...,6k, 6k + 3,6k + 5}

This table is full becase 2k + 1 of the gaps consist of 2 chairs and 1 gap consists of 1 chair.

We now know that, if there are t people seated at a full table with 6k + 5 chairs, then
2k +2 <t <3k+2.
To confirm that every such value of ¢ is possible, consider a table with ¢ people, 3t — (6k+5)
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gaps of 1 chair, and (6k 4 5) — 2t gaps of 2 chairs.

From the work above, we know that 3t > 6k + 5 and so 3t — (6k + 5) > 0, and that
2t < 6k + 5 and so (6k+5) — 2t > 0.

The total number of gaps is 3t — (6k + 5) + (6k + 5) — 2t = ¢, since there are ¢ people
seated.

Finally, the total number of chairs is

t+1-(3t—(6k+5))+2-((6k+5)—2t)=t+ 3t —4t — (6k +5) +2(6k +5) =6k +5

as expected.

This shows that every t with 2k 4+ 2 <t < 3k + 2 can produce a full table.
Therefore, the possible values of ¢ are those integers that satisfy 2k + 2 <t < 3k + 2.
There are (3k 4+ 2) — (2k +2) + 1 = k + 1 possible values of ¢.

Solution 1
For each integer n > 3, we define f(n) to be the number of different full tables of size n.
We can check that
e f(3) = 3 because the full tables when n = 3 have people in chairs {1}, {2}, {3},
e f(4) =2 because the full tables when n = 4 have people in chairs {1, 3}, {2,4}, and
e f(5) =5 because the full tables when n = 4 have people in chairs {1, 3}, {2,4}, {3, 5},
{4,1}, {5,2}.
In the problem, we are told that f(6) =5 and in part (a), we determined that f(8) = 10.
This gives us the following table:

ooﬂovcn»bw‘§
o Ol Ol N W

Based on this information, we make the guess that for every integer n > 6, we have
f(n) = f(n—2)+ f(n - 3).

For example, this would mean that f(7) = f(5) + f(4) = 5+ 2 = 7 which we can verify is
true.

Based on this recurrence relation (which we have yet to prove), we deduce the values of
f(n) up to and including n = 19:

0 | f(n) S
i g 12 29
5 5 13| 39
6 5 14| 51
7 7 15| 68
3 10 16| 90
9 19 171 119
10l 17 18| 158

19| 209

We now need to prove that the equation f(n) = f(n —2) + f(n — 3) is true for all n > 6.



2023 Euclid Contest Solutions Page 15

We think about each full table as a string of Os and 1s, with 1 representing a chair that is
occupied and 0 representing an empty chair.

Let a(n) be the number of full tables with someone in seat 1 (and thus nobody in seat 2).
Let b(n) be the number of full tables with someone in seat 2 (and thus nobody in seat 1).
Let ¢(n) be the number of full tables with nobody in seat 1 or in seat 2.

Since every full table must be in one of these categories, then f(n) = a(n) + b(n) + c¢(n).
A full table with n seats n > 4 must correspond to a string that starts with 10, 01 or 00.
Since there cannot be more than two consecutive Os, we can further specify this, namely
to say that a full table with n seats must correspond to a string that starts with 1010 or
1001 or 0100 or 0101 or 0010. In each case, these are the first 4 characters of the string
and correspond to full (1) and empty (0) chairs.

Consider the full tables starting with 1010. Note that such strings end with 0 since the
table is circular. Removing the 10 from positions 1 and 2 creates strings of length n — 2
that begin 10. These strings will still correspond to a full table, and so there are a(n — 2)
such strings. (We note that all possible strings starting 1010 of length n will lead to all
possible strings starting with 1010 of length n — 2.)

Consider the full tables starting with 1001. Note that such a string ends with 0 since the
table is circular. Removing the 100 from positions 1, 2 and 3 creates strings of length
n — 3 that begin 10. (There must have been a 0 in position 5 after the 1 in position 4.)
These strings will still correspond to full tables, and so there are a(n — 3) such strings.
Consider the full tables starting with 0100. Removing the 100 from positions 2, 3 and 4
creates strings of length n — 3 that begin 01. (There must have been a 1 in position 5
after the 0 in position 4.) These strings will still correspond to full tables, and so there
are b(n — 3) such strings.

Consider the full tables starting with 0101. Removing the 01 from positions 3 and 4 creates
strings of length n — 2 that begin 01. (The 1 in position 4 must have been followed by one
or two Os and so these strings maintains the desired properties.) These strings will still
correspond to full tables, and so there are b(n — 2) such strings.

Consider the full tables starting with 0010. These strings must begin with either 00100 or
00101.

If strings start 00100, then they start 001001 and so we remove the 001 in positions 4, 5
and 6 and obtain strings of length n — 3 that start 001 (and thus start 00). There are
¢(n — 3) such strings.

If strings start 00101, we remove the 01 in positions 4 and 5 and obtain strings of length
n — 2 that start 001 (and thus start 00). There are ¢(n — 2) such strings.

These 6 cases and subcases count all strings counted by f(n).

Therefore,

f(n)=a(n—2)+an—3)+bn—3)+b(n—2)+cn—3)+c(n—2)
=an—2)+b(n—2)+cn—2)+a(n—3)+bn—3)+c(n—3)
=f(n=2)+ f(n=3)

as required, which means that the number of different full tables when n = 19 is 209.

Solution 2

Extending our approach from (b), the number of people seated at a full table with 19
chairs is at least 1—?? = 6% and at most 12—9 = 9%.

Since the number of people is an integer, there must be 7, 8 or 9 people at the table, which
means that the number of empty chairs is 12, 11 or 10, respectively.
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Suppose that there are 9 people and 9 gaps with a total of 10 empty chairs.

In this case, there is 1 gap with 2 empty chairs and 8 gaps with 1 empty chair.

There are 19 pairs of chairs in which we can put 2 people with a gap of 2 in between:
{1,4}, {2,5}, ..., {19,3}.

Once we choose one of these pairs, the seat choice for the remaining 8 people is completely
determined by placing people in every other chair.

Therefore, there are 19 different full tables with 9 people.

Suppose that there are 8 people and 8 gaps with a total of 11 empty chairs.
In this case, there are 3 gaps with 2 empty chairs and 5 gaps with 1 empty chair.
There are 7 different circular orderings in which these 8 gaps can be arranged:

22211111 22121111 22112111 22111211 22111121 21212111 21211211

We note that “22211111” would be the same as, for example, “11222111” since these gaps
are arranged around a circle.

If the three gaps of length 2 are consecutive, there is only one configuration (22211111).
If there are exactly 2 consecutive gaps of length 2, there are 4 relative places in which the
third gap of length 2 can be placed.

If there are no consecutive gaps of length 2, these gaps can either be separated by 1 gap
each (21212111) with 3 gaps on the far side, or can be separated by 1 gap, 2 gaps, and 2
gaps (21211211). There is only one configuration for the gaps in this last situation.
There are 7 different circular orderings for these 8 gaps.

Each of these 7 different orderings can be placed around the circle of 19 chairs in 19 dif-
ferent ways, because each can be started in 19 different places. Because 19 is prime, none
of these orderings overlap.

Therefore, there are 7-19 = 133 different full tables with 8 people.

Suppose that there are 7 people and 7 gaps with a total of 12 empty chairs.

In this case, there are 2 gaps with 1 empty chair and 5 gaps with 2 empty chairs.

The 2 gaps with 1 empty chair can be separated by 0 gaps with 2 empty chairs, 1 gap with
2 empty chairs, or 2 gaps with 2 empty chairs. Because the chairs are around a circle, if
there were 3, 4 or 5 gaps with 2 empty chairs between them, there would be 2, 1 or 0 gaps
going the other way around the circle.

This means that there are 3 different configurations for the gaps.

Each of these configurations can be placed in 19 different ways around the circle of chairs.
Therefore, there are 3 - 19 = 57 full tables with 7 people.

In total, there are 19 + 133 + 57 = 209 full tables with 19 chairs.

Solution 3

As in Solution 2, there must be 7, 8 or 9 people in chairs, and so there are 7, 8 or 9 gaps.
If there are 7 gaps, there are 2 gaps of 1 chair and 5 gaps of 2 chairs.

If there are 8 gaps, there are 5 gaps of 1 chair and 3 gaps of 2 chairs.

If there are 9 gaps, there are 8 gaps of 1 chair and 1 gap of 2 chairs.

We consider three mutually exclusive cases: (i) there is a person in chair 1 and not in chair
2, (ii) there is a person in chair 2 and not in chair 1, and (iii) there is nobody in chair 1
or in chair 2. Every full table fits into exactly one of these three cases.

Case (i): there is a person in chair 1 and not in chair 2
We use the person in chair 1 to “anchor” the arrangement, by starting at chair 1 and
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10.

arranging the gaps (and thus the full chairs) clockwise around the table from chair 1.

If there are 7 gaps, we need to choose 2 of them to be of length 1, and so there are (;)
ways of arranging the gaps starting at chair 1.

If there are 8 gaps, we need to choose 3 of them to be of length 2, and so there are (2)
ways of arranging the gaps starting at chair 1.

If there are 9 gaps, we need to choose 1 of them to be of length 2, and so there are (?)
ways of arranging the gaps starting at chair 1.

7 8 9
In this case, there are a total of <2> + <3) + (1> =21+ 56 + 9 = 86 full tables.
Case (ii): there is a person in chair 2 and not in chair 1
We use the same reasoning starting with the person in chair 2 as the anchor.
Again, there are 86 full tables in this case.

Case (iii): there is nobody in chair 1 or chair 2

Since there is nobody in chair 1 or chair 2, there must be a person in chair 3 and also in
chair 19, which fixes one gap of 2 chairs.

Here, we use the person in chair 3 as the anchor.

If there are 7 gaps, there are 2 gaps of 1 chair and 4 gaps of 2 chairs left to place. There

6

are |, | ways of doing this.

If there are 8 gaps, there are 5 gaps of 1 chair and 2 gaps of 2 chairs left to place. There
7

are 5 ways of doing this.

If there are 9 gaps, there are 8 gaps of 1 chair and 0 gaps of 2 chairs left to place. There
is 1 way to do this.

In this case, there are a total of (g) + (;) +1 =15+ 21+ 1= 37 full tables.

In total, there are 86 + 86 + 37 = 209 full tables with 19 chairs.

1 2 1 2
Slnce0<3<3< , then L))J L))J 0
3 4 5 3 4 5
1 < —_— —_— —_— —_— pr— —_— pu— _— pu—
Since 1 < 3 < 3 < 3 < 2, then LSJ LSJ LgJ 1

These fractions can continue to be grouped in groups of 3 with the last full group of 3

57 58 59 o7 58 59
satisfying 19 < 3 < 3 < 3 < 20, which means that {EJ = {?J = {EJ =19.

60
The last term is {;J = [20] = 20.
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If the given sum is S, we obtain

S=2-0+3-1+3-2+---4+3-1941-20
=0+3(1+2+-+19)+20
=3-5-19-20+20
=570+ 20
=590

(b) For every positive integer m > 4, let

=i i 252252
3k—3 3k—-2 3k—1

Extending our work from (a), we know that £k — 1 < 3 < 3 < 5 < k for

3k —3 3k —2 3k—1
each positive integer k, and so LTJ = L 3 J = L 3 J =k—1.

Every positive integer m > 4 can be written as m = 3s or m =3s+ 1 or m = 3s + 2, for
some positive integer s, depending on its remainder when divided by 3.
We can thus write

oo =[]+ [5] + [3] « [ + [ 75
=2-0+3(1+24+3+ -+ (s—1))

1
:3-5-(3—1)5

3s(s —1)
2
3s(3s — 3)
6

s 3

=q(3s)+s
~ 35(35—3) +35-2
6 6
3s5(3s — 1)
6

[ 5

q(3s+2)=¢q(3s+1)+ L
3s(3s —1)

:—+S

6
3s(3s — 1) N 3s-2
6 6
3s(3s+1)
6

We want to find a polynomial p(x) for which ¢(m) = |p(m)]| for every positive integer
m > 4.

3s+1
3
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In other words, we want to find a polynomial p(x) for which

35(3s — 3 3s(3s — 1 3s(3s + 1
lp(3s)] = % p(3s+1)] = % [p(3s +2)] = %
for every positive integer s.
. . (x—1)(z—2) . . ..
We will show that the polynomial p(z) = 6 satisfies the desired conditions.

If x = 3s + 1 for some positive integer s, then

(x—1)(x—2) (Bs+1—-1)3s+1—-2) 3s(3s—1)

6 6 6

We note that 3s is a multiple of 3. Since 3s and 3s — 1 are consecutive integers, then one

3s(3s — 1
of these is a multiple of 2. Thus, 3s(3s — 1) is a multiple of 6 and so % is an

integer.

This means that L

35(3s — 1) | _ 3s(3s — 1)
6 J 6
pods —1) _ {38@2 - ”J — |p(3s+1)).

If x = 3s + 2 for some positive integer s, then

Therefore, ¢(3s+ 1) =

(x—1)(x—-2) (Bs+2-1)3s+2—-2) 3s(3s+1)

6 6 6

We note that 3s is a multiple of 3. Since 3s and 3s + 1 are consecutive integers, then one

3s5(3s + 1
of these is a multiple of 2. Thus, 3s(3s + 1) is a multiple of 6 and so % is an

integer.

6 6
3s5(3s+ 1) _ {33(33 +1)

This means that {38(38 + 1)J = 35(3s + 1).

Therefore, ¢(3s +2) = 5 5

If x = 3s for some positive integer s, then

| = tpezs 21

(x—1(x—2) (Bs—1)(3s—2) 95> —9s+2

6 6 6

952 — 9 9s(s — 1
Now, i 5 - 8(86 is an integer because 9s is a multiple of 3 and one of s and

s — 1 is even.
952 —9s+2 952 -9 1 952 —9s5+2 1
5 sta_ 08 i + —, then ISt is 3 more than an integer which

6 6 3 6
952 — 95 + 2 95> —9s  3s(3s—3)
G J G G q(3s)

Therefore, ¢(3s) = 35(3s —3) = {(38 — 1)6(38 — 2)J = |p(3s)].

6
(x —1)(x —2

Since

means that {

This means that the polynomial p(x) = satisfies the required conditions.
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(c¢) Before working on the specific question we have been asked, we simplify the given expres-
sion for f(n) by noting that if k > n, then kn < k? < k? + 1.

k k
This means that if kK > n, we have 0 < n < 1 and so { " J =0.
n

2+1 k241
This means that, for a fixed positive integer n, the apparently infinite sum that represents
f(n) can be stopped when k = n — 1 because every subsequent term equals 0.
Thus,

o= | | 2| g o [ 2 | | e

We note that

since no terms are non-zero)

(
1-2

f(3) = _13:’1 {QQHJ L J+EJ —141=2

f4) = _11;41 {QQHJ Efle EJ + EJ + HEJ =2+1+1=4

Suppose that ¢ is an odd positive integer for which f(t +1) — f(t) = 2.

We will assume that ¢ is not a prime number, and show that f(t+ 1) — f(¢) # 2. This will
show us that if f(t+ 1) — f(¢) = 2, it must be the case that ¢ is prime. Since ¢ is odd and
not prime, then ¢t = 1 or t is composite.

We note that when ¢t = 1, we obtain f(2) — f(1) =1—-0=1# 2.

Next, suppose that t is odd and composite.

Since t is odd and composite, then ¢ can be written as ¢ = rs for some odd positive integers
r > s > 1. (t can be written in this form in at least one way, so we take one of these
possibilities.)

In this case, consider f(t+ 1) — f(t).

We can write this as

e I ey B IR L e I e

(t—1)22+1 t2+1

_ 2 R B Gt L2
1241 22 41 (t—1)2+1
We re-write this as

e =r0= (w5 - [ea))  ([or] - [#5))
([ s

1
In the t — 1 sets of parentheses, we have terms of the form k(E+1) — il for each
k2 +1 k2 +1

integer k£ from 1 to ¢t — 1.
k(t+1) - kt
k2 +1 k?+1

We know that because both k and t are positive, the denominators are



2023 Euclid Contest Solutions Page 21

equal and k(t+ 1) > kt.

k2 +1 k2 +1

must be at least as large as the greatest integer less than or equal to the second fraction.)
This means that the ¢ — 1 differences in parentheses, each of which is an integer, is at
least 0.

To show that f(t+1)—f(t) # 2, we show that there are at least 2 places where the difference
is at least 1, and that the final term is at least 1. This will tell us that f(t+1) — f(t) > 3
and so f(t+ 1) — f(t) # 2, which will tell us that ¢ cannot be composite, and so ¢ must
be prime, as required.

Consider te+1) )
241

t(t+1 Ht+1
Since t(t +1) =t* +t > ¢* + 1, then (t+ )zl,which means that (t+1) > 1.
241 211

. t+1 t t+1 t
Consider [mJ - L—HJ = [TJ - H

Since t is odd, then we write ¢t = 2u + 1 for some positive integer u, which gives

5252252 e

Recall that ¢ = rs with r > s > 1.

k(t+1 kt
Thus, { (t+ )J > { J . (The greatest integer less than or equal to the first fraction

t+1 t
Consider the term rit+1) — ! .
r24+1 | 241
We have
r(t+1) rt | |r(rs+1) rers | |rfs+r r?s
r2 41 r2+1] [ r2+1 r24+1] | r2+1 r2 41
r’s+r _ r’s+s r?s r’s+s
We note that o > o = s and 742_1_1< o =5
r’s +r
Thus,Lﬂ2 1J_s
2 2 t+1 t
Also, e < s which means TS < s—1 and so rit+1) — ! > 1.
r2 4+ 1 r2+1 r2+1 r2+1

Therefore, if ¢ is odd and not prime, then f(t+ 1) — f(t) # 2 because we have found three
terms that are equal to at least 1 meaning that f(¢t+1)— f(¢t) > 3, and so if f(t+1)— f(¢),
then ¢ must be prime.

Here is an alternative approach so show that f(t + 1) — f(t) > 3 when ¢ is odd and
composite.

As above, we look for at least 3 integers k£ for which k(L +1) — Gl > 1. Here,
k2 +1 k? +1

we allow for the possibility that £ = ¢ knowing that the second term in this difference will

be 0 in this case. L . L
t t
The positive integer k& has the property that { 152 :t 1>J — L{:Z 1

k(t+1) kt
>N :
N

J > 1 exactly when

there is an integer N for which
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E2+1

This pair of inequalities is equivalent to the pair of inequalities t +1 > N -

N
which is in turn equivalent to t +1 > Nk + T > t.
The following three pairs (IV, k) of integers satisfy this equation:

t+1 N
e k=1and N = % (noting that t is odd), which give Nk + = t+1;

N
e ik =r and N = s, which give Nk + — =rs+ s (noting that S« 1);
r r

k
. : N 1
. k:tanszl,WhlchglveNk—l—?:t+¥.

This shows that f(t+ 1) — f(¢) > 3 when ¢ is odd and composite, as required.
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3¥—-22 9-8 1
2 -3 8-9 -1
Alternatively, since 23 — 3% = —(3% — 23), then

—1.

1. (a) Evaluating,
2 _ 93

93 _ 32

(b) Evaluating, \/\/8_1+\/§—\/6_4:\/9+3—8:\/4_1:2.
1 1

(¢) Since ————= = —, then V2?2 4+ 7 =4.

247 4
This means that 22 +7 = 4% = 16 and so x> = 9.
Since 22 = 9, then z = +3.

We can check by substitution that both of these values are solutions.

=—1.

2. (a) Factoring, 2022 =2-1011 = 2-3-337. (It turns out that 337 is a prime number, though
this fact is not needed here.)
Therefore, 2022 = 2 - 1011 and 2022 = 3 - 674 and 2022 = 6 - 337.
Thus, the three ordered pairs are (a,b) = (2,1011), (3,674), (6, 337).

(b) Manipulating algebraically, the following equations are equivalent:
2c+1 1
2d+1 17
17(2c+1) =2d+ 1
3d4c+17=2d+1
34c+ 16 = 2d
d=17¢+8

Since c¢ is an integer with ¢ > 0, then ¢ > 1, which means that 17¢ 4+ 8 > 25.
Therefore, the smallest possible value of d is d = 25.

2 1 3 1
Note that, when d = 25, we obtain ¢ = 1 and so et

2d+1 51 17T
(c) Solution 1
When z = —5, the left side of the equation equals 0.

This means that when x = —5, the right side of the equation must equal 0 as well.
Thus, (—=5)%> +3(=5) +¢t=0and so 25— 15+¢ =0 or t = —10.

Solution 2
Expanding the left side, we obtain

(px +7)(x + 5) = px* + ro + Spw + 5r

Since this is equal to x? 4+ 3x + t for all real numbers, then the coefficients of the two
quadratic expressions must be the same.
Comparing coefficients of 22, we obtain p = 1.
This means that
2’ +re+5v+5r =2+ 3z +t

Comparing coefficients of x, we obtain r + 5 = 3 and so r = —2.
This means that
2+ 3z —-10=a’+3z+1t

Comparing constant terms, we obtain ¢ = —10.
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3.

(a)

Suppose that the volume of the jugis V' L.

Then }IV +24 = gV.

Multiplying by 8, we obtain 2V + 24 - 8 = 5V which gives 3V = 192 and so V' = 64.
Therefore, the volume of the jug is 64 L.

Suppose that Stephanie starts with n soccer balls.

Since Stephanie can divide the n balls into fifths and into elevenths, then n is a multiple
of both 5 and 11.

Since 5 and 11 are both prime numbers, then n must be a multiple of 5- 11 = 55.

Thus, n = 55k for some positive integer k.

In this case, %n = % -5bk = 22k and %n = % -5k = 30k.

When Stephanie has given these balls away, she is left with 55k — 22k — 30k = 3k balls.
Since 3k is a multiple of 9, then £ is a multiple of 3.

Therefore, the smallest possible number of balls is obtained when k = 3, which means

that Stephanie started with n = 55 -3 = 165 soccer balls.

Suppose that the number of students in the Junior section is j and the number of students
in the Senior section is s.

The number of left-handed Junior students is 60% of j, or 0.67.

The number of right-handed Junior students is 40% of j, or 0.4;.

The number of left-handed Senior students is 10% of s, or 0.1s.

The number of right-handed Senior students is 90% of s, or 0.9s.

Since the total numbers of left-handed and right-students are equal, we obtain the equa-
tion 0.6 + 0.1s = 0.45 + 0.9s which gives 0.25 = 0.8s or j = 4s.

This means that there are 4 times as many Junior students as Senior students, which
means that % of the students are Junior and % are Senior.

Therefore, 80% of the students in the math club are in the Junior section.

Let P be the point with coordinates (7,0) and let @ be the point with coordinates (0, 5).

y
0, 5)____E(3, 5) D(7, 5)
F(0, 3)
C(7,2)
I > X
A(0, 0) B(4,0) P(7,0)

Then APDQ is a rectangle with width 7 and height 5, and so it has area 7-5 = 35.
Hexagon ABCDEF is formed by removing two triangles from rectangle APD(@, namely
ABPC and AEQF.

Each of ABPC and AEQF is right-angled, because each shares an angle with rectangle
APDQ.

Each of ABPC and AEQF has a base of length 3 and a height of 2.

Thus, their combined area is 2 - % -3:2=0.

This means that the area of hexagon ABCDFEF is 35 — 6 = 29.
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(b) Since APQS is right-angled at P, then by the Pythagorean Theorem,
SQ* = SP*+ PQ* = (v + 3)* + 2*
Since AQRS is right-angled at @), then by the Pythagorean Theorem, we obtain

RS* = SQ*+ QR?
(x+8)* = ((x +3)* +2%) + 8
22 4+ 162 + 64 = 2% + 62 + 9 + 2% + 64
0=a?—10z+9
0=(x—1)(z—9)

andsor=1orz=09.

(We can check that if 2 = 1, APQS has sides of lengths 4, 1 and /17 and AQRS has
sides of lengths /17, 8 and 9, both of which are right-angled, and if z = 9, APQS has
sides of lengths 12, 9 and 15 and AQ RS has sides of lengths 15, 8 and 17, both of which
are right-angled.)

In terms of x, the perimeter of PQRS is v + 8 + (z + 8) 4+ (v + 3) = 3z + 19.

Thus, the possible perimeters of PQRS are 22 (when x = 1) and 46 (when x = 9).



2022 Euclid Contest Solutions Page 5

D.

(a)

1
If r is a term in the sequence and s is the next term, then s =1 + T
r
1 1
This means that s — 1 = and so = 1+ r which gives r = —— — 1.
+r s—1 s—1
Therefore, since a3 = —, then
29
1 1 1 2 1
as = — :——1:——1:—9—1:—7
az — 1 (41/29) — 1 12/29 12 12
: 17
Further, since ay, = 13’ then
1 1 1 1 ] 12 ] 7
a = — — = - — = — — = — — = —
Y ap—1 (17/12) — 1 5/12 5 5

Initially, the water in the hollow tube forms a cylinder with radius 10 mm and height
h mm. Thus, the volume of the water is (10 mm)?(h mm) = 1007h mm?.

After the rod is inserted, the level of the water rises to 64 mm. Note that this does not
overflow the tube, since the tube’s height is 100 mm.

Up to the height of the water, the tube is a cylinder with radius 10 mm and height 64
mm.

Thus, the volume of the tube up to the height of the water is
7(10 mm)?(64 mm) = 64007 mm?®

This volume consists of the water that is in the tube (whose volume, which has not
changed, is 100rh mm?) and the rod up to a height of 64 mm.

I

-4

-
I
I
I
|

[
k
I
I
I
|
L

Since the radius of the rod is 2.5 mm, the volume of the rod up to a height of 64 mm is
7(2.5 mm)?(64 mm) = 4007 mm?.

Comparing volumes, 64007 mm?® = 1007k mm? + 4007 mm? and so 100~k = 6000 which
gives h = 60.

20 +1 2z 1 1
e

We note that .
T T T T

1 1 1
Therefore, vl 4 exactly when 24+ — =4 or — =2 and so x = 3
x x
1
Alternatively, we could solve vl 4 directly to obtain 2x+1 = 4z, which gives 2x = 1
d =-.
and so z = 2 1
Thus, to determine the value of f(4), we substitute z = 5 into the given equation
2 1 1 13
f( T ) = + 6 and obtain f(4) = 5—1—6: -
x
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(b) Since the graph passes through (3,5), (5,4) and (11,3), we can substitute these three
points and obtain the following three equations:

5=log,(3+b)+c
4=log,(5+0b)+c
3 =log,(114+0) +c

Subtracting the second equation from the first and the third equation from the second,
we obtain:

1 =log,(3+b) —log,(5+b)
1 =log,(5+b) —log,(11 + b)

Equating right sides and manipulating, we obtain the following equivalent equations:

log,(5 + b) — log, (11 + b) = log,(3 + b) — log,(5 + b)
2log,(5+b) =log,(3 + b) + log,(11 + b)
log, ((5+b)*) =log, ((3+b)(11 + b)) (using log laws)
(5+b)*=(3+0)(11+b) (raising both sides to the power of a)
254 10b + 0% = 33 4 14b + b
=4b
h— —

Since b = —2, the equation 1 = log,(3 + b) — log,(5 + b) becomes 1 = log, 1 — log, 3.
Since log, 1 = 0 for every admissible value of a, then log, 3 = —1 which gives a = 37! =
Finally, the equation 5 = log,(3 + b) + ¢ becomes 5 = log; 3(1) + ¢ and so ¢ = 5.
Therefore, a = 5, b= —2, and ¢ = 5, which gives y = logy 3(7 — 2) + 5.
Checking:

e When z = 3, we obtain y = log; 5(3 —2) +5=log; 31 +5=0+5=05.

e When z =5, we obtain y = log; 5(5 —2) + 5 =log; 33 +5=—-1+5=4.

e When x = 11, we obtain y = log; 5(11 —2) +5 =log; 39+ 5= -2 +5 = 3.

1
3
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1
7. (a) The probability that the integer n is chosen is logy, | 1 + — ).
n

The probability that an integer between 81 and 99, inclusive, is chosen equals the sum of
the probabilities that the integers 81, 82, ..., 98, 99 are selected, which equals

1 1 1 1
log g0 1+8_1 +loggg 1"‘@ + -+ +1ogygg 1"‘% +logg9 1"‘@

Since the second probability equals 2 times the first probability, the following equations
are equivalent:

1 1 1 1 1
log0o 1+§ + logygg 1+8_2 + -+ +logygg 14‘% + logygg 14‘@ = 2log;gg 1+ﬁ

82 83 99 100 1
logy 49 31 +log g9 9 + -+ logygg 03 + log 0o 99 = 2log 14’5

Using logarithm laws, these equations are further equivalent to
o 82 83 99 100\ _ o (1 ?
8100 { 31 82 98 99 ) ~ B0 {F T

100 1\?
log 00 31 = log0o 1‘1’5

100 1\
Since logarithm functions are invertible, we obtain — = <1 + —> .

81 n
1 100 10 1 1
Since n > 0, then 1 + — =4/ — = —, and so — = —, which gives n = 9.
n 81 9 n 9
: AC 3
(b) Since D=1 then we let AC' = 3t and AD = 4t for some real number ¢ > 0.
A
4¢
3t
B——m—~(c 71 D

Using the cosine law in AACD, the following equations are equivalent:

AD? = AC®* +CD?* —2- AC - CD - cos(ZACD)
(4t)> = (3t)* + 17 — 2(3t)(1)(-2)
16t* = 9t* 4+ 1 + 8¢
80t? = 45t + 5 + 18t
35t2 — 18t —5=0
(Tt —5)(5t+1) =0

Since t > 0, then t = %
Thus, AC' =3t = 1—75
Using the cosine law in AACB and noting that

cos(ZACB) = cos(180° — ZACD) = — cos(£LACD) = 2
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the following equations are equivalent:
AB* = AC?* + BC? —2- AC - BC - cos(ZACB)
2
=(7) +2°-2(3)23)
_ 225 36
=254 196 _ 252

49 49

_ 169
49

Since AB > 0, then AB = %

8. (a) The parabola with equation y = az? + 2 is symmetric about the y-axis.
Thus, its vertex occurs when x = 0 (which gives y = a-0* +2 = 2) and so V has
coordinates (0, 2).
To find the coordinates of B and C', we use the equations of the parabola and line to
obtain

ar’ +2 = —x +4a
ar® + x4+ (2 —4a) =0

Using the quadratic formula,

—14++/12—4a(2 —4a) —14+/1—8a + 16a2

Tr = =

2a 2a
Since 1—8a+16a* = (4a—1)? and 4a—1 > 0 (since a > 3), then v/1 — 8a + 164> = 4a—1
and so
1+ (4a—1)
r=—>
2a
4a—2 2a-—1 1 —4
which means that z = ¢ _ :2——orx:—a:—2.
2a a a 2a

We can use the equation of the line to obtain the y-coordinates of B and C.
When z = —2 (corresponding to point B), we obtain y = —(—2) + 4a = 4a + 2.

1 1 1
When 2 = 2 — — (corresponding to point C'), we obtain y = — (2 — —) +4a =4a—2+—.
a a a

Let P and @ be the points on the horizontal line through V' so that BP and C'Q) are
perpendicular to PQ).
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Then the area of AV BC' is equal to the area of trapezoid PBC() minus the areas of
right-angled ABPV and right-angled ACQV.
Since B has coordinates (—2,4a + 2), P has coordinates (—2,2), V' has coordiantes (0, 2),

1 1 1
(@ has coordinates (2 - - 2>, and C has coordinates (2 ——4a -2+ —), then
a a a

BP = (4a+2)—2=4a
1 1
C’Q:(4a—2+—>—2:4a—4+—
a a
PV =0-(-2)=2
1 1
QV=2—-—-0=2——
a

a

1 1
PQ=PV+QV=2+2—-=4—-
a a

Therefore, the area of trapezoid PBCQ) is

%(BPJFCQ)(PQ):%(4a+4a—4+2) <4—é) = (4@—2—1—%) (4—2)

1 1
Also, the area of ABPV is 5 BP-PV = 5(4@)(2) = 4a.
Furthermore, the area of ACQV is

1 1 1 1 1 1

From the given information,

1 1 1 1 72
<4a—2—|—%) (4—a>—4a—(2a—2+%) (2—5) =+

Multiplying both sides by 2a?, which we distribute through the factors on the left side as
2a - a, we obtain

144
(8a* —4a+1)(4a — 1) — 8a® — (4a* —4a+1)(2a — 1) = ?aQ

Multiplying both sides by 5, we obtain
5(8a* — 4a + 1)(4a — 1) — 40a® — 5(4a® — 4a + 1)(2a — 1) = 144a®
Expanding and simplifying, we obtain

(160a” — 120a* 4 40a — 5) — 40a® — (40a® — 60a* + 30a — 5) = 144a®
80a® — 204a* + 10a = 0
2a(40a* — 102a +5) = 0
2a(20a — 1)(2a—5) =0
5

1 5
andsoa:0ora:%0ra:§. Sincea>§,thena:§.



2022 Euclid Contest Solutions Page 10

(b) We prove that there cannot be such a triangle.
We prove this by contradiction. That is, we suppose that there is such a triangle and
prove that there is then a logical contradiction.
Suppose that AABC' is not equilateral, has side lengths that form a geometric sequence,
and angles whose measures form an arithmetic sequence.
Suppose that AABC has side lengths BC' = a, AC' = ar, and AB = ar?, for some real
numbers a > 0 and r > 1. (These lengths form a geometric sequence, and we can assume
that this sequence is increasing, and that the sides are labelled in this particular order.)
Since BC' < AC < AB, then the opposite angles have the same relationships, namely
/BAC < /ABC < LZACB.
Suppose that /BAC =60, ZABC =60+, and ZACB = 0 + 26 for some angles # and 9.
(In other words, these angles form an arithmetic sequence.
Since these three angles are the angles in a triangle, then their sum is 180°, and so

0+ (0+6) + (8 + 26) = 180°
30 + 35 = 180°
0+ 0 = 60°

In other words, ZABC = 60°.

We could proceed using the cosine law:

AC? = BC* + AB®> —2- BC - AB - cos(ZABCO)
(ar)? = a® + (ar?)® — 2a(ar?) cos(60°)
a’r? = a® 4+ a*r* — 2a*r* %
a’r® = a* + a*r* — a*r?
0 =a’r* —2a%r? + d?
0=2a’(r*—2r +1)
0=a*(r*—1)>

This tells us that @ = 0 (which is impossible) or 72 = 1 (and thus r = £1, which is
impossible).
Therefore, we have reached a logical contradiction and so such a triangle cannot exist.

Alternatively, we could proceed using the sine law, noting that
LBAC =0=(0+09)—0=60°—¢
LACB=0+20=(04+6)+0=060"+0

By the sine law,
BC AC AB

sin(ZBAC)  sin(ZABC) sin(ZACB)

from which we obtain

a ar ar?

sin(60° — §)  sin(60°)  sin(60° + 0)
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Since a # 0, from the first two parts,

ar sin 60°
a  sin(60° — )

T =

Since ar # 0, from the second two parts,

ar?  sin(60° + )
r=—=——"
ar sin 60°

Equating expressions for r, we obtain successively
sin60°  sin(60° + 9)
sin(60° — )  sin60°
sin? 60° = sin(60° — ) sin(60° + &)

(4)'-

sin 60° cos 0 — cos 60° sin J)(sin 60° cos § + cos 60° sin d)

—

%: <‘/7§COS(5— %siné) (%gcosé—i-%siné)
3 3. 25 1.2
1 = cos ) 4 sin 1
%:%00525+%sin25—sin25
3_ 3 2 .9 .92
7 = $(cos™ 6 +sin”0) —sin“§
338 2
1= sin® &
sin?d =0

which means that § = 0°. (Any other angle ¢ with sin§ = 0 would not produce angles in
a triangle.)

Therefore, all three angles in the triangle are 60°, which means that the triangle is equi-
lateral, which it cannot be.

Therefore, we have reached a logical contradiction and so such a triangle cannot exist.
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9. (a)

The (4, 2)-sawtooth sequence consists of the terms
1, 2,3,4,3,2,1, 23,4321

whose sum is 31.

Solution 1

Suppose that m > 2.

The (m, 3)-sawtooth sequence consists of an initial 1 followed by 3 teeth, each of which
goes from 2 to m to 1.

Consider one of these teeth whose terms are

2,3.4,... m—1mm—-—-1m-—2m-—3,...,2,1
When we write the ascending portion directly above the descending portion, we obtain

2, 3, 4, e, m—1, m,

m—1, m-—2 m-—3, ..., 2, 1

From this presentation, we can see m — 1 pairs of terms, the sum of each of which is m—+1.
(Note that 2+ (m—1)=3+(m—-2)=44+(m—-3)=---=(m—1)+2=m+ 1 and as
we move from left to right, the terms on the top increase by 1 at each step and the terms
on the bottom decrease by 1 at each step, so their sum is indeed constant.)

Therefore, the sum of the numbers in one of the teeth is (m — 1)(m + 1) = m? — 1.

This means that the sum of the terms in the (m, 3)-sawtooth sequence is 1 + 3(m?* — 1),
which equals 3m? — 2.

Solution 2

Suppose that m > 2.

The (m, 3)-sawtooth sequence consists of an initial 1 followed by 3 teeth, each of which
goes from 2 to m to 1.

Consider one of these teeth whose terms are

2,3.4,... m—1Imm—-1m-—2m-—3,...,2,1

This tooth includes one 1, two 2s, two 3s, and so on, until we reach two (m — 1)s, and one
m.
The sum of these numbers is

1(1)+2(2)+2B)+---+2(m—-1)+m
which can be rewritten as
214243+ +(m—1)+m)—1—-m=2-im(m+1)—m—-1=m’+m-m—1=m*—1

Therefore, the sum of the numbers in one of the teeth is (m — 1)(m + 1) = m? — 1.
This means that the sum of the terms in the (m, 3)-sawtooth sequence is 1 + 3(m?* — 1),
which equals 3m? — 2.
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(c) From (b), the sum of the terms in each tooth is m? — 1.
Thus, the sum of the terms in the (m,n)-sawtooth sequence is 1 + n(m? — 1).
For this to equal 145, we have n(m? — 1) = 144.
This means that n and m? — 1 form a divisor pair of 144.
As m ranges from 2 to 12, the values of m? — 1 are

3,8,15,24, 35,48, 63,80,99, 120, 143

(When m = 13, we get m? — 1 = 168 and so when m > 13, the value of m? — 1 is too large
to be a divisor of 144.)

Of these, 3,8,24,48 are divisors of 144 (corresponding to m = 2,3,5,7), and give corre-
sponding divisors 48, 18, 6, 3.

Therefore, the pairs (m,n) for which the sum of the terms is 145 are

(m,n) = (2,48),(3,18),(5,6), (7,3)

(d) In an (m, n)-sawtooth sequence, the sum of the terms is n(m? — 1) + 1.
In each tooth, there are (m — 1) 4+ (m — 1) = 2m — 2 terms (from 2 to m, inclusive, and
from m — 1 to 1, inclusive).
This means that there are n(2m — 2) + 1 terms in the sequence.

21 +1
Thus, the average of the terms in the sequence is n(m )+ :
n(2m—2)+1
We need to prove that this is not an integer for all pairs of positive integers (m,n) with
m > 2.
n(m?—1)+1 : : L
Suppose that = k for some integer k. We will show, by contradiction, that
n(2m—2)+1
this is not possible.
21 +1
Since n(m )+ = k, then
n(2m—2)+1

m2n —n+1 B
2mn —2n + 1
m?n —n+1=2mnk — 2nk + k

m’n — 2mnk + (2nk —n—k+1) =0

We treat this as a quadratic equation in m.

Since m is an integer, then this equation has integer roots, and so its discriminant must
be a perfect square.

The discriminant of this quadratic equation is

A = (—2nk)* —4n(2nk —n — k + 1)
= 4n’k? — 8n’k + 4n® + 4nk — 4n
= 4n*(k* — 2k + 1) + 4n(k — 1)
=4n*(k — 1)* + 4n(k — 1)
=@2nk-1))?+22n(k—-1))+1-1
= (2n(k—1) +1)* -1

We note that (2n(k —1)+1)? is a perfect square and A is supposed to be a perfect square.
But these perfect squares differ by 1, and the only two perfect squares that differ by 1 are
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1 and 0.
(To justify this last fact, we could look at the equation a? — b? = 1 where a and b are
non-negative integers, and factor this to obtain (a + b)(a — b) = 1 which would give

a+b=a—0b=1 from which we get a =1 and b =0.)

Since (2n(k — 1) +1)* =1 and 2n(k — 1) + 1 is non-negative, then 2n(k — 1) + 1 =1 and
so 2n(k —1) = 0.

Since n is positive, then k — 1 =0 or k = 1.

Therefore, the only possible way in which the average is an integer is if the average is 1.
In this case, we get

m’n —2mn+ (2n—n—1+1)=0
m®n — 2mn +n = 0

n(m? —2m+1) =0
nim—1?2=0

Since n and m are positive integers with m > 2, then n(m — 1)? # 0, which is a contra-
diction.
Therefore, the average of the terms in an (m, n)-sawtooth sequence cannot be an integer.
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10.

(a)

Assume that the first topping is placed on the top half of the pizza. (We can rotate the
pizza so that this is the case.)

Assume that the second topping is placed on the half of the pizza that is above the
horizontal diameter that makes an angle of 6 clockwise with the horizontal as shown. In
other words, the topping covers the pizza from 6 to 6 + 180°.

T1
m -
T1
0

We may assume that 0° < 6 < 360°.

When 0° < 6§ < 90°, the angle of the sector covered by both toppings is at least 90° (and
so is at least a quarter of the circle).

When 90° < € < 180°, the angle of the sector covered by both toppings is less than 90°
(and so is less than a quarter of the circle).

When 6 moves past 180°, the left-hand portion of the upper half circle starts to be covered
with both toppings again. When 180° < 6 < 270°, the angle of the sector covered by both
toppings is less than 90° (and so is less than a quarter of the circle).

When 270° < 0 < 360°, the angle of the sector covered by both toppings at least 90° (and
so is at least a quarter of the circle).

Therefore, if 8 is chosen randomly between 0° and 360°, the combined length of the intervals

in which at least }l of the pizza is covered with both toppings is 180°.
Therefore, the probability is @, or 1

360° 2
Suppose that the first topping is placed on the top half of the pizza. (Again, we can rotate
the pizza so that this is the case.)
Assume that the second topping is placed on the half of the pizza that is above the
diameter that makes an angle of 6 clockwise with the horizontal as shown. In other words,
the topping covers the pizza from 6 to 6 + 180°.
We may assume that 0° < 0 < 180°. If 180° < 6 < 360°, the resulting pizza can be seen

as a reflection of the one shown.

T1 \T1
T2 !

Consider the third diameter added, shown dotted in the diagram above. Suppose that its
angle with the horizontal is . (In the diagram, a < 90°.) We assume that the topping is
added on the half pizza clockwise beginning at the angle of «, and that this topping stays
in the same relative position as the diameter sweeps around the circle.

For what angles « will there be a portion of the pizza covered with all three toppings?

If 0° < a < 180°, there will be a portion covered with three toppings; this portion is above
the right half of the horizontal diameter.

If 180° < av < 180° + 0, the third diameter will pass through the two regions with angle
f and the third topping will be below this diameter, so there will not be a region covered
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with three toppings.

If 180° + 6 < a < 360°, the third topping starts to cover the leftmost part of the region
currently covered with two toppings, and so a region is covered with three toppings.
Therefore, for an angle # with 0° < 6 < 180°, a region of the pizza is covered with three
toppings when 0° < o < 180° and when 180° + 6 < o < 360°.

To determine the desired probability, we graph points (0, ). A particular choice of diam-
eters corresponds to a choice of angles # and o with 0° < # < 180° and 0° < a < 360°,
which corresponds to a point on the graph below.

The probability that we are looking for then equals the area of the region of this graph
where three toppings are in a portion of the pizza divided by the total allowable area of
the graph.

The shaded region of the graph corresponds to instances where a portion of the pizza will
be covered by three toppings.

¢
260° a=0+ 180

1807

180°

This shaded region consists of the entire portion of the graph where 0° < o < 180°
(regardless of #) as well as the region above the line with equation o = 6 + 180° (that is,
the region with 6 + 180° < a < 360°).

Since the slope of the line is 1, it divides the upper half of the region, which is a square,
into two pieces of equal area.

Therefore, % of the graph is shaded, which means that the probability that a region of the

pizza is covered by all three toppings is T

The main idea of this solution is that the toppings all overlap exactly when there is one
topping with the property that all other toppings “begin” somewhere in that toppings
semi-circle. In the rest of this solution, we determine the probability using this fact and
then justify this fact.

Suppose that, for 1 < 7 < N, topping j is put on the semi-circle that starts at an angle of
¢ clockwise from the horizontal left-hand radius and continues to an angle of ¢; + 180°,
where 0° < 60; < 360°. By establishing these variables and this convention, we are fixing
both the angle of the diameter and the semi-circle defined by this diameter on which the
topping is placed.

Suppose that there is some region of the pizza with non-zero area that is covered by all N
toppings.

This region will be a sector with two bounding radii, each of which must be half of a
diameter that defines one of the toppings.

Suppose that the radius at the clockwise “end” of the sector is the end of the semi-circle
where topping X is placed, and that the radius at the counter-clockwise “beginning” of
the sector is the start of the semi-circle where topping Y is placed.
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TY begins All toppings

/ TX ends

TY ends

TX begins

This means that each of the other N — 2 toppings begins between (in the clockwise sense)
the points where topping X begins and where topping Y begins.

Consider the beginning angle for topping X, 0x.

To say that the other N — 1 toppings begin at some point before topping X ends is the
same as saying that each ; with j # X is between 0x and 0x + 180°.

Here, we can allow for the possibility that 6x + 180° is greater than 360° by saying that
an angle equivalent to ¢, (which is either 6, or 6; + 360°) is between fx and 6x + 180°.
For each j # X, the angle 6§, is randomly, uniformly and independently chosen on the

circle, so there is a probability of — that this angle (or its equivalent) will be in the semi-

circle between 6x and 8x + 180°.

Since there are N — 1 such angles, the probability that all are between 6y and 6x + 180°
1

N-1°
Since there are NV possible selections for the first topping that can end the common sector,
then the desired probability will be SN

give two different sectors that are both covered with all toppings.
To show this last fact, we suppose without loss of generality that

18

as long as we can show that no set of angles can

0°=0, <0y <bO3<---<On_1 <Oy <180°

(We can relabel the toppings if necessary to obtain this order and rotate the pizza so that
topping 1 begins at 0°.)

We need to show that it is not possible to have a Z for which 0z,0;.4,...,0n,01,605,...,07 1
all lie in a semi-circle starting with 6.

Since 6, < 180° and 6, can be thought of as 360°, then this is not possible as 6; and the
angles after it are all not within 180° of 0.

Therefore, it is not possible to have two such regions with the same set of angles, and so

the desired probability is N1
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1. (a) Since (a — 1) + (2a — 3) = 14, then 3a = 18 and so a = 6.
(b) Since (¢* —¢)+ (2¢—3) =9, then * +c—3 =9 and so ¢* + ¢ — 12 = 0.
Factoring, we obtain (¢ 4+ 4)(¢ —3) = 0 and so ¢ = 3 or ¢ = —4.

(c) Solution 1
Manipulating algebraically, we obtain the following equivalent equations:

1 3
—+—=10
x? + 222
2 4 3 = 202° (multiplying through by 22?2, given that z # 0)
5 = 20z?
1
2 — —
T
d =+—.
and so x 5
Solution 2
Manipulating algebraically, we obtain the following equivalent equations:
1 3
—+—=10
x? + 212
2 3
—+—=10
212 + 212
5
— =10
212
5=20z>  (since z # 0)
1
2 i
Ty

d =+_.
and so x 5

2. (a) Using a calculator, we see that
(10° 4+ 1)? = 10012 = 1002 001

The sum of the digits of this integer is 1 + 2 + 1 which equals 4.
To determine this integer without using a calculator, we can let z = 103.
Then

(10° +1)* = (z + 1)
=22 4+20+1
= (10%)* +2(10°) + 1
= 1002001
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(b)

Before the price increase, the total cost of 2 small cookies and 1 large cookie is
2 - $1.50 4+ $2.00 = $5.00.

10% of $1.50 is 0.1 - $1.50 = $0.15. After the price increase, 1 small cookie costs
$1.50 + $0.15 = $1.65.

5% of $2.00 is 0.05 - $2.00 = $0.10. After the price increase, 1 large cookie costs
$2.00 + $0.10 = $2.10.

After the price increase, the total cost of 2 small cookies and 1 large cookie is
2-$1.65 4 $2.10 = $5.40.

$5.40 — $5.00 40

The percentage increase in the total cost is %00 x 100% = =00 * 100% = 8%.

Suppose that Rayna’s age is x years.

Since Qing is twice as old as Rayna, Qing’s age is 2x years.

Since Qing is 4 years younger than Paolo, Paolo’s age is 2x + 4 years.
Since the average of their ages is 13 years, we obtain

x+ (2z) + (22 + 4)
3
This gives 5z +4 =39 and so S5z =35 or x = 7.
Therefore, Rayna is 7 years old, Qing is 14 years old, and Paolo is 18 years old.
7T+14+18 39

— = 13.
3 3 )

=13

(Checking, the average of 7, 14 and 18 is

The length of PQ is equal to /(0 — 5)2 + (12 — 0)2 = /(—5)2 + 122 = 13.

In a similar way, we can see that QR = RS = SP = 13.

Therefore, the perimeter of PQRS is 4 - 13 = 52.

(We can also see that if O is the origin, then APOQ, APOS, AROQ, and AROS are
congruent because OQ = OS and OP = OR, which means that PQ) = QR = RS = SP.)
Solution 1

Suppose that B has coordinates (7, s) and C' has coordinates (¢, u).

Since M (3,9) is the midpoint of A(0,8) and B(r, s), then 3 is the average of 0 and r (which
gives r = 6) and 9 is the average of 8 and s (which gives s = 10).

Since N(7,6) is the midpoint of B(6,10) and C(t,u), then 7 is the average of 6 and ¢
(which gives t = 8) and 6 is the average of 10 and u (which gives u = 2).

8 — 3
The slope of the line segment joining A(0,8) and C(8,2) is 0_% which equals ~1
Solution 2
Since M is the midpoint of AB and N is the midpoint of BC', then M N is parallel to AC'.

Therefore, the slope of AC' equals the slope of the line segment joining M(3,9) to N(7,6),
— 3

3_7 or _Z

Since V'(1,18) is on the parabola, then 18 = —2(1%) +4(1) +c and so ¢ = 18 +2 —4 = 16.

Thus, the equation of the parabola is y = —2x% + 4x + 16.

The y-intercept occurs when x = 0, and so y = 16. Thus, D has coordinates (0, 16).

The z-intercepts occur when y = 0. Here,

which is

202 +4r+16=0
—2(z* -2 -8)=0
2z —4)(z+2)=0
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and so r =4 and z = —2.

This means that £ and F', in some order, have coordinates (4,0) and (—2,0).

Therefore, ADEF has base EF of length 4 — (=2) = 6 and height 16 (vertical distance
from the z-axis to the point D).

Finally, the area of ADEF is % -6-16 = 48.

We obtain successively

3(8%) + 5(8%) = 2!
8(838) — 261

grt+l _ o6l

(23)z+1 — 261
23(ac+1) — 961

Thus, 3(x 4+ 1) = 61 and so 3z + 3 = 61 which gives 3z =58 or z = 53—8.

Since the list 3n?, m?, 2(n+1)? consists of three consecutive integers written in increasing
order, then

2(n+1)* = 3n* =2
2n? +4n+2—3n? =2
—n?4+4n =0
—n(n—4)=0

and son =0 or n = 4.

If n = 0, the list becomes 0, m?, 2. This means that m? =1 and so m = +1.

If n =4, we have 3n? = 316 = 48 and 2(n + 1)? = 2 - 25 = 50 giving the list 48, m?, 50.
This means that m? = 49 and so m = +7.

Thus, the possible values for m are 1, —1, 7, —7.

Solution 1

Suppose that Sy has coordinates (a, b).

Step 1 moves (a, b) to (a, —b).

Step 2 moves (a, —b) to (a,—b+ 2).

Step 3 moves (a, —b+ 2) to (—a, —b+ 2).

Thus, S; has coordinates (—a, —b + 2).

Step 1 moves (—a, —b+2) to (—a,b — 2).

Step 2 moves (—a, b — 2) to (—a,b).

Step 3 moves (—a, b) to (a,b).

Thus, S, has coordinates (a,b), which are the same coordinates as Sj.
Continuing this process, S, will have the same coordinates as Sy (and thus as Sy) and Sg
will have the same coordinates as Sy, Ss and Sj.

Since the coordinates of Sg are (=7, —1), the coordinates of Sy are also (=7, —1).

Solution 2
We work backwards from Sg(—7, —1).
To do this, we undo the Steps of the process P by applying them in reverse order.
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Since Step 3 reflects a point in the y-axis, its inverse does the same.

Since Step 2 translates a point 2 units upwards, its inverse translates a point 2 units
downwards.

Since Step 1 reflects a point in the x-axis, its inverse does the same.

Applying these inverse steps to Sg(—7,—1), we obtain (7, —1), then (7, —3), then (7, 3).
Thus, S5 has coordinates (7, 3).

Applying the inverse steps to S5(7,3), we obtain (—7,3), then (—=7,1), then (=7, —1).
Thus, S, has coordinates (—7, —1), which are the same coordinates as Sg.

If we apply these steps two more times, we will see that S, is the same point as Sy.

Two more applications tell us that Sy is the same point as Ss.

Therefore, the coordinates of Sy are the same as the coordinates of S, which are (=7, —1).

We begin by determining the length of AB in terms of x.
Since ABDF is a rectangle, BD = AFE = 2x.

Since ABC'D is equilateral, ZDBC = 60°.

Join A to D.

A B

E D

Since AD and BC are parallel, ZADB = ZDBC = 60°.
Consider AADB. This is a 30°-60°-90° triangle since ZABD is a right angle.

AB
Using ratios of side lengths, 5D = ? and so AB = v/3BD = 2\/595, which is the answer
to (i).

Next, we determine 1D

Now, g—g = % and so AD = 2BD = 4x.

Suppose that M is the midpoint of AE and N is the midpoint of BD.
Since AF = BD =2z, then AM = ME = BN =ND = z.

Join M to N and N to C' and A to C.

A B
M

N C
E D

Since ABDFE is a rectangle, then M N is parallel to AB and so M N is perpendicular to
both AE and BD.

Also, MN = AB = 2/3z.

Since ABC'D is equilateral, its median C'N is perpendicular to BD.

Since M N and NC' are perpendicular to BD, M NC' is actually a straight line segment
and so MC = MN + NC.

Now ABNC' is also a 30°-60°-90° triangle, and so NC' = V3BN = +/3z.

This means that MC = 2v/3z + v/3x = 3v/3x.
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Finally, AAMC' is right-angled at M and so

=VAM? + MC? = + (3V/32)2 = Va? + 2722 = V2822 = 2V/Tx

since x > 0.

AC 20/ Tx

Thi that — =
is means that —— P

s = 4 satisfy the conditions for (ii).

7 7
= g = \/; , which means that the integers » = 7 and

Solution 1
Since the sequence tq,t9,t3,...,th_2,t,_1,t, is arithmetic, then

t1+t,=to+t, 1 =13+ 1,2

This is because, if d is the common difference, we have t =t; +d and t,,_1 = t, — d, as
well as having t3 = t; 4+ 2d and ¢, o = t,, — 2d.

Since the sum of all n terms is 1000, using one formula for the sum of an arithmetic
sequence gives

g(t1 +t,) = 1000
n(t1 + tn) =
n(ts +tn—2) =

n(5 + 95) = 2000

and so n = 20.

Solution 2

Suppose that the arithmetic sequence with n terms has first term a and common differ-
ence d.

Then t3 =a+2d =5 and t, o =a+ (n — 3)d = 95.

Since the sum of the n terms equals 1000, then

g(Qa + (n —1)d) = 1000

Adding the equations a + 2d = 5 and a + (n — 3)d = 95, we obtain 2a + (n — 1)d = 100.
Substituting, we get g(lOO) = 1000 from which we obtain n = 20.

Since the sum of a geometric sequence with first term a, common ratio r and 4 terms is

6 + 6v/2, then
a+ar+ar’+ar®=6+6v2

Since the sum of a geometric sequence with first term a, common ratio » and 8 terms is

30 4+ 30v/2, then
a+ar+ar®+ar®+ar* +ar® +ar® + ar” = 30+ 30V2
But

a+ar+ar’ +ar® + ar* + ar® + ar® + ar’
= (a+ar +ar® +ar®) + r*(a + ar + ar® + ar®)
=1+ (a+ar+ar®+ar®)
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Therefore,
30 +30v2 = (14 ) (6 + 6/2)
30 4 30v/2 A
——=1+4r
6+ 6v/2
5=147r"
rt =4
r*=2  (since r? > 0)
r=+v2
If r = /2,
a+ar+ar® +ar® = a+vV2a + a(vV2)? + a(V2)® = a + V2a + 2a + 2v2a = a(3 + 3V2)
6+ 6v2
Sincea+ar+ar2+ar3:6+6\/§,thena(3+3\/§):6+6\/§andsoa:%:2

If r = —/2,
a+ar+ar’ +ar® = a—V2a+a(—V2)? + a(—v2)* = a — V2a + 20 — 2v2a = a(3 - 3V/2)
Since a 4+ ar + ar? + ar® = 6—|—6\/§, then a(3 — 3\/§) =6+ 64/2 and so

_6+6v2 _242v2  242V2)(14+V2) _242V242v244 o 5

T332 1-v2 (-2 (1+v2) 1-2

Therefore, the possible values of @ are a = 2 and a = —6 — 4+/2.

An alternate way of arriving at the equation 1 + r* = 5 is to use the formula for the sum
of a geometric sequence twice to obtain

1—rt 1—18
M:(;JFG\@ MZSOJH%O\@
—r —r

assuming that r # 1. (Can you explain why r # 1 and r* # 1 without knowing already that
r=4v27)

Dividing the second equation by the first, we obtain

a(l—r% 1—r  30+30V2
L=r al=r")  6+6v2

which gives
1—18
1—174

Since 1 — 78 = (1 + 7%)(1 — %), we obtain 1+ r* = 5. We then can proceed as above.

=5
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7.

(a)

Victor stops when there are either 2 green balls on the table or 2 red balls on the table.
If the first 2 balls that Victor removes are the same colour, Victor will stop.

If the first 2 balls that Victor removes are different colours, Victor does not yet stop, but
when he removes a third ball, its colour must match the colour of one of the first 2 balls
and so Victor does stop.

Therefore, the probability that he stops with at least 1 red ball and 1 green ball on the
table is equal to the probability that the first 2 balls that he removes are different colours.
Also, the probability that the first 2 balls that he removes are different colours is equal to
1 minus the probability that the first 2 balls that he removes are the same colour.

The probability that the first two balls that Victor draws are both green is % . % because
for the first ball there are 7 balls in the bag, 3 of which are green and for the second ball
there are 6 balls in the bag, 2 of which are green.

The probability that the first two balls that Victor draws are both red is % . % because for
the first ball there are 7 balls in the bag, 4 of which are red and for the second ball there
are 6 balls in the bag, 3 of which are red.

Thus, the probability that the first two balls that Victor removes are the same colour is

3.2 ,4 3 1
Tetrs=77t

~Ino

3
7

This means that the desired probability is 1 — % =:.

Using the definition of f, the following equations are equivalent:

fla)=0
206> —3a+1=0
(a—1)(2a—1)=0

Therefore, f(a) = 0 exactly when a =1 or a = 1.
Thus, f(g(sinf)) = 0 exactly when g(sinf) =1 or g(sinf) = 3.

Using the definition of g,

1
29
172

e g(b) =1 exactly when logi b =1, which gives b = (%)1 = -, and

e g(b) =1/2 exactly when 1og% b= 1/2, which gives b = (%)

o

Therefore, f(g(sinf)) = 0 exactly when sinf = 1 or sinf = 1.

5 13
y Eﬂ', Zﬂ-’ Zﬂ-'

S

Since 0 < # < 2w, the solutions are # = %71’

Suppose that the integers in the first row are, in order, a, b, ¢, d, e.

Using these, we calculate the integer in each of the boxes below the top row in terms of
these variables, using the rule that each integer is the product of the integers in the two
boxes above:

a b c d e
ab be cd de
ab’c bc*d cde
ab®>c3d bctd3e
ab*cSde

Therefore, ab*cSd*e = 9953280 000.
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Next, we determine the prime factorization of the integer 9953 280 000:

9953 280 000 = 10* - 995 328
=2%.5%.2%.124416
=27.5.2%.15552
=210.5%.23.1944
=28 .5%.23.243
— 916 54,35
_ 916 35 &4

Thus, ab*cd*e = 216 . 3% . 5%

Since the right side is not divisible by 7, none of a, b, ¢, d, e can equal 7.

Thus, a, b, ¢, d, e are five distinct integers chosen from {1,2,3,4,5,6,8}.

The only one of these integers divisible by 5 is 5 itself.

Since 216 - 3% . 5% includes exactly 4 factors of 5, then either b = 5 or d = 5. No other
placement of the 5 can give exactly 4 factors of 5.

Case 1: b=5

Here, acSd*e = 219 - 3% and a, ¢, d, e are four distinct integers chosen from {1,2,3,4,6,8}.
Since ac®d*e includes exactly 5 factors of 3 and the possible values of a, ¢, d, e that are
divisible by 3 are 3 and 6, then either d = 3 and one of a and e is 6, or d = 6 and one of
a and e is 3. No other placements of the multiples of 3 can give exactly 5 factors of 3.
Case la: b=5,d=3,a=6

Here,a-c®-d*-e=6-c5-3*-e=2-3-cb -e.

This gives c%e = 2! and ¢ and e are distinct integers from {1,2, 4, 8}.

Trying the four possible values of ¢ shows that ¢ = 4 and e = 8 is the only solution in this
case. Here, (a,b,c,d,e) = (6,5,4,3,8).

Case 1b: b=5,d =3, e = 6 We obtain (a,b,c,d,e) = (8,5,4,3,6).

Case lc: b=5,d=6,a=3

Here,a-c®-d*-e=3-c%-6*-e=2*.3>-c5 e

This gives % = 2!2 and ¢ and e are distinct integers from {1,2, 4, 8}.

Trying the four possible values of ¢ shows that ¢ = 4 and e = 1 is the only solution in this
case. Here, (a,b,c,d,e) = (3,5,4,6,1).

Case 1d: b=5,d =6, e =3 We obtain (a,b,c,d,e) = (1,5,4,6,3).

Case 2: d = 5: A similar analysis leads to 4 further quintuples (a, b, ¢, d, €).

Therefore, there are 8 ways in which the integers can be chosen and placed in the top row
to obtain the desired integer in the bottom box.
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(12D (3!) - - - (398!)(399!) (400!)
200!

For each integer k from 1 to 200, inclusive, we rewrite (2k)! as 2k - (2k — 1)!.

Therefore, (2k — 1)!(2k)! = (2k — 1)! - 2k - (2k — 1)! = 2k((2k — 1)1)2.

(In particular, (11)(2!) = 2(1!)2, (3!)(4!) = 4(3!)2, and so on.)

Thus,

(b) Let N =

2(10)% - 4312 .- - - 398(397!)2 - 400(399!)?
200!
Re-arranging the numerator of the expression, we obtain

N =

(1)2(31)2 -+ (3971)2(3991)2 - (2 -4 - -~ - - 398 - 400)
200!

We can now re-write 2-4-----398-400 as (2-1)-(2-2)-----(2-199) - (2 - 200).
Since there are 200 sets of parentheses, we obtain

(1)2(31)2 - - (3971)2(399!)2 - 2200 . (1. 2. ... . 199 - 200)
200!

Since 1-2-----199 - 200 = 200!, we can conclude that

N =

N = 220(11)(31)% - - - (397!)%(399!)?

Therefore,
VN = 2'9(11)(31) - - - (3971)(399!)

which is a product of integers and thus an integer itself.
Since v/ N is an integer, N is a perfect square, as required.

9. (a) When a =5 and b = 4, we obtain a® + b* —ab=5%+4> —5-4 = 21.
Therefore, we want to find all pairs of integers (K, L) with K? + 3L? = 21.
If L =0, then L? = 0, which gives K? = 21 which has no integer solutions.
If L = 41, then L? = 1, which gives K? = 18 which has no integer solutions.
If L = +£2, then L? = 4, which gives K? = 9 which gives K = £3.
If L =43, then L? = 9. Since 3L? = 27 > 21, then there are no real solutions for K.
Similarly, if L? > 9, there are no real solutions for K.
Therefore, the solutions are (K, L) = (3,2),(—3,2),(3,—-2), (-3, —2).

(b) Suppose that K and L are integers.
Then

(K+L)?*+(K—-L)?— (K +L)(K - L)
= (K> 4+2KL+ L*) + (K* —2KL + L*) — (K* - L?)
= K* +3L7
Therefore, the integers a = K+L and b = K — L satisfy the equation K2+3L? = a*>+b*—ab,

and so for all integers K and L, there is at least one pair of integers (a, b) that satisfy the
equation.

How could we come up with this? One way to do this would be trying some small values
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of K and L, calculating K2 + 3L? and using this to make a guess, which can then be
proven algebraically as above. In particular, here are some values:

K|L|K*+3L=a*>+b —ablal| b
111 4 210
211 7 3| 1
311 12 41 2
112 13 3] -1
212 16 41 0
312 21 51 1

The columns for a and b might lead us to guess that a« = K + L and b = K — L, which we
proved above does in fact work.

Suppose that a and b are integers.

. a . .
If a is even, then 5 is an integer and so

a 2 a2 a? a s  3a® 4,
Thus, ifK:g—bandL:g,wehaveK2+3L2:a2+b2—ab.

b
If b is even, then 5 is an integer and so a similar algebraic argument shows that

b 2 >,
(5—(1) +3<§> =a”+b°—ab

b b
andsoifK:5—aandL:§,WehaveK2+3L2:a2+b2—ab.

b
If a and b are both odd, then a + b and a — b are both even, which means that ot and
are both integers, and so
a+b\> a—0\?> a®+2ab+b* 3a>—6ab+ 30> 4a®+ 4V —dab ,
5 +3 5 = 1 + 1 = 1 =a"+b"—ab

a+b

—b
Thus, if K = andL:aT, we have K? + 3L? = a® 4+ b* — ab.
Therefore, in all cases, for all integers a and b, there is at least one pair of integers (K, L)
with K% + 3L? = a® + b* — ab.

As in (b), trying some small cases might help us make a guess of possible expressions for
K and L in terms of a and b:

K?+3L%2=0a*>+b%>—ab

Q

N R =R CRE R
— = R = =N~ - Ol

CUR WO N~ WD -
W NN DN DN = o
oD Nk w N w e
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While there might not initially seem to be useful patterns here, re-arranging the rows and
adding some duplicates might help show a pattern:

alb|K?+3L>=ad*>+b>—ab| K| L
211 3 0|1
411 13 112
212 4 111
412 12 311
112 3 011
3|2 7 211
42 12 311
111 1 110
3|1 7 211
513 19 4 11

10. (a) We label the centres of the outer circles, starting with the circle labelled Z and proceeding
clockwise, as A, B, C, D, F, F, G, H, J, and K, and the centre of the circle labelled Y
as L.

Join L to each of A, B, C, D, E, F, G, H, J, and K. Join Ato B, Bto C, C to D, D
to B, Eto F, FtoG,Gto H, HtolJ,Jto K, and K to A.
When two circles are tangent, the distance between their centres equals the sum of their
radii.
Thus,
BC=CD=DE=FEF=FG=GH=HJ=JK=2+1=3
BL=DL=FL=HL=KL=2+4=6
CL=FL=GL=JL=1+4=5
AB=AK =r+2
AL=r+14

By side-side-side congruence, the following triangles are congruent:
ABLC, ADLC,ADLE, A\FLE,NFLG,ANAHLG,ANHLJ,ANKLJ

Similarly, AALB and AALK are congruent by side-side-side.
Let ZALB =6 and let ZBLC = «.
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By congruent triangles, ZALK = 6 and
/BLC =/DLC =/DLFE = /FLE = /FLG=/HLG=/HLJ = /ZKLJ =«

The angles around L add to 360° and so 20 + 8a = 360° which gives 6 + 4a = 180° and
so 6 = 180° — 4av.

Since 6 = 180° — 4a, then cosf = cos(180° — 4a) = — cos 4a.

Consider AALB and ABLC.

r+2 5

r+4
By the cosine law in AALB,
AB* = AL* + BL? —2- AL - BL - cosf

(r+2)2=(r+4)>4+6%—2(r +4)(6)cosd
12(r +4)cos = 7> + 8 + 16 + 36 — r* — 4r — 4

cosfh - rt48
12(r +4)

cosf — r+12
3r+ 12

By the cosine law in ABLC),

BC?=BIL?>+CL?>—-2-BL-CL-cosa
3% =6+ 5% —2(6)(5) cos
60cosax =36+25—9

52
coso = —
60
13
coso = —
15

13
Since cos o = 5 then

cos2a = 2cosa — 1
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and
cosda = 2cos? 2 — 1
B 1132
72952
25538 B 50625
50625 50625
L 25087
50625
Finally,
cos = — cosda

r+12 25087
3r+12 50625

r+12 25087
r+4 16875
(r+4)+8 25087
r+4 16875
- § 25087
r+4 16875

8 8212

r+4 16875

2 2053

r+4 16875
r+4 16875

2 2053
7“—1—4—M
2053

25538

~ 2053

Therefore, the positive integers s = 25538 and t = 2053 satisfy the required conditions.

(b) Let the centre of the middle circle be O, and the centres of the other circles be P, @, R,
and S, as shown.

Join O to P, ), R, and S, and join P to @, Q to R, Rto S, and S to P.
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Using a similar argument as in (a), we see that

OP=0OR=a++c
OQ=0S=b+c
PQ=QR=RS=SP=a-+b

By side-side-side congruence, AOPQ, AOPS, AORQ, and AORS are congruent.
This means that ZPOQ = ZPOS = ZROQ = ZROS.
Since ZPOQ + ZPOS + ZROQ + ZROS = 360° (these angles surround O), then

1
ZPOQ = 1 360° = 90°

This means that AOPQ is right-angled at O.
By the Pythagorean Theorem, PQ* = OP? + OQ? and so (a + b)* = (a + ¢)* + (b+ ¢)*.
Manipulating algebraically, the following equations are equivalent:

(a+b)?=(a+c)+(b+c)
a® + 2ab + b* = a® + 2ac + A + b + 2bc + 2
2ab = 2ac + 2bc + 22

ab = ac + be + 2

ab — ac —be = 2

ab — ac — be + ¢ = 2¢
a(b—c) —c(b—c) =2
(a—c)(b—c)=2c

Therefore, if a, b and ¢ are real numbers for which the diagram can be constructed, then
a, b and c satisfy this last equation.

Also, if real numbers a, b and c satisfy the final equation, then (a+b)% = (a+c)?+ (b+c)?
(because these equations were equivalent) and so the triangle with side lengths a + b,
a+ c and b + ¢ is right-angled with hypotenuse a + b (because the Pythagorean Theorem
works in both directions), which means that four such triangles can be assembled to form
a rhombus PQ RS with side lengths a + b and centre O, which means that the five circles
can be drawn by marking off the appropriate lengths a, b and ¢ and drawing the circles as
in the original diagram.
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In other words, the diagram can be drawn exactly when (a — ¢)(b — ¢) = 2¢2.

Suppose that c is a fixed positive integer.

Determining the value of f(c) is thus equivalent to counting the number of pairs of positive
integers (a,b) with ¢ < a < b and (a —¢)(b—¢) = 2¢*.

Since a and b are integers with a > ¢ and b > ¢, the integers a — ¢ and b — ¢ are positive
and form a positive divisor pair of the integer 2¢.

Since a < b, we have a — ¢ < b — ¢ and so a — ¢ and b — ¢ are distinct integers.

Also, since ¢ > 0, v/2¢2 = v/2¢ which is not an integer since ¢ is an integer, which means
that 2¢? is not a perfect square.

Therefore, every pair (a,b) corresponds to a positive divisor pair of 2¢* (namely, a — ¢ and
b—c).

Similarly, every divisor pair ¢ and g of 2¢* with e > g gives a pair of positive integers (a, b)
with a < b by setting a =e+ cand b= g+ c.

In other words, f(c) is exactly the number of positive divisor pairs of 2¢?. (Again, we note
that 2¢? is not a perfect square.)

Therefore, we want to determine all positive integers ¢ for which the integer 2¢? has an
even number of divisor pairs, which means that we want to determine all positive integers
¢ for which the number of positive divisors of 2¢* is a multiple of 4 (because each positive
divisor pair corresponds to 2 positive divisors and 2 times an even integer is a multiple
of 4).

Suppose that the prime factorization of c¢ is

e

¢ =2 PIpE

for some integer k > 0, integer » > 0, odd prime numbers pi, po, ..., pr, and positive
integers ey, e, ..., €.
Then

2c% = ¥ Hplapyee . piot

and so 2¢? has
(2r +2)(2e1 +1)(2e2 + 1) -+ (2e5, + 1)

positive divisors.

The first factor in this product is even and each factor after the first is odd.

Therefore, this product is a multiple of 4 exactly when 2r + 2 is a multiple of 4.

This is true exactly when 2r + 2 = 4s for some positive integer s and so 2r = 4s — 2 or
r=2s—1.

In other words, the number of positive divisors of 2¢? is a multiple of 4 exactly when r is
an odd integer.

Finally, this means that the positive integers for which f(c) are even are exactly those
positive integers that have exactly an odd number of factors of 2 in their prime factoriza-
tion.



The CENTRE for EDUCATION

in MATHEMATICS and COMPUTING
cemc.uwaterloo.ca

2020 Euclid Contest

Tuesday, April 7, 2020

(in North America and South America)

Wednesday, April 8, 2020

(outside of North America and South America)

Solutions

(©2020 University of Waterloo




2020 Euclid Contest Solutions Page 2

1.

(a)

Solution 1
3r+6 3 2
If o % -2, then 270 _3E+2) o
T+ 2 T+ 2
In other words, for every x # —2, the expression is equal to 3.
3r+6 5

T+ 2

Therefore, when x = 11, we get

Solution 2 5 6 31146 39
When z = 11, we obtain o (11) + =—=3
T+ 2 11+2 13

Solution 1

The point at which a line crosses the y-axis has x-coordinate 0.

Because A has z-coordinate —1 and B has z-coordinate 1, then the midpoint of AB is on
the y-axis and is on the line through A and B, so is the point at which this line crosses
the z-axis.

The midpoint of A(—1,5) and B(1,7) is (3(—=1+41),3(5+7)) or (0,6).

Therefore, the line that passes through A(—1,5) and B(1,7) has y-intercept 6.

Solution 2
7—5 2

The line through A(—1,5) and B(1,7) has slope T—(cD =5= 1.

Since the line passes through B(1,7), its equation can be written as y — 7 = 1(z — 1) or
y=x+ 6.
The line with equation y = x + 6 has y-intercept 6.

First, we find the coordinates of the point at which the lines with equations y = 3x + 7
and y = x + 9 intersect.

Equating values of y, we obtain 3z +7 =249 and so 2z =2 or x = 1.

When z =1, we get y = x4+ 9 = 10.

Thus, these two lines intersect at (1,10).

Since all three lines pass through the same point, the line with equation y = mz + 17
passes through (1, 10).

Therefore, 10 = m - 1 4+ 17 which gives m = 10 — 17 = —7.

Suppose that m has hundreds digit a, tens digit b, and ones (units) digit c.

From the given information, a, b and ¢ are distinct, each of a, b and ¢ is less than 10,
a = be, and ¢ is odd (since m is odd).

The integer m = 623 satisfies all of these conditions. Since we are told there is only one
such number, then 623 must be the only answer.

Why is this the only possible value of m?

We note that we cannot have b = 1 or ¢ = 1, otherwise a = c or a = b.

Thus, b > 2 and ¢ > 2.

Since ¢ > 2 and c¢ is odd, then ¢ can equal 3, 5, 7, or 9.

Since b > 2 and a = bc, then if ¢ equals 5, 7 or 9, a would be larger than 10, which is not
possible.

Thus, ¢ = 3.

Since b > 2 and b # ¢, then b=2 or b > 4.

If b > 4 and ¢ = 3, then a > 10, which is not possible.

Therefore, we must have ¢ = 3 and b = 2, which gives a = 6.
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(b)

(b)

Since Eleanor has 100 marbles which are black and gold in the ratio 1 : 4, then % of her
marbles are black, which means that she has % - 100 = 20 black marbles.

When more gold marbles are added, the ratio of black to gold is 1 : 6, which means that
she has 6 - 20 = 120 gold marbles.

Eleanor now has 20 + 120 = 140 marbles, which means that she added 140 — 100 = 40
gold marbles.

2 15 2 15 15
First, we see that %:n——l—ﬁ—f——:n—i—l—i——.
n n n n n
n?+4n+ 15 15
This means that ————— is an integer exactly when n + 1 + — is an integer.
n n

2
: . : n+n+15 . : 15 . :
Since n + 1 is an integer, then ————— is an integer exactly when — is an integer.
n n
.15, . ) .
The expression — is an integer exactly when n is a divisor of 15.
n

Since n is a positive integer, then the possible values of n are 1, 3, 5, and 15.

First, we note that a triangle with one right angle and one angle with measure 45° is
isosceles.

This is because the measure of the third angle equals 180° — 90° — 45° = 45° which means
that the triangle has two equal angles.

In particular, ACDF is isosceles with CD = DFE and AFFG is isosceles with EF = F@G.
Since DE = EF =1 m, then CD = FG =1 m.

Join C' to G.
A H
B
45°
C G
I m Im
b 45\_45° [

DlmElmF

Consider quadrilateral CDFG. Since the angles at D and F' are right angles and since
CD = GF, it must be the case that CDF'G is a rectangle.

This means that CG = DF = 2 m and that the angles at C' and G are right angles.
Since ZCOGF = 90° and ZDCG = 90°, then ZBGC = 180° — 90° — 45° = 45° and
/ZBCG = 90°.

This means that ABCG is also isosceles with BC' = CG = 2 m.

Finallyy, BD =BC+CD =2m+1m=3m.

We apply the process two more times:

x
Before Step 1 | 24
After Step 1 | 27
After Step 2 | 81
After Step 3 | 81

Therefore, the final value of x is 340.

Before Step 1 | 81
After Step 1 | 85
After Step 2 | 340
After Step 3 | 340

=W W we

U = e



2020 Euclid Contest Solutions Page 4

()

The parabola with equation y = kx? + 62 + k has two distinct a-intercepts exactly when
the discriminant of the quadratic equation kx? 4+ 6z + k = 0 is positive.

Here, the disciminant equals A = 62 —4 - k- k = 36 — 4k

The inequality 36 — 4k* > 0 is equivalent to k? < 9.

Since k is an integer and k # 0, then k can equal —2,—1,1, 2.

(If k > 3or k < —3, we get k% > 9 so no values of k in these ranges give the desired result.)

4 4
Since % < - and - < 1, then % < 1.

Since a and b are positive integers, then a < b.
Since the difference between a and b is 15 and a < b, then b = a + 15.

Theref have > <« — 4 4
ererore, we nave — —.
: 9 S u¥15 07

We multiply both sides of the left inequality by 9(a + 15) (which is positive) to obtain
5(a + 15) < 9a from which we get 5a + 75 < 9a and so 4a > 75.

From this, we see that a > % = 18.75.

Since a is an integer, then a > 19.

We multiply both sides of the right inequality by 7(a + 15) (which is positive) to obtain
7a < 4(a + 15) from which we get 7a < 4a + 60 and so 3a < 60.

From this, we see that a < 20.

Since a is an integer, then a < 19.

19
Since a > 19 and a < 19, then a = 19, which means that % =3
The first 6 terms of a geometric sequence with first term 10 and common ratio — are
555 5
10,5, =, >, 2, —.
0’5’2’4’8’16 § /16 .
Here, the ratio of its 6th term to its 4th term is 5/ 7 which equals T (We could have

determined this without writing out the sequence, since moving from the 4th term to the
1
6th involves multiplying by 3 twice.)

The first 6 terms of an arithmetic sequence with first term 10 and common difference d
are 10,10 4 d, 10 4+ 2d, 10 + 3d, 10 + 4d, 10 + 5d.

10 + 5d
Here, the ratio of the 6th term to the 4th term is 0+ .
10 + 3d
) : 104+5d 1 : .
Since these ratios are equal, then = —, which gives 4(10 + 5d) = 10 + 3d and so
104+3d 4
30

40 4+ 20d = 10+ 3d or 17d = —30 and so d = 1
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D.

(a)

Let a = f(20). Then f(f(20)) = f(a).

To calculate f(f(20)), we determine the value of a and then the value of f(a).

By definition, a = f(20) is the number of prime numbers p that satisfy 20 < p < 30.
The prime numbers between 20 and 30, inclusive, are 23 and 29, so a = f(20) = 2.
Thus, /(/(20)) = f(a) = (2).

By definition, f(2) is the number of prime numbers p that satisfy 2 < p < 12.

The prime numbers between 2 and 12, inclusive, are 2, 3, 5, 7, 11, of which there are 5.
Therefore, f(f(20)) = 5.

Since (r —1)(y —2) =0, thenz =1 or y = 2.
Suppose that x = 1. In this case, the remaining equations become:

(1-3)(z+2) =0

14+yz=9
or
—2(z4+2)=0
yz =8
From the first of these equations, z = —2.

From the second of these equations, y(—2) = 8 and so y = —4.
Therefore, if z = 1, the only solution is (z,y, z) = (1, —4, —2).
Suppose that y = 2. In this case, the remaining equations become:

(x=3)(z+2)=0
r+22=9

From the first equation x = 3 or z = —2.

If x =3, then 3+ 22z =9 and so z = 3.

If 2= —2, then  + 2(—2) =9 and so x = 13.

Therefore, if y = 2, the solutions are (z,y, z) = (3,2,3) and (z,y, z) = (13,2, —2).
In summary, the solutions to the system of equations are

(x,y,2) = (1,-4,-2),(3,2,3), (13,2, -2)

We can check by substitution that each of these triples does indeed satisfy each of the
equations.
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6. (a) Draw a perpendicular from S to V on BC.
Since ASV B is a quadrilateral with three right angles, then it has four right angles and
so is a rectangle.
Therefore, BV = AS = r, since AS is a radius of the top semi-circle, and SV = AB = 4.
Join S and T to P. Since the two semi-circles are tangent at P, then SPT is a straight
line, which means that ST = SP + PT =r +r = 2r.

4 _r S E_ D
KP
4
—Iv
B FV 71 1 C
6

Consider right-angled ASVT. We have SV = 4 and ST = 2r.
Also, VI = BC —-BV —-TC=6—-—r—r=6—2r.
By the Pythagorean Theorem,

SVZ4VT? =ST?

42 + (6 — 2r)? = (2r)?
16 4 36 — 24r + 4r? = 472
52 = 24r

Thus, r = 22 = 2.

(b) Since AABE is right-angled at A and is isosceles with AB = AE = 7+/2, then AABE is a
45°-45°-90° triangle, which means that ZABE = 45° and BE = v/2AB = /2-7/2 = 14.

DB 8
Since ABCD is right-angled at C' with Do = 4—x = 2, then ABCD is a 30°-60°-90°
x

triangle, which means that ZDBC = 30°.
Since ZABC = 135°, then /ZEBD = ZABC — ZABE — ZDBC = 135° —45° — 30° = 60°.
Now consider AEBD. We have EB = 14, BD =8z, DE = 8x — 6, and ZEBD = 60°.
Using the cosine law, we obtain the following equivalent equations:

DE? = EB?>+ BD?> —2-EB - BD - cos(ZEBD)
(82 — 6)% = 14% + (8x)* — 2(14)(8x) cos(60°)
64x” — 96 + 36 = 196 + 642 — 2(14)(8z) - 1
—96z = 160 — 14(8z)
1122 — 962 = 160
162 = 160
z =10

Therefore, the only possible value of = is x = 10.
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7. (a) Solution 1
Since the function g is linear and has positive slope, then it is one-to-one and so invertible.
This means that ¢g7'(g(a)) = a for every real number a and g(g~'(b)) = b for every real
number b.
Therefore, g(f(g7'(g(a)))) = g(f(a)) for every real number a.
This means that

9(f(a)) = g(f(g~ " (9(a))))
= 2(g(a))? + 16g(a) + 26
= 2(2a — 4)* +16(2a — 4) + 26
= 2(4a* — 16a + 16) + 32a — 64 + 26
=8a* — 6

Furthermore, if b = f(a), then g7 (g(f(a))) = g *(g(b)) = b = f(a).

Therefore,
fla) =g (9(f(a)) = g~ (8a* — 6)

Since g(x) = 2z — 4, then y = 2¢(y) —4 and so ¢~ '(y) = 3y + 2.
Therefore,
fla)=1(8a®> —6)+2=4a"—1

and so f(r) = 4% — 1.

Solution 2

Since the function g is linear and has positive slope, then it is one-to-one and so invertible.
To find a formula for g~'(y), we start with the equation g(z) = 2z — 4, convert to
y+4

y = 2g~*(y) —4 and then solve for g*(y) to obtain 297! (y) = y+4 and so g7 (y) = 5

We are given that g(f(g~'(z))) = 22% + 16z + 26.
We can apply the function ¢g~! to both sides to obtain successively:

flg7 (z)) = g (22* + 162 + 26)
2 1 2 4
flg™(x) = (2" + 6x2+ 6) + (knowing a formula for g—1)
flg7'(z)) =2 + 8z + 15
x+4 9 ) .
f 5 =2+ 8xr+ 15 (knowing a formula for g—')
4
f(g[:;F > "+ 8r+16 -1
4
f (x ;_ ) (x+4)°—1

We want to determine the value of f(r).

Thus, we can replace with 7, which is equivalent to replacing x + 4 with 2.

Thus, f(r) = (27)? — 1 = 4n% — 1.
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(b) Solution 1
Using logarithm laws, the given equations are equivalent to

3
log,(sinz) + log,(cosy) = —5
1
log, (sinx) — logy(cosy) = 5
Adding these two equations, we obtain 2log,(sinz) = —1 which gives log,(sinz) = .

12 _ 1

T2 Y

Since 0° < z < 180°, then x = 45° or x = 135°.

3 1
Since log,(sinz) + logy(cosy) = —5 and log,(sinz) = —3 then log,(cosy) = —1, which
1
gives cosy = 271 = 3
Since 0° <y < 180°, then y = 60°.
Therefore, (x,y) = (45°,60°) or (z,y) = (135°,60°).

and so sinx = 2~

Solution 2
1 1 1

First, we note that 2 V2 and 2 5572 = 31312 2\/5.

From the given equations, we obtain
2 _ 1
2v/2

sin _ o2 _ /5
cosy

sinzcosy =2~

1 1
Multiplying these two equations together, we obtain (sin z)? = 3 which gives sinx = i—ﬁ.
1
Since 0° < x < 180°, it must be the case that sinxz > 0 and so sinx = E
Since 0° < z < 180°, we obtain x = 45° or x = 135°.
1 1

Since sinx cosy = —= and sinx = —, we obtain cosy = —.

Y 22 V2 Y 9
Since 0° < y < 180°, then y = 60°.
Therefore, (z,y) = (45°,60°) or (x,y) = (135°,60°).
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8.

(a) Solution 1

Let x be the probability that Bianca wins the tournament.

Because Alain, Bianca and Chen are equally matched and because their roles in the tour-
nament are identical, then the probability that each of them wins will be the same.
Thus, the probability that Alain wins the tournament is = and the probability that Chen
wins the tournament is z.

Let y be the probability that Dave wins the tournament.

Since exactly one of Alain, Bianca, Chen, and Dave wins the tournament, then 3z +y =1

1—
and so r = Ty We can calculate y in terms of p.

In order for Dave to win the tournament, he needs to win two matches.
No matter who Dave plays, his probability of winning each match is p.
Thus, the probability that he wins his two consecutive matches is p? and so the probability
that he wins the tournament is y = p?.
1—p?
3

to match the desired form.)

Thus, the probability that Bianca wins the tournament is

—p*+0 1
(We could rewrite this as Ot

Solution 2
Let x be the probability that Bianca wins the tournament.
There are three possible pairings for the first two matches:

(i) Bianca versus Alain, and Chen versus Dave
(ii) Bianca versus Chen, and Alain versus Dave
(iii) Bianca versus Dave, and Alain versus Chen

Each of these three pairings occurs with probability %

In (i), Bianca wins either if Bianca beats Alain, Chen beats Dave, and Bianca beats Chen,
or if Bianca beats Alain, Dave beats Chen, and Bianca beats Dave.

Since Bianca beats Alain with probability %, Chen beats Dave with probability 1 — p, and
Bianca beats Chen with probability %, then the first possibility has probability % (1—p)- %
Since Bianca beats Alain with probability %, Dave beats Chen with probability p, and
Bianca beats Dave with probability 1 — p, then the second possibility has probability
30 (L=p).

Therefore, the probability of Bianca winning, given that possibility (i) occurs, is 3 - (1 —
p)-5+3-p-(1-p)

In (ii), Bianca wins either if Bianca beats Chen, Alain beats Dave, and Bianca beats Alain,
or if Bianca beats Alain, Dave beats Alain, and Bianca beats Dave.

The combined probability of these is 3 - (1 —p)-2+3-p- (1 —p).

In (iii), Bianca wins either if Bianca beats Dave, Alain beats Chen, and Bianca beats
Alain, or if Bianca beats Dave, Chen beats Alain, and Bianca beats Chen.

The combined probability of these is (1—p)-3-24+(1—p)-3- 2.

Therefore, P
r=3(G1—-p) +3p(1=p)+3(1—p)+3p(1 —p)+ (1 —p)+ (1 —p))
=1(p(1—p)+ (1 —-p))
=3p—p"+1-p)

1 —p?

Thus, the probability that Bianca wins the tournament is 3
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(b) Throughout this solution, we will mostly not include units, but will assume that all lengths
are in kilometres, all times are in seconds, and all speeds are in kilometres per second.
We place the points in the coordinate plane with B at (0,0), A on the negative z-axis,
and C' on the positive x-axis.
We put A at (—1,0) and C at (2,0).
Suppose that P has coordinates (z,y) and that the distance from P to B is d km.

y

L)

VRN
/ N
’ N
s / N

> X
41,00 Bl (2,0

Since the sound arrives at A s after arriving at B and sound travels at 3 km/s, then A
is (3 s) - (3 km/s) = ¢ km farther from P than B is.

Thus, the distance from P to A is (d + §) km.

Since the sound arrives at C' an additional 1 second later, then C' is an additional % km
farther, and so is (d + §) km + (3 km) = (d + 3) km from P.

Since the distance from P to B is d km, then (z — 0)? + (y — 0)* = d*.
Since the distance from P to A is (d + §) km, then (z + 1)2 + (y — 0)? =
Since the distance from P to C'is (d + 1) km, then (z — 2)*+ (y — 0)* = (d

When these equations are expanded and simplified, we obtain

|

=
+ +
=2

5

24P =
P2+ 1+y’ =d+id+ 5
?—dr+d+y = +d+1
Subtracting the first equation from the second, we obtain
204+ 1=1d+ &
Subtracting the first equation from the third, we obtain
—dz+4=d+1
Therefore,
22z + 1)+ (—4z+4) =2(3d+ L)+ (d+ 1)
6=2d+x+d+;
216 = 24d + 2+ 36d + 9 (multiplying by 36)

205 = 60d

_ 4
d_12

Therefore, the distance from B to P is % km.
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9.

(a) After each round, each L shape is divided into 4 smaller L shapes.
This means that the number of L shapes increases by a factor of 4 after each round.
After 1 round, there are 4 L shapes.

After 2 rounds, there are 42 = 16 L’s of the smallest size.
After 3 rounds, there are 43 = 64 L’s of the smallest size.

There are four orientations of L shapes of a given size: Ill, III, I_I_—I, EI
When an L of each orientation is subdivided, the following figures are obtained:

i

T+

o+

-

From these figures, we can see that after each subsequent round,

e EKEach Ill produces 2 Ill, 0 III, 1 I_I_—I, and 1 EI of the smallest size.

e FEach I_I__| produces 0 Ill, 2 I—I__I, 1 I_I_—I, and 1 EI
e FEach |£| produces 1 Ill7 1 I—I__L 2 I_I_—I, and 0 EI
e FKach EI produces 1 Ill, 1 I—I__L 0 I_I_—I, and 2 EI

After 1 round, there are 2 Ill, 0 III, 1 I_I_—I, and 1 EI

After 2 rounds, the number of L’s of each orientation are as follows:

ol el P

:2:240-0+1-14+1-1=6
:2-04+40-24+1-14+1-1=2
:2:-140-1+1-241-0=4
:2:-140-1+1-041-2=4

After 3 rounds, the number of L’s of each orientation are as follows:

A=l M

:6-24+2-0+4-14+4-1=20
:6-0+2-2+4-14+4-1=12
:6-1+2-1+4-24+4-0=16
:6-1+2-1+4-0+4-2=16

Where do these numbers come from?

For example, to determine the number of Ill after 2 rounds, we look at the number of L’s

of each orientation after round 1 (2, 0, 1, 1) and ask how many Ill each of these produces

at the next level. Since the four types each produce 2, 0, 1, and 1 Ill7 then the total

number of Ill after 2 rounds equals 2-2+0-0+1-1+1-1 which equals 6.

As a second example, to determine the number of I_I__| after 3 rounds, we note that after 2
rounds the number of L’s of the four different orientations are 6, 2, 4, 4 and that each L

of each of the four types produces 0, 2, 1, 1 I—I__| This means that the total number of I_I__|

after 3roundsis6-04+2-2+4-14+4-1=12.

Putting all of this together, the number of L’s of the smallest size in the same orientation

as the original L is 20.
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(¢) In (b), we determined the number of L’s of the smallest size in each orientation after 1, 2
and 3 rounds.
We continue to determine the number of L’s of the smallest size after 4 rounds.
After 4 rounds, the number of L’s of each orientation are as follows:

° &:20-2+12-0+16-1+16~1:72
. I{|:20-O+12-2+16-1+16~1:56
° I_I_—|:20-1+12-1+16-2+16-O:64
° F:20-1+12-1—|—16~0+16-2:64

This gives us the following tables of the numbers of L’s of the smallest size in each orien-
tation after 1, 2, 3, and 4 rounds:

After Round Ill I—I__| Iﬂ EI
1 2 0 1 1
2 6 2 4 4
3 20 | 12 | 16 | 16
4 72 | 56 | 64 | 64

We re-write these numbers in the third row as 16 + 4,16 — 4,16, 16 and the numbers in
the fourth row as 64 4+ 8,64 — 8,64, 64.

Based on this, we might guess that the numbers of L’s of the smallest size in each orien-
tation after n rounds are 471 4 2771 gn—l _gn=l ogn=logn—l

If this guess is correct, then, after 2020 rounds, the number of L’s of the smallest size in
the same orientation as the original L is 42019 4 22019,

We prove that these guesses are right by using an inductive process.

First, we note that the table above shows that our guess is correct when n = 1,2, 3, 4.
Next, if we can show that our guess being correct after a given number of rounds implies
that it is correct after the next round, then it will be correct after every round. This
is because being correct after 4 rounds will mean that it is correct after 5 rounds, being
correct after 5 rounds will mean that it is correct after 6 rounds, and so on to be correct
after any number of rounds.

Suppose, then, that after £ rounds the numbers of L’s of the smallest size in each orienta-
tion are 481 4 2k=1 gh=1 _ ok=1 gh=1 gk—1

After k + 1 rounds (that is, after the next round), the number of L’s of each orientation
is:

. 5

(4k—1+2k—1)_2_'_<4k—1_Qk—1>_0+4k—1.1+4k—1_1:4_4k—1_‘_2.2k—1 — gk 4 ok
. ﬂ; (4L 42k 1) 0 (4FL =2k 1) 2 gkl gkl = 4.4k 9.0k — 4k ok
. 1. e O B (A R B G B | 4
. [ (A2 1 (T -2 A 04 4R 2 =4 4 = 4

Since k = (k + 1) — 1, these expressions match our guess. This means that our guess is
correct after every number of rounds.

Therefore, after 2020 rounds, the number of L’s of the smallest size in the same orientation
as the original L is 42019 4 22019,
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10. (a) Here, the pairwise sums of the numbers a; < as < ag < ag are 53 < 59 < 3 < 54 < 85 < 8.
The six pairwise sums of the numbers in the list can be expressed as

a1 + as, a1 + as, a; + aq, as + as, as + aq, a3 + aq

Since a1 < as < ag < ay, then the smallest sum must be the sum of the two smallest
numbers. Thus, s; = a1 + as.

Similarly, the largest sum must be the sum of the two largest numbers, and so sg = a3+ ay.
Since a; < as < ag < ay4, then the second smallest sum is a; + az. This is because a; + as
is no greater than each of the four sums a; + a4, as + as, as + a4, and as + ay:

Since ag < ay, then a; 4+ a3z < a; + ay.
Since a1 < ag, then a; 4+ az < as + as.
Since a1 < ay and a3 < ayq, then a; + as < as + ay.
Since a1 < ay, then a; 4+ as < az + ay.

Thus, sy = a1 + as.

Using a similar argument, s5 = as + ay4.

So far, we have s; = a1 + as and s; = a; + az and s; = as + a4 and sg = ag + ay.
This means that s3 and s4 equal a; + a4 and as + a3 in some order.

It turns out that either order is possible.

Case 1: s3 =a; + a4 and s4 = as + as
Here, a1 + a3 = 8 and a; 4+ a3 = 104 and as + a3 = 110.
Adding these three equations gives

(a1 + ag) + (ay + a3) + (az + a3z) = 8+ 104 + 110

and so 2a; + 2as + 2a3 = 222 or a; + ay + a3 = 111.

Since as + az = 110, then ay = (a; + as + a3) — (as + az) = 111 — 110 = 1.
Since a; = 1 and a; + ay = 8, then ay = 7.

Since a; = 1 and a; + a3 = 104, then a3 = 103.

Since a3 = 103 and a3 + a4 = 208, then a, = 105.

Thus, (a1, as, as,aq) = (1,7,103,105).

Case 2: s3 = a4+ as and s4, = a1 + ay

Here, a1 + a3 = 8 and a; 4+ az = 104 and as + a3 = 106.
Using the same process, a; + as + az = 109.

From this, we obtain (ay, as, as, as) = (3,5, 101, 107).

Therefore, Kerry’s two possible lists are 1,7,103, 105 and 3, 5,101, 107.
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(b)

Suppose that the values of s1, s, 3, S4, S5, Sg, S7, S, S9, S19 are fixed, but unknown.
In terms of the numbers a; < ay < a3z < a4 < as, the ten pairwise sums are

a1 + ag, a1 + as, a; + aq,a1 + as, as + as, as + ayq, as + as, a3 + a4, a3 + as, a4 + as

These will equal sq, s9, S3, S4, S5, Sg, S7, Sg, Sg, S10 in some order.
Using a similar analysis to that in (a), the smallest sum is a; + a2 and the largest sum is
ay + as. Thus, s; = a; + as and s19 = S4 + S5.
Also, the second smallest sum will be s = a; + a3 and the second largest sum will be
Sg = as + as.
We let

S =51+ 53+ 53+ 84+ 85+ 86+ 7+ S8+ Sg + S10

Note that S has a fixed, but unknown, value.

Even though we do not know the order in which these pairwise sums are assigned to s;
through s19, the value of S will equal the sum of these ten pairwise expressions.

In other words, S = 4ay + 4as + 4az + 4ay + 4as, since each of the numbers in the list
occurs in four sums.

Thus, ai + as + ag + as + as = 1.5 and so (a1 + as) + az + (a4 + as) = 1S.

This means that s; + as + s19 = iS and so ag = }lS — 81 — S19-

Since the values of sy, s;p and S are fixed, then we are able to determine the value of ag
from the list of sums s; through s1g.

Using the value of as, the facts that sy = a1 + a3 and sg = a3 + as, and that s, and sg are
known, we can determine a; and as.

Finally, using s; = a1 +as and s;g = a4+ a5 and the values of a; and a5, we can determine
as and ay.

Therefore, given the ten sums s; through si9, we can determine the values of as, ay, as,
as, a4 and so there is only one possibility for the list aq, as, as, a4, as. (Can you write out
expressions for each of a; through as in terms of s; through siy only?)

Suppose that the lists a1, as, asz, ay and by, by, b3, by produce the same list of sums s;, so,
S3, S4, S5, S¢. (Examples of such lists can be found in (a).)
Let = be a positive integer. Consider the following list with 8 entries:

ai1,09,a3,0a4,b1 + 2,00 + 2,03 +,by + x

From this list, there are three categories of pairwise sums:
(i) ai+a;, 1 <1< j<4: these give the sums s; through sg

(i) (b +x)+ (bj +x), 1 <i < j <4: each of these is 2z greater than the six sums s,
through s¢ because the pairwise sums b; + b; give the six sums s; through s¢

(iii) a;+ (bj+x), 1<i<4and 1<j<4

Consider also the list with 8 entries:
aq + T, az + xr,das + T, a4 + l’,bl,bg,bg,b4

From this list, there are again three categories of pairwise sums:
(i) b; +b;, 1 <i< j <4: these give the sums s; through sg

(i) (a; + )+ (a; + x), 1 <i < j < 4: each of these is 2z greater than the six sums s;
through sg because the pairwise sums a; + a; give the six sums s; through sg

(iii) (a;+2)+b;, 1<i<4and1<;j<4
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Thus, the 28 pairwise sums in each case are the same. In each case, there are 6 sums in
(i), 6 sums in (ii), and 16 sums in (iii).

If we choose the initial lists to have the same pairwise sums and choose the value of = to
be large enough so that a; + x is not equal to any b; and b; + x is not equal to any a;, we
obtain two different lists of 8 numbers that each produce the same list of 28 sums.

For example, if we choose a1, as, as, aq to be 1,7,103, 105 and by, bo, b3, by to be 3,5,101, 107
and x = 10000, we get the lists

1,7,103,105,10003, 10005, 10101, 10 107

and
3,5,101,107,10001,10 007,10 103,10 105

Using a similar analysis to that above, if the lists aq, as, as, a4, as, ag, a7, ag and by, by,
bs, by, bs, bg, by, bg have the same set of pairwise sums, then the lists

ai, @z, as, as, Gs, Gg, 7, ag, by + 4, b2 + 1y, b3 +y,bs + 4,05 +y,bs +y,b7 + y,bg +y
and
ar +y,az +y,a3 +y,a4 +y, a5 +y,a6 +y,ar +y,as +y, b1, bz, b3, by, bs, bs, bz, bg

will also have the same pairwise sums.
Therefore, setting y = 1000 000, we see that the lists

1,7,103,105,10003,10005,10101,10107,1 000 003, 1 000 005, 1000101, 1000 107,

1010001,1010007,1010103,1010105

and
3,5,101,107,10001,10007,10 103, 10 105, 1 000 001, 1 000 007, 1 000 103, 1 000 105,

1010003,1010005,1010101,1010107

have the same list of sums s1, Sa, ..., S199, as required.
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1.

(a)

Solution 1
Since % of a jar has a volume of 300 mL, then }L of a jar has a volume of (300 mL) + 3 or

100 mL.

Solution 2
Since % of a jar has a volume of 300 mL, then the volume of the entire jar is %(300 mL)

or 400 mL.
In this case, the volume of { of the jar is (400 mL) + 4 = 100 mL.

24
We note that since — > 3 > 0, then a is positive.
a

24 24
Since?><—anda>0,thena<§:8.
a

24 24
Since—<4anda>0,thena>Z:6.
a

Since 6 < a < 8 and a is an integer, then a = 7.
24
Note that it is indeed true that 3 < - < 4.

Since z and x? appear in the denominators of the equation, then x # 0.
Multiplying by #? and manipulating, we obtain successively

1 1

— ___9
2
1 — 2 =222
0=2224z—-1

0=(2x - 1)(z +1)

1
andsoxzéorx:—l.

Checking in the original equation we obtain,
1 1 1 1

—— = ———=4-2=2
(1/2)2 1/2 1/4 1)2
and ] 1 ]
———=—-+41=2
S
1
and so the solutions to the equation are x = 3 and x = —1.

Since the radius of the large circle is 2, its area is 7 - 22 = 4.

Since the radius of each small circle is 1, the area of each small circle is 7 - 12 = 7.

Since the two small circles are tangent to each other and to the large circle, then their
areas do not overlap and are contained entirely within the large circle.

Since the shaded region consists of the part of the large circle that is outside the two small
circles, then the shaded area is 47 — 7 — ™ = 2.

Mo starts at 10:00 a.m. and finishes at 11:00 a.m. and so runs for 1 hour.
Mo runs at 6 km/h, and so runs 6 km in 1 hour.

Thus, Kari also runs 6 km.

6 k 3
Since Kari runs at 8 km/h, then Kari runs for 2 _ 2} which is 45 minutes.
8 km/h 4

Since Kari finishes at 11:00 a.m., then Kari started at 10:15 a.m.
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()

(c)

The equation x + 3y = 7 can be rearranged to 3y = —x + 7 and y = —%x + %

Therefore, the line with this equation has slope —%.

Since the two lines are parallel and the line with equation ¥y = max + b has slope m, then
1

m=—z.
3

Thus, the equation of the second line can be re-written as y = —%x +b.
Since (9,2) lies on this line, then 2 = —% -9 + b and so 2 = —3 + b, which gives b = 5.

Michelle’s list consists of 8 numbers and so its average is

5410415416 +24+28+33+37 168 _
8 T8

Daphne’s list thus consists of 7 numbers (one fewer than in Michelle’s list) with an average
of 20 (1 less than that of Michelle).
The sum of 7 numbers whose average is 20 is 7 - 20 = 140.

Since the sum of Michelle’s numbers was 168, then Daphne removed the number equal to
168 — 140 which is 28.

Since 16 = 2% and 32 = 2°, then the given equation is equivalent to the following equations
(24>15/:p — (25)4/3
260/:E — 220/3

This means that 6—0 = @ = @ and so x = 9.

T 3 9
Using exponent laws, the following equations are equivalent:
22022 4 a
—— =172
92019

2202272019 4 2(172019 =179

23 + 2(1—2019 =79
8+ 2070 =72

20,72019 = 64
2(1—2019 — 26

which means that a — 2019 = 6 and so a = 2025.

Solution 1

Since AC'DB is right-angled at B, then Z/DCB = 90° — ZCDB = 30°.

This means that ACDB is a 30°-60°-90° triangle.

Using the ratios of side lengths in a 30°-60°-90° triangle, CD : DB =2 : 1.

Since DB = 10, then C'D = 20.

Since ZC'DB = 60°, then ZADC = 180° — ZC'DB = 120°.

Since the angles in AADC add to 180°, then ZDAC = 180° — LZADC — LZACD = 30°.
This means that AADC' is isosceles with AD = CD.

Therefore, AD = C'D = 20.
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Solution 2

Since ACDB is right-angled at B, then ZDCB = 90° — ZCDB = 30°.

Since AAC B is right-angled at B, then ZCAB = 90° — ZAC'B = 90° — (30° + 30°) = 30°.
This means that each of ACDB and AACB is a 30°-60°-90° triangle.

Using the ratios of side lengths in a 30°-60°-90° triangle, CB : DB = /3 : 1.

Since DB = 10, then CB = 10+/3.

Similarly, AB: CB =+/3:1.

Since OB = 10v/3, then AB = /3 - 10v/3 = 30.

Finally, this means that AD = AB — DB = 30 — 10 = 20.

Since the points A(d, —d) and B(—d + 12,2d — 6) lie on the same circle centered at the
origin, O, then OA = OB.

Since distances are always non-negative, the following equations are equivalent:

VI(d—0)24 (=d —0)2 = \/((—d +12) — 0)2+ ((2d — 6) — 0)2
> + (—d)? = (—d + 12)* + (2d — 6)*
d? 4 d* = d* — 24d + 144 + 4d* — 24d + 36
2d? = 5d* — 48d + 180
0 = 3d*> — 48d + 180
0 = d* — 16d + 60
0= (d—10)(d — 6)

and so d =10 or d = 6.
We can check that the points A(10,—10) and B(2, 14) are both of distance v/200 from the
origin and the points A(6, —6) and B(6,6) are both of distance /72 from the origin.

First, we note that V50 = 5v/2.

Next, we note that V2 + 4v/2 = 5v/2 and 2v/2 + 3v/2 = 5v/2.

From the first of these, we obtain v/2 + v/32 = v/50.

From the second of these, we obtain v/8 + v/18 = v/50.

Thus, (a,b) = (2,32) and (a,b) = (8, 18) are solutions to the original equation.
(We are not asked to justify why these are the only two solutions.)

From the second equation, we note that d # 0.

Rearranging this second equation, we obtain ¢ = kd.

Substituting into the first equation, we obtain kd + d = 2000 or (k + 1)d = 2000.

Since k > 0, note that £k +1 > 1.

This means that if (¢, d) is a solution, then k£ + 1 is a divisor of 2000.

Also, if k£ + 1 is a divisor of 2000, then the equation (k + 1)d = 2000 gives us an integer
value of d (which is non-zero) from which we can find an integer value of ¢ using the first
equation.

Therefore, the values of k£ that we want to count correspond to the positive divisors of
2000.

Since 2000 = 10 - 10 - 20 = 2* - 53, then 2000 has (4 + 1)(3 + 1) = 20 positive divisors.
This comes from the fact that if p and ¢ are distinct prime numbers then the positive
integer p® - ¢® has (a + 1)(b + 1) positive divisors.

We could list these divisors as

1,2,4,5,8,10, 16, 20, 25, 40, 50, 80, 100, 125, 200, 250, 400, 500, 1000, 2000
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if we did not know the earlier formula.
Since 2000 has 20 positive divisors, then there are 20 values of k for which the system of
equations has at least one integer solution.

For example, if £+ 1 = 8, then £ = 7. This gives the system ¢ + d = 2000 and 5 =7
which has solution (¢, d) = (1750, 250).

Solution 1
The angles in a polygon with n sides have a sum of (n — 2) - 180°.
This means that the angles in a pentagon have a sum of 3-180° or 540°, which means that

each interior angle in a regular pentagon equals 5 540° or 108°.

Also, each interior angle in a regular polygon with n sides equals -180°. (This is

the general version of the statement in the previous sentence.)
Consider the portion of the regular polygon with n sides that lies outside the pentagon and
join the points from which the angles that measure a® and b° emanate to form a hexagon.

This polygon has 6 sides, and so the sum of its 6 angles is 4 - 180°.
Four of its angles are the original angles from the n-sided polygon, so each equals

"2 80,
n
The remaining two angles have measures a° + ¢° and 0° 4 d°.
We are told that a° + 0° = 88°.
Also, the angles that measure ¢® and d° are two angles in a triangle whose third angle is
108°.
Thus, ¢® 4 d° = 180° — 108° = 72°.
Therefore,

n—2

4 180° 4 88° 4 72° =4 - 180°

Aln — 2
160° = (4—M) . 180°
n

n

4dn — (4n — 8
1600:w.1800
160078
180° n

8_8

9 n

and so the value of n is 9.
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Solution 2
The angles in a polygon with n sides have a sum of (n — 2) - 180°.
This means that the angles in a pentagon have a sum of 3-180° or 540°, which means that

each interior angle in a regular pentagon equals 5‘ 540° or 108°.

Also, each interior angle in a regular polygon with n sides equals -180°. (This is

the general version of the statement in the previous sentence.)
Consider the portion of the regular polygon with n sides that lies outside the pentagon.

This polygon has 7 sides, and so the sum of its 7 angles is 5 - 180°.
Four of its angles are the original angles from the n-sided polygon, so each equals

n—2
- 180°.
n
Two of its angles are the angles equal to a® and 0°, whose sum is 88°.
Its seventh angle is the reflex angle corresponding to the pentagon’s angle of 108°, which

equals 360° — 108° or 252°.
Therefore,

n—2

-180° + 88° +252° =5 - 180°

340° = (5 _ M) . 180°
n

4 .

n

340°:W~180°
340°  n+8
180°  n

17 n+38

9 n

17n = 9(n + 8)
17n = 9n + 72

8n = 72

and so the value of n is 9.
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(b) Since the lengths of AD, AB and BC form a geometric sequence, we suppose that these
lengths are a, ar and ar?, respectively, for some real numbers a > 0 and r > 0.
Since the angles at A and B are both right angles, we assign coordinates to the diagram,
putting B at the origin (0,0), C on the positive z-axis at (ar?,0), A on the positive y-axis
at (0,ar), and D at (a,ar).

y
A(0,ar) D(a,ar)
P
3 > X
B(0,0) C(ar?,0)
. o . ar—20
Therefore, the slope of the line segment joining B(0,0) and D(a, ar) is g ="
a/ —
: o 9 . ar—>0 1
Also, the slope of the line segment joining A(0, ar) and C'(ar*,0) is 5 5=
—ar r

Since the product of the slopes of these two line segments is —1, then the segments are
perpendicular, as required.

7. (a) Using logarithm and exponent laws, we obtain the following equivalent equations:

(x
2logy(x — 1) + log,y(z
log, ((z — 1)?) + logy(z
log, ((z — 1)*(z +2

(x — 12z +

(22 —2r+1)(z +2) =

andsozx=0o0rz=+v3orz=—3.

Note that if x = 0, then z — 1 = —1 < 0 and so log,(z — 1) is not defined. Thus, z # 0.
Note that if # = —/3, then 2 — 1 = —/3 — 1 < 0 and so log,(z — 1) is not defined. Thus,
x # —/3.

If z = /3, we can verify that both logarithms in the original equation are defined and
that the original equation is true. We could convince ourselves of this with a calculator
or we could algebraically verify that raising 2 to the power of both sides gives the same
number, so the expressions must actually be equal.

Therefore, z = v/3 is the only solution.
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(b)

Let a = f(f(z)).

Thus, the equation f(f(f(z))) = 3 is equivalent to f(a) = 3.

Since f(a) = a® — 2a, then we obtain the equation a* — 2a = 3 which gives a*> —2a —3 =0
and (a —3)(a+1) = 0.

Thus, a = 3 or a = —1 which means that f(f(z)) =3 or f(f(z)) = —1.

Let b = f(z).

Thus, the equations f(f(z)) =3 and f(f(x)) = —1 become f(b) =3 and f(b) = —1.

If f(b) =3, then b= f(x) =3 or b = f(z) = —1 using similar reasoning to above when

fla) = 3.
If f(b) = —1, then b* —2b= —1 and so b* —2b+ 1 =0 or (b — 1)?> = 0 which means that
b= f(x)=1

Thus, f(x) =3 or f(x) =—1or f(x)=1.

If f(z) =3, then x = 3 or x = —1 as above.

If f(x) = —1, then x = 1 as above.

If f(xr) =1, then 22 — 2z =1 and so 2% — 2z — 1 = 0.
By the quadratic formula,

(VP ANED 248 s

2(1) 2

Therefore, the solutions to the equation f(f(f(x))) =3 are xz =3,1,—1,1+ 2,1 — /2.

Since ZAOB = ZBOC = ZCOD = ZDOA and these angles form a complete circle
around O, then ZAOB = ZBOC = ZCOD = ZDOA = % - 360° = 90°.
Join point O to P, B, @, C, S, D, T, and A.

PBQ

TDS

Since P, @), S, and T are points of tangency, then the radii meet the sides of ABCD at
right angles at these points.

Since AO = 3 and OT = 1 and ZOTA = 90°, then by the Pythagorean Theorem,
AT = AO? — OT? = /8 = 2V/2.

Since AOT A is right-angled at T', then /T AO + ZAOT = 90°.

Since ZDOA = 90°, then LZAOT + ZDOT = 90°.

Thus, LTAO = £ZDOT.

This means that AATO is similar to AOTD.

DT Or oT*? 1
Thus, — = — and so DT = — = ——.
us, 57 = Zg and so AT~ o/

Since DS and DT are tangents to the circle from the same point, then DS = DT =

1
22
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(b) Since 0 <z < g, then 0 < cosz <1 and 0 <sinz < 1.

This means that 0 < gcosx < ; and 0 < gsinx < g Since 3 < m, then 0 < gcosx < g

™

3
and 0 < §sinx < 5

If Y and Z are angles with 0 <Y < g and 0 < Z < g, then cosY = sin Z exactly when

Y+7 = T To see this, we could picture points R and S on the unit circle corresponding

to the angles Y and Z; the x-coordinate of R is equal to the y-coordinate of S exactly
when the angles Y and Z are complementary.
Therefore, the following equations are equivalent:

3 (3.
COS 9 COST | = SIn 5 S r

3cos +38' T
— T+ —sing = —

2 2 2

T

cosT +sinr = —

3

2

T

(sinz + cosz)? = r

.y . .y 2
sin“ z + 2sin x cos £ + sin x:?
2

2sinz cosx + (sin®x + cos® ) = 5
2

T

sin2x +1=—

9

2

™ =9
sin 2x =

9

™ -9

Therefore, the only possible value of sin 2x is
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9. (a)

(b)

2 5 1 2:-24+5-5+1 4+425+1 30
By definiti 2,5)=-+4+ = = = = — =3.
y definition, f(2,5) =7 +5+ 573 2.5 10 10
1 1
By definition, f(a,a) = g—i—g—l——Z =2+ .
a a a a

1 1
For 2+ — to be an integer, it must be the case that — is an integer.
a

For — to be an integer and since a? is an integer, a® needs to be a divisor of 1.
a

Since a? is positive, then a? = 1.
Since a is a positive integer, then a = 1.
Thus, the only positive integer a for which f(a,a) is an integer is a = 1.

Suppose that a and b are positive integers for which f(a,b) is an integer.

Assume that k = f(a,b) is not a multiple of 3.

We will show that there must be a contradiction, which will lead to the conclusion that &
must be a multiple of 3.

By definition, k = f(a,b) = 2y b + i

b a ab
Multiplying by ab, we obtain kab = a*+b*+1, which we re-write as a?— (kb)a+(b*+1) = 0.
We treat this as a quadratic equation in a with coefficients in terms of the variables b and k.
Solving for a in terms of b and k using the quadratic formula, we obtain

kb (kD)2 —4)(02 + 1) kbE VERD? —40% — 4
B 2 N 2

a

Since a is an integer, then the discriminant k%% — 4b®> — 4 must be a perfect square.
Re-writing the discriminant, we obtain

B0 — 40 —4 =b*(k* —4) —4 =0k —2)(k+2) — 4

Since k is not a multiple of 3, then it is either 1 more than a multiple of 3 or it is 2 more
than a multiple of 3.

If £ is 1 more than a multiple of 3, then k + 2 is a multiple of 3.

If £ is 2 more than a multiple of 3, then k — 2 is a multiple of 3.

In either case, (k—2)(k+2) is a multiple of 3, say (k—2)(k+2) = 3m for some integer m.
This means that the discriminant can be re-written again as

b?(3m) — 4 = 3(b*m — 2) + 2
In other words, the discriminant is itself 2 more than a multiple of 3.

However, every perfect square is either a multiple of 3 or one more than a multiple of 3:

Suppose that r is an integer and consider 2.
The integer r can be written as one of 3¢, 3¢ + 1, 3¢ + 2, for some integer q.
These three cases give

(3¢)* = 9¢° = 3(3¢%)
(3¢ +1)>=9¢* +6¢+1=3(3¢*+2q) +1
(3¢ +2)?=9¢+12¢+4=33¢+4q+1)+1

and so r? is either a multiple of 3 or 1 more than a multiple of 3.
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We have determined that the discriminant is a perfect square and is 2 more than a multiple
of 3. This is a contradiction.

This means that our initial assumption must be incorrect, and so k = f(a,b) must be a
multiple of 3.

(d) Solution 1
We find additional pairs of positive integers (a,b) with f(a,b) = 3.
Suppose that f(a,b) = 3.
b 1
This is equivalent to the equations E + - + i =3and a®?+b*> —3ab+1=0.
a
Then

b 3b—a 1
b3b—a) — 3 — _
f(b,3b—a) %—a ' b 3b—a)

P+ (Bb—a)’>+1—3b(3b—a)

B b(3b — a)

B+ (3b—a)(3b—a)+ 1 — 3b(3b— a)
B b(3b — a)

b —aBb—a)+1

B b(3b—a)

bV +a®—3ab+1

B b(3b — a)

=0

Therefore, if f(a,b) = 3, then f(b,3b —a) =

The equation f(1,2) = 3 gives f(2,3(2) — ) f(2,5)=3.

The equation f(2,5) = 3 gives f(5,3(5) — 2) = f(5,13) = 3.

The equation f(5,13) = 3 gives f(13,3(13) —5) = f(13,34) = 3.

The equation f(13,34) = 3 gives f(34,3(34) — 13) = f(34,89) = 3.

The equation f(34,89) = 3 gives f(89,3(89) — 34) = f(89,233) = 3.

Thus, the pairs (a,b) = (5,13), (13, 34), (34, 89), (89, 233) satisfy the requirements.

Solution 2

From (a), we know that f(2,5) = 3.

Since the function f(a,b) is symmetric in a and b (that is, a and b can be switched without
changing the value of the function), then f(5,2) = 3.

Consider the equation f(5,b) = 3. We know that b = 2 is a solution, but is there another

solution?

5 b 1
By definition, f(5,b) = 5 + - - + =
Thus, f(5,b) = 3 gives the following equivalent equations:

5+b+1 _
b 5 5b

25+b>+1=15b
b2 — 15b+26 =0
(b—2)(b—13)=0

and so b = 2 or b = 13. This means that f(5,13) = 3 and so (a,b) = (5,13) has the
property that f(a,b) is an integer.
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From f(5,13) = 3, we get f(13,5) = 3.
As above, we consider the equation f(13,b) = 3, for which b =5 is a solution.
We obtain the equivalent equations

E+£+L—3
b 13 13D

169 +b* +1 =39
b2 — 39+ 170 =0
(b—5)(b—34) =0

and so b = 5 or b = 34. This means that f(13,34) = 3 and so (a,b) = (13,34) has the
property that f(a,b) is an integer.

Continuing in a similar manner, we can also find that f(34,89) and f(89,233) are both
integers.

Thus, the pairs (a,b) = (5,13), (13, 34), (34, 89), (89, 233) satisfy the requirements.

Solution 3
Note that
J(13,34) = ?1)_?1 * % * 13%34 -2 tjzlg - 1434226 =9
1(34,89) = % * % * 34%89 -2 2082962 - 2822 -
1(89,233) = % i % %9 -1233 % 2027333; —- 23 3;); =3

and so the pairs (a,b) = (5,13), (13, 34), (34, 89), (89, 233) satisfy the requirements.

Where do these pairs come from?
We define the Fibonacci sequence Fi, Fy, F3, Fy,...by Fi =Fy,=1and F,, = F,, 1+ F,,_»
when n > 3.
Thus, the Fibonacci sequence begins 1,1,2,3,5,8,13,21,34,55,89, .. ..
The pairs (a,b) found above are of the form (Fo,_1, Foryq) for integers k > 3.
We note that

Fop—1  Fopqr 1

o, Fora) = Fop 1 " Fopq * Fop_1Fop i1
(For—1)? 4+ (Farg1)* + 1
Fop_1Fopq1
(Fop—1)? + (For + Fop1)* + 1
For1(For + Fo—1)
2(Fop—1)? + 2F0 Fop_1 + (For)* + 1
(Fop—1)? + FopFop_y

_ 2(Fo1)* + 2Fo, For 4 (For)? +1
(For—1)? + ForFop—1 (For—1)? + ForFop—1
)2 +1
_g )41

F2k—1F2k+1
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) . o (Fop)?+1

This means that f(Fag_1, Forr1) = 3 if and only if ———
' Fop1Fop11

only if (For)? + 1 = Fop_1 Loy, or (Foy)? — Fopo1 Fopyq = —1.

We note that (Fp)? — FiF3 =1>—1-2= —1 and (F})> — F3F5 = 3% —2-5= —1 so this is

true when £ =1 and k = 2.

Furthermore, we note that

=1, or equivalently if and

(Fopr2)® — Forp1 Forss = (Faeg2)? — For1 (Fapra + Forgr)
= (Fort2)® — Forg1Forro — (Fogs1)”
= Forpo(Fopro — Forr) — (Fopsr)?
= ForpoFor, — (Fopr)?

(Fopsr + For) Fop — (Fors1)?

(For)® + Forp1 For, — (Forg1)

(For)? + Foppr (For, — Foryr)

(For)? 4+ Foprr (—For—1)
= (Fok)® — Fopr1Fops

which means that since (F})* — F3Fy = —1, then (Fg)? — F5F; = —1, which means that
(F3)*> — FxFy = —1, and so on.

Continuing in this way, (sz)Q — Fop_1Fop1 = —1 for all positive integers k > 1, which in
turn means that f(Fs_1, Fopy1) = 3, as required.
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10.

(a) On her first two turns, Brigitte either chooses two cards of the same colour or two cards

of different colours. If she chooses two cards of different colours, then on her third turn,
she must choose a card that matches one of the cards that she already has.

Therefore, the game ends on or before Brigitte’s third turn.

Thus, if Amir wins, he wins on his second turn or on his third turn. (He cannot win on
his first turn.)

For Amir to win on his second turn, the second card he chooses must match the first card
that he chooses.

On this second turn, there will be 5 cards in his hand, of which 1 matches the colour of
the first card that he chose.

Therefore, the probability that Amir wins on his second turn is %
Note that there is no restriction on the first card that he chooses or the first card that
Brigitte chooses.

For Amir to win on his third turn, the following conditions must be true: (i) the colour
of the second card that he chooses is different from the colour of the first card that he
chooses, (ii) the colour of the second card that Brigitte chooses is different from the colour
of the first card that she chooses, and (iii) the colour of the third card that Amir chooses
matches the colour of one of the first two cards.
The probability of (i) is £, since he must choose any card other than the one that matches
the first one.
The probability of (ii) is %, since Brigitte must choose either of the cards that does not
match her first card.
The probability of (iii) is 2, since Amir can choose either of the 2 cards that matches one
of the first two cards that he chose.
Again, the cards that Amir and Brigitte choose on their first turns do not matter.

4.2 .2

Thus, the probability that Amir wins on his third turn is £ - 5 - £ which equals %.

Finally, the probabilty that Amir wins the game is thus % + 14—5 which equals %
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(b) Suppose that, after flipping the first 13 coins, the probability that there is an even number
of heads is p.
Then the probability that there is an odd number of heads is 1 — p.
When the 14th coin is flipped, the probability of heads is hy4 and the probability of not
heads is 1 — hq4.
After the 14th coin is flipped, there can be an even number of heads if the first 13 include
an even number of heads and the 14th is not heads, or if the first 13 include an odd number
of heads and the 14th is heads.
The probability of this is p(1 — hy4) + (1 — p)his.
Therefore,

p(1 = hig) + (1 —p)his = %
2p — 2phiy + 2h14 — 2phiy = 1
0 = 4phiy — 2p — 2h1s + 1
0= 2p(2hyy — 1) — (2h14 — 1)
0=(2p—1)(2h14 — 1)

Therefore, either hyy = % orp = %

If hiy = %, we have proven the result.

If hiy # %, then p = %

This would mean that the probability of getting an even number of heads when the first
13 coins are flipped is 3.

We could repeat the argument above to conclude that either hi3 = % or the probability of
obtaining an even number of heads when the first 12 coins are flipped is %

Continuing in this way, either one of hy4, his, ..., hs, ho will equal %, or the probability of
obtaining an even number of heads when 1 coin is flipped is %

This last statement is equivalent to saying that the probability of obtaining a head with
the first coin is § (that is, by = 3).

Therefore, at least one of hq, ho, ..., hi3, h14 must equal %
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(c) For the sum of the two digits printed to be 2, each digit must equal 1.
ThUS, S<2) = P141-
For the sum of the two digits printed to be 12, each digit must equal 6.
Thus, S(12) = pegs.
For the sum of the two digits printed to be 7, the digits must be 1 and 6, or 2 and 5, or 3
and 4, or 4 and 3, or 5 and 2, or 6 and 1.
Thus, S(7) = p1gs + P2gs + P3Gs + Pags + Ps5q2 + Pea-
Since S(2) = S(12), then p1q1 = pegs-
Since S(2) > 0 and S(12) > 0, then p1, ¢1, ps, g6 > 0.
If p1 = pg, then we can divide both sides of p1q1 = psgs by p1 = ps to obtain ¢; = ¢s.
If g1 = ¢, then we can divide both sides of p1g1 = peqs by ¢1 = g¢ to obtain p; = ps.
Therefore, if we can show that either p; = pg or ¢1 = ¢g, our result will be true.

Suppose that p; # pg and ¢; # gg.
Since S(2) = £5(7) and S(12) =

)

+5(7), then
S(7) = 38(7) = 38(7) = 0
S(7)—S(2)—S(12) =0
P1Gs + D2G5 + P3qa + Pags + P5q2 + Peqi — P11 — Pegs = 0
D196 + Peq1 — P1G1 — PeGs + (D245 + P3Ga + Pags + psqz) = 0
(1 —p6) (g6 — q1) + (P205 + P3Gs + Pag3 + psq2) = 0
P2qs + P3Ga + Pags + psqz = —(p1 — ps) (26 — 1)
P2q5 + P3qs + Pags + Psq2 = (P1 — pes)(q1 — )

Since p2, p3, P4, Ps; 42, 3, G4, 45 > 0, then pags + p3qa + pags + psq2 > 0.

From this, (p1 — ps)(q1 — ¢6) > 0.

Since p; # pe, then either p; > pg or p; < pg.

If p; > pg, then p; —pg > 0 and so (p1 — ps)(q1 — g6) > 0 tells us that ¢ — g¢ > 0 which
means q; > ge.

But we know that p1q1 = psgs and p1, q1, ps, g6 > 0 so we cannot have p; > pg and q; > gs.
If py < ps, then p; — pg < 0 and so (p;1 — ps)(q1 — g6) > 0 tells us that ¢; — g < 0 which
means q; < gg-

But we know that p;q1 = pgqs and p1, g1, ps, g¢ > 0 so we cannot have p; < pg and ¢; < gg.
This is a contradiction.

Therefore, since we cannot have p; > pg or p; < pg, it must be the case that p; = pg which
means that ¢; = gg, as required.
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1. (a)

When z = 11,
r+(z+1)+(x+2)+(x+3)=4r+6=4(11)+6 =50
Alternatively,

e+ @+1)+@+2) +(@+3)=11+12+13+14 =50

6
We multiply the equation % + 8= 1 by 18 to obtain 3a + 6 = 18.

Solving, we get 3a = 12 and so a = 4.

Solution 1

Since the cost of one chocolate bar is $1.00 more than that of a pack of gum, then if we
replace a pack of gum with a chocolate bar, then the price increases by $1.00.

Starting with one chocolate bar and two packs of gum, we replace the two packs of gum
with two chocolate bars.

This increases the price by $2.00 from $4.15 to $6.15.

In other words, three chocolate bars cost $6.15, and so one chocolate bar costs %($6.15)
or $2.05.

Solution 2

Let the cost of one chocolate bar be $x.

Let the cost of one pack of gum be $y.

Since the cost of one chocolate bar and two packs of gum is $4.15, then x + 2y = 4.15.
Since one chocolate bar costs $1.00 more than one pack of gum, then z =y + 1.
Since x =y + 1, then y =z — 1.

Since x + 2y = 4.15, then x + 2(x — 1) = 4.15.

Solving, we obtain x + 2z — 2 = 4.15 or 3x = 6.15 and so x = 2.05.

In other words, the cost of one chocolate bar is $2.05.

Suppose that the five-digit integer has digits abcde.

The digits a,b,c,d, e are 1,3,5,7,9 in some order.

Since abcde is greater than 80000, then a > 8, which means that a = 9.

Since 9bcde is less than 92000, then b < 2, which means that b = 1.

Since 91cde has units (ones) digit 3, then e = 3.

So far, the integer is 91cd3, which means that ¢ and d are 5 and 7 in some order.
Since the two-digit integer cd is divisible by 5, then it must be 75.

This means that the the five-digit integer is 91753.

By the Pythagorean Theorem in AADB,
AD? = AB?> — BD? =132 — 122 = 169 — 144 = 25

Since AD > 0, then AD = /25 = 5.
By the Pythagorean Theorem in AC'DB,

CD? = BC? — BD? = (12v2)* — 12% = 12%(2) — 12% = 12?

Since C'D > 0, then CD = 12.
Therefore, AC = AD + DC' =5+ 12 = 17.
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Solution 1

The area of the shaded region equals the area of square O ABC' minus the area of AOCD.
Since square OABC has side length 6, then its area is 62 or 36.

Also, OC = 6.

Since the equation of the line is y = 2z, then its slope is 2.

Since the slope of the line is 2, then D= 2.

Since OC' = 6, then C'D = 3.

Thus, the area of AOCD is 3(OC)(CD) = 3(6)(3) = 9.
Finally, the area of shaded region must be 36 — 9 = 27.

Solution 2
Since square OABC' has side length 6, then OA = AB =CB = OC = 6.

Since the slope of the line is 2, then % = 2.

CD
Since OC' = 6, then C'D = 3.
Since CB =6 and CD = 3, then DB =CB —CD = 3.
The shaded region is a trapezoid with parallel sides DB = 3 and OA = 6 and height
AB = 6.
Therefore, the area of the shaded region is (DB + OA)(AB) = 3(3 + 6)(6) = 27.

Calculating, ( 4 4 \/ZL>4 = (\/m>4 = (\/6)4 = ((\/6)2)2 — 62 = 36.

Since y is an integer, then 8 — y? is an integer.

Therefore, /23 — x is an integer which means that 23 — z is a perfect square.

Since z is a positive integer, then 23 — x < 23 and so 23 — x must be a perfect square that
is less than 23.

We make a table listing the possible values of 23 — z and the resulting values of x,

V23 — 1 =8—192 32 and y:

28—z | x| V23—z=8—y*|v*| y
6 |7 4 4| +2
9 14 3 5 | £v5
4 19 2 6 | £v6
1 22 1 7| VT
0 |23 0 8 | £v/8

Since x and y are positive integers, then we must have (z,y) = (7, 2).
(We note that since we were told that there is only one such pair, we did not have to
continue the table beyond the first row.)
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(b)

Since the line with equation y = ma + 2 passes through (1,5), then 5 = m + 2 and so
m = 3.

Since the parabola with equation y = az?+ 5z — 2 passes through (1,5), then 5 = a+5—2
and so a = 2.

To find the coordinates of (), we determine the second point of intersection of y = 3x + 2
and y = 222 + 5z — 2 by equating values of y:

202 + 5 —2=3x+2

202 +20 —4=0
24+r—2=0

(z+2)(z—1)=0

Therefore, x =1 or x = —2.

Since P has z-coordinate 1, then () has z-coordinate —2.

Since @ lies on the line with equation y = 3x + 2, we have y = 3(—2) + 2 = —4.
In summary, (i) m = 3, (ii) @ = 2, and (iii) the coordinates of @) are (—2, —4).

Since 80 = 2% - 5, its positive divisors are 1,2,4,5, 8,10, 16, 20, 40, 80.
For an integer n to share exactly two positive common divisors with 80, these divisors
must be either 1 and 2 or 1 and 5. (1 is a common divisor of any two integers. The second
common divisor must be a prime number since any composite divisor will cause there to
be at least one more common divisor which is prime.)
Since 1 < n < 30 and n is a multiple of 2 or of 5, then the possible values of n come from
the list

2,4,5,6,8,10,12,14,15, 16, 18, 20, 22, 24, 25, 26, 28, 30

We remove the multiples of 4 from this list (since they would share at least the divisors
1,2,4 with 80) and the multiples of 10 from this list (since they would share at least the
divisors 1,2, 5,10 with 80).
This leaves the list

2,5,6,14,15, 18,22, 25,26

The common divisors of any number from this list and 80 are either 1 and 2 or 1 and 5.
There are 9 such integers.

We start with f(50) and apply the given rules for the function until we reach f(1):

f(50) = f(25) (since 50 is even and 3(50) = 25)

= f(24) + (since 25 is odd and 25 — 1 = 24)

= f(12) (L(24) = 12)

= f(6) + (1(12) = 6)

=@+ (3(6) = 3)

((2)+1)+1 (3—1=2)

=f(H)+1+1 (%(2):1)

=1+1+1 (f(1) =1)
=3

Therefore, f(50) = 3.
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5. (a) Since the hexagon has perimeter 12 and has 6 sides, then each side has length 2.
Since equilateral APQR has perimeter 12, then its side length is 4.
Consider equilateral triangles with side length 2.
Six of these triangles can be combined to form a regular hexagon with side length 2 and
four of these can be combined to form an equilateral triangle with side length 4.
2

60°  60°
2 /60° ) 60°\ 2

60°  60°\/60° 60°

60°  60°/\60° 60°
60°
2 600 600 2
60°  60°

2

Note that the six equilateral triangles around the centre of the hexagon give a total central
angle of 6 - 60° = 360° (a complete circle) and the three equilateral triangles along each
side of the large equilateral triangle make a straight angle of 180° (since 3 - 60° = 180°).
Also, the length of each side of the hexagon is 2 and the measure of each internal angle is
120°, which means that the hexagon is regular. Similarly, the triangle is equilateral.
Since the triangle is made from four identical smaller triangles and the hexagon is made
from six of these smaller triangles, the ratio of the area of the triangle to the hexagon is
4 : 6 which is equivalent to 2 : 3.

(b) Since sector AOB is ¢ of a circle with radius 18, its area is ¢ (7 - 18%) or 54
For the line AP to divide this sector into two pieces of equal area, each piece has area
3(54m) or 27m.
We determine the length of OP so that the area of APOA is 27m.
Since sector AOB is § of a circle, then ZAOB = £(360°) = 60°.

Drop a perpendicular from A to T on OB.

The area of APOA is $(OP)(AT).

ANAOT is a 30°-60°-90° triangle.

Since AO = 18, then AT = ‘/TE(AO) =9v/3.

For the area of APOA to equal 277, we have 1(OP)(9v/3) = 277 which gives

o4m 6m
OP = — = — = 2/3m7.
N
(Alternatively, we could have used the fact that the area of APOAis 3(OA)(OP)sin(£ZPOA).)
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6.

(a) Let 0 = 10k°.

5sinf — 2
The given inequalities become 0° < 0 < 180° and i 2.

sin?
When 0° < 6 < 180°, sinf # 0.
This means that we can can multiply both sides by sin?é > 0 and obtain the equivalent
inequalities:
5sinf — 2
sin” §
5sinf — 2 > 2sin’ 6§
0> 2sin”0 — 5sinf + 2
0> (2sinf — 1)(sinf — 2)

> 2

Since sinf < 1, then sinf — 2 < —1 < 0 for all 6.

Therefore, (2sinf — 1)(siné — 2) < 0 exactly when 2sinf — 1 > 0.

Note that 2sinf — 1 > 0 exactly when sin 6 > %

Therefore, the original inequality is true exactly when % <sinf < 1.

Note that sin 30° = sin 150° = 1 and 0° < § < 180°.

When 6 = 0°, sinf = 0.

From 6 = 0° to € = 30°, sin @ increases from 0 to %

From 6 = 30° to 8 = 150°, sin @ increases from % to 1 and then decreases to %

From 6 = 150° to 6 = 180°, sin # decreases from % to 0.

Therefore, the original inequality is true exactly when 30° < 6 < 150° which is equivalent
to 30° < 10k° < 150° and to 3 < k < 15.

The integers k in this range are k = 3,4,5,6,...,12,13,14, 15, of which there are 13.
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(b) Suppose that Karuna and Jorge meet for the first time after ¢; seconds and for the second
time after ¢o seconds.
When they meet for the first time, Karuna has run partway from A to B and Jorge has
run partway from B to A.

<—
A Jorge B
Karuna

N
7

At this instant, the sum of the distances that they have run equals the total distance from
A to B.

Since Karuna runs at 6 m/s for these ¢; seconds, she has run 6¢; m.

Since Jorge runs at 5 m/s for these t; seconds, he has run 5¢; m.

Therefore, 6t + 5t; = 297 and so 11t; = 297 or t; = 27.

When they meet for the second time, Karuna has run from A to B and is running back

to A and Jorge has run from B to A and is running back to B. This is because Jorge gets

to A halfway through his run before Karuna gets back to A at the end of her run.
e

&
A‘ Jorge B

Karuna

N
7

<&
N

Since they each finish running after 99 seconds, then each has 99 — ¢, seconds left to run.
At this instant, the sum of the distances that they have left to run equals the total distance
from A to B.

Since Karuna runs at 6 m/s for these (99 — ¢5) seconds, she has to run 6(99 — ¢5) m.
Since Jorge runs at 7.5 m/s for these (99 — t3) seconds, he has to run 7.5(99 — t5) m.
Therefore, 6(99 — t3) + 7.5(99 — t5) = 297 and so 13.5(99 — ¢5) = 297 or 99 — ¢, = 22 and
SOty = 77.

Alternatively, to calculate the value of t5, we note that when Karuna and Jorge meet for
the second time, they have each run the distance from A to B one full time and are on
their return trips.

This means that they have each run the full distance from A to B once and the distances
that they have run on their return trip add up to another full distance from A to B, for
a total distance of 3 -297 m = 891 m.

Karuna has run at 6 m/s for ¢, seconds, for a total distance of 6t, m.

Jorge ran the first 297 m at 5 m/s, which took 2 s and ran the remaining (f, — 27)
seconds at 7.5 m/s, for a total distance of (297 + 7.5(t, — 27)) m.
Therefore,

6ty + 297 + 7.5(t, — 27) = 891
13.5ty = 891 — 297 + 7.5 - 21
13.5t, = 1039.5
ty =77

Therefore, Karuna and Jorge meet after 27 seconds and after 77 seconds.
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7. (a) Solution 1

n(n —1)
2

Among a group of n people, there are ways of choosing a pair of these people:

There are n people that can be chosen first.

For each of these n people, there are n — 1 people that can be chosen second.
This gives n(n — 1) orderings of two people.

Each pair is counted twice (given two people A and B, we have counted both the

—1
pair AB and the pair BA), so the total number of pairs is n(n—)

We label the four canoes W, X, Y, and Z.
First, we determine the total number of ways to put the 8 people in the 4 canoes.
We choose 2 people to put in W. There are T pairs. This leaves 6 people for the

remaining 3 canoes.

6-5
Next, we choose 2 people to put in X. There are 5 pairs. This leaves 4 people for the

remaining 2 canoes.

4-3
Next, we choose 2 people to put in Y. There are 5 pairs. This leaves 2 people for the

remaining canoe.
There is now 1 way to put the remaining people in Z.
Therefore, there are

8-7 6-5 4-3 8:-7-6-5-4-3

5 5 ; 5 —-7.6-5-4-3

ways to put the 8 people in the 4 canoes.

Now, we determine the number of ways in which no two of Barry, Carrie and Mary will
be in the same canoe.

There are 4 possible canoes in which Barry can go.

There are then 3 possible canoes in which Carrie can go, because she cannot go in the
same canoe as Barry.

There are then 2 possible canoes in which Mary can go, because she cannot go in the same
canoe as Barry or Carrie.

This leaves 5 people left to put in the canoes.

There are 5 choices of the person that can go with Barry, and then 4 choices of the person
that can go with Carrie, and then 3 choices of the person that can go with Mary.

The remaining 2 people are put in the remaining empty canoe.

This means that there are 4-3-2-5-4 -3 ways in which the 8 people can be put in 4
canoes so that no two of Barry, Carrie and Mary are in the same canoe.

Therefore, the probability that no two of Barry, Carrie and Mary are in the same canoe
. 4-3-2-5-4-3 4-3-2 24 4
is = =—=_.

7-6-5-4-3 76 42 7T
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Solution 2

Let p be the probability that two of Barry, Carrie and Mary are in the same canoe.

The answer to the original problem will be 1 — p.

Let ¢ be the probability that Barry and Carrie are in the same canoe.

By symmetry, the probability that Barry and Mary are in the same canoe also equals ¢

as does the probability that Carrie and Mary are in the same canoe.

This means that p = 3q.

So we calculate q.

To do this, we put Barry in a canoe. Since there are 7 possible people who can go in the

canoe with him, then the probability that Carrie is in the canoe with him equals % The

other 6 people can be put in the canoes in any way.

This means that the probability that Barry and Carrie are in the same canoe is ¢ = %

Therefore, the probability that no two of Barry, Carrie and Mary are in the same canoe
4

. 1
is1 3-70r7.

Solution 1
Suppose that WY makes an angle of § with the horizontal.

0

Since the slope of WY is 2, then tan # = 2, since the tangent of an angle equals the slope
of a line that makes this angle with the horizontal.

Since tanf = 2 > 1 = tan45°, then 6 > 45°.

Now WY bisects ZZW X, which is a right-angle.

Therefore, ZZWY = /LYW X = 45°.

Therefore, W X makes an angle of 6 + 45° with the horizontal and W Z makes an angle of
0 — 45° with the horizontal. Since 6 > 45°, then # — 45° > 0 and 6 + 45° > 90°.

We note that since WZ and XY are parallel, then the slope of XY equals the slope of
WZ.

To calculate the slopes of WX and WZ, we can calculate tan(f + 45°) and tan(6 — 45°).

tan A + tan B tan A — tan B
ing the facts that tan(A + B) = d tan(A — B) =
Using the facts that tan(A + B) —tanAtan B an( ) 1+ tan Atan B’
we obtain:
tan § 4 tan 45° 2+1
an(l 45 = T ftan s 1= (2)(1)
tan € — tan 45° 2—-1 1
t 6 - 450 = fr— — —
an( ) 1 —tanftand5° 1+ (2)(1) 3
: 1 8
Therefore, the sum of the slopes of WX and XY is —3 + 3= "3
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Solution 2

Consider a square W XY Z whose diagonal WY has slope 2.

Translate this square so that W is at the origin (0,0). Translating a shape in the plane
does not affect the slopes of any line segments.

Let the coordinates of Y be (2a,2b) for some non-zero numbers a and b.

20— 0
Since the slope of WY is 2, then 5 = 2 and so 2b = 4a or b = 2a.
a p—

Thus, the coordinates of Y can be written as (2a, 4a).

Let C' be the centre of square W XY Z.

Then C' is the midpoint of WY, so C has coordinates (a, 2a).

We find the slopes of WX and XY by finding the coordinates of X.

Consider the segment XC'

Since the diagonals of a square are perpendicular, then X' is perpendicular to W'
Since the slope of W' is 2, then the slopes of XC' and ZC' are —%.

Since the diagonals of a square are equal in length and C' is the midpoint of both diagonals,
then XC = WC.

Since WC' and XC' are perpendicular and equal in length, then the “rise/run triangle”
above X C' will be a 90° rotation of the “rise/run triangle” below WC.

y

A

Y(2a, 4a)

> X

This is because these triangles are congruent (each is right-angled, their hypotenuses are
of equal length, and their remaining angles are equal) and their hypotenuses are perpen-
dicular.

In this diagram, we have assumed that X is to the left of W and Z is to the right of W.
Since the slopes of parallel sides are equal, it does not matter which vertex is labelled X
and which is labelled Z. We would obtain the same two slopes, but in a different order.
To get from W(0,0) to C(a,2a), we go up 2a and right a.

Thus, to get from C(a,2a) to X, we go left 2a and up a.

Therefore, the coordinates of X are (a — 2a,2a + a) or (—a, 3a).

Thus, the slope of WX is 3(; % = —3.

Sinlce XY is perpendicular to WX, then its slope is the negative reciprocal of —3, which

1S 5 ! .
The sum of the slopes of WX and XY is —3 + 3= "3
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8. (a) Since the base of a logarithm must be positive and cannot equal 1, then z > 0 and x # %
and x # %
This tells us that log 2x and log 3z exist and do not equal 0, which we will need shortly

when we apply the change of base formula.
We note further that 48 = 24-3 and 162 = 3*- 2 and /3 = 3/3 and /2 = 21/3.
Using logarithm rules, the following equations are equivalent:

10g,, (48/3) = log,, (162V/2)
log(2%-3-3Y3)  log(3*-2-21/3)
log 2x N log 3z
log(2%-3%/3)  log(3*-2%/3)
log2 + logx - log 3 + log x

log(2%) + log(3%/3) _ log(3%) + log(24/?) (log ab = log a + log b)

(change of base formula)

(log ab = loga + logb)

log2 + log x log 3 + log
4log2+ 2log3  4log3 + 2log?2

8 3 082 08973 08 (log(a®) = cloga)
log?2 + logx log 3 + log z

Cross-multiplying, we obtain
(4log2 + 3 log3)(log 3 + logz) = (4log 3 + 3 log 2)(log 2 + log x)
Expanding the left side, we obtain
4log2log3 + 3(log3)* + (4log2 + 5 log 3) log x
Expanding the right side, we obtain
4log3log2 + 3(log2)* + (4log3 + 5 log2) log =
Simplifying and factoring, we obtain the following equivalent equations:

(log 3)* — 3(log2)* = log z(4log 3 + 3log2 — 4log 2 — 3 log 3)
3(log2)* =logz (3log3 — $log2)

(log 3)® — (log 2)? = 2log x(log 3 — log 2)
(log 3)? — (log 2)?

1 pu—
oer 2(log 3 — log 2)
(log 3 —log 2)(log 3 + log 2)
logx =
2(log 3 — log 2)
log 3 + log 2
logz = — s

logx = %log6
log 2 = log(V/6)

and so z = /6.
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(b) Let BC' =z, PB = b, and BQ = a.
Since BC' = x, then AD = PS = QR = z. 4 718-b P b B
Since BC' = x and BQ = a, then QC = x — a.
Since AB =718 and PB = b, then AP =718 — b.
Note that PQ) = SR = 250.
Let ZBQP = 0. xX—a
Since APBQ is right-angled at B, then
ZBPQ =90° — 6.
Since BQC' is a straight angle and ZPQR = 90°, then
ZRQC = 180° —90° — 6 = 90° — 6.
Since APB is a straight angle and ZSPQ = 90°, then
ZAPS = 180° — 90° — (90° — 0) = 6. a
Since ASAP and AQCR are each right-angled and D—Fp—% 718—b C
have another angle in common with APB(Q), then these
three triangles are similar.

Continuing in the same way, we can show that ARDS is also similar to these three trian-
gles.

Since RS = PQ, then ARDS is actually congruent to APBQ (angle-side-angle).
Similarly, ASAP is congruent to AQCR.

In particular, this means that AS =+ —a, SD =a, DR =0, and RC = 718 — b.

A AP P
Since ASAP and APBQ are similar, then ISDB = BO = iQ
r—a T718-b z

b a 250
Also, by the Pythagorean Theorem in APB(), we obtain a® + b? = 2502
By the Pythagorean Theorem in ASAP,

Thus,

2% = (v —a)® + (718 — b)?
2® =2 — 2ax + a® + (718 — b)?
0= —2az +a®+ (718 = b)* (%)
Since a? + b? = 2502, then a? = 2502 — b2
718 —b x
= 5ep then axz = 250(718 — b).
Therefore, substituting into (%), we obtain
0 = —2(250)(718 — b) + 250* — b* + (718 — b)?
b? = 250% — 2(250)(718 — b) + (718 — b)?
b? = ((718 — b) — 250)? (since y? — 2yz + 2% = (y — 2)?)

Since

b? = (468 — b)?

b=468 —b (since b # b — 468)
2b = 468

b=234

Therefore, a® = 2502 —b? = 2502 — 2342 = (2504-234)(250—234) = 484-16 = 222.42 — 88?2

and so a = 88.

250(718 — b) 250 - 484
a 88

Finally, x = = 1375. Therefore, BC' = 1375.
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9. (a)

Here is a tiling of a 3 x 8 rectangle:

There are many other tilings.

First, we note that it is possible to tile each of a 3 x 2 and a 2 x 3 rectangle:

Next, we note that it is not possible to tile a 6 x 1 rectangle because each of the triominos
needs a width of at least 2 to be placed.

Finally, we show that it is possible to tile a 6 x W rectangle for every integer W > 2.

To do this, we show that such a 6 x W rectangle can be made up from 3 x 2 and 2 x 3
rectangles. Since each of these types of rectangles can be tiled with triominos, then the
larger rectangle can be tiled with triominos by combining these tilings.

Case 1: W is even

Suppose that W = 2k for some positive integer k.

We build a 6 x 2k rectangle by placing k£ 6 x 2 rectangles side by side.

Each 6 x 2 rectangle is built by stacking two 3 x 2 rectangles on top of each other.

2 2 2

Therefore, each such rectangle can be tiled.

Case 2: Wisodd, W >3

Suppose that W = 2k 4 1 for some positive integer k.

We build a 6 x (2k + 1) rectangle by building a 6 x 3 rectangle and then putting k& — 1
6 X 2 rectangles next to it. Note that k—1 > 0 since k£ > 1 and that 2k+1 =3+2(k—1).
The 6 x 3 rectangle is built by stacking three 2 x 3 rectangles on top of each other.
Each 6 x 2 rectangle is built by stacking two 3 x 2 rectangles on top of each other.
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Therefore, each such rectangle can be tiled.
Thus, a 6 x W rectangle can be tiled with triominos exactly when W > 2.

Suppose that (H, W) is a pair of integers with H > 4 and W > 4.

Since the area of each triomino is 3, then the area of any rectangle that can be tiled must
be a multiple of 3 since it is completely covered by triominos with area 3.

Since the area of an H x W rectangle is HW, then we need HW to be a multiple of 3,
which means that at least one of H and W is a multiple of 3.

Since a rectangle that is a x b can be tiled if and only if a rectangle that is b x a can be
tiled (we see this by rotating the tilings by 90° as we did with the 3 x 2 and 2 x 3 rectangles
above), then we may assume without loss of generality that H is divisible by 3.

We show that if H is divisible by 3, then every H x W rectangle with H > 4 and W > 4
can be tiled.

Case 1: H is divisible by 3, H is even

Here, H is a multiple of 6, say H = 6m for some positive integer m.

Since W > 4, we know that a 6 x W rectangle can be tiled.

By stacking m 6 x W rectangles on top of each other, we obtain a 6m x W rectangle.
Since each 6 x W rectangle can be tiled, then the 6m x W rectangle can be tiled.

Case 2: H is divisible by 3, H is odd, W is even

Suppose that H = 3¢ for some odd positive integer ¢ and W = 2r for some positive
integer 7.
To tile a 3q x 2r rectangle, we combine ¢qr 3 x 2 rectangles in ¢ rows and r columns:

i

T

Therefore, every rectangle in this case can be tiled. (Note that in this case the fact that
q was odd was not important.)

Case 3: H is divisible by 3, H is odd, W is odd

Since H > 4 and W > 4, the rectangle with the smallest values of H and W is 9 x 5 which
can be tiled as shown:

(There are also other ways to tile this rectangle.)
Since H is an odd multiple of 3 and H > 4, we can write H = 9 + 6s for some integer
s> 0.
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10.

Since W is odd and W > 5, we can write W = 5 4 2t for some integer ¢t > 0.

Thus, the H x W rectangle is (9 + 6s) x (5 + 2t).

We break this rectangle into three rectangles — one that is 9 x 5, one that is 9 x 2¢, and
one that is 65 x W:

9x5 9 x 2t

6s X W

(If s =0 or t = 0, there will be fewer than three rectangles.)
The 9 x 5 rectangle can be tiled as we showed earlier.

If t > 0, the 9 x 2t rectangle can be tiled as seen in Case 2.
If s > 0, the 6s x W rectangle can be tiled as seen in Case 1.
Therefore, the H x W rectangle can be tiled.

Through these three cases, we have shown that any H x W rectangle with H > 4 and
W > 4 can be tiled when H is a multiple of 3.

Since the roles of H and W can be interchanged and since at least one of H and W must
be a multiple of 3, then an H x W rectangle with H > 4 and W > 4 can be tiled exactly
when at least one of H and W is a multiple of 3.

We draw part of the array using the information that Ao = A; = Ay = 0 and A3 = 1:

o[ Ao | Ay | Ag [ Ag | Ay | A5 |- [ 0L OO0 1 A [As]-
+++| Bo | Bi[ Bz | Bs| B[ Bs | +++| Bo | Bi[ Bz | Bs | By Bs |
Since A; is the average of Ay, By and As, then A1:Wor 3A; = Ag+ B + As.

Thus, 3(0) =0+ B; + 0 and so By = 0.
Since Aj is the average of A, By and As, then 34; = A+ By+ Az and so 3(0) = 0+ By+1
which gives By = —1.
Since By is the average of By, A; and Bs, then 3By = B+ A+ Bz and so 3(—1) = 0+0+ B;
which gives By = —3.
So far, this gives
L OJ0[ 0|1 [A]As]
[ Bo| 0] —1[=3]By[Bs |

Since Aj is the average of A, B3 and A4, then 343 = As + B + Ay and so 3(1) =
0+ (—3) + A4 which gives A, = 6.
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(b)

We draw part of the array:

Ay [ Ay Ay [
| Bi-1 | B | By | -+

Then

35, = 3A;, + 3B
_3 (Ak—l + By, + Ak—l—l) 43 <Bk—1 + Ap + Bk—l—l)
3 3
= Ap—1+ Br + Apy1 + Broy + Ap + By
= (Ap—1 + By—1) + (A + By) + (Aks1 + Bigr)
= Sip—1+ Sk + Skt1

Since 3Sy = Sg_1 + Sk + Ski1, then Sp 1 =25, — Sk_1.

Proof of statement (P)

Suppose that all of the entries in the array are positive integers.

Assume that not all of the entries in the array are equal.

Since all of the entries are positive integers, there must be a minimum entry. Let m be
the minimum of all of the entries in the array.

Choose an entry in the array equal to m, say A, = m for some integer r. The same
argument can be applied with B, = m if there are no entries equal to m in the top row.
If not all of the entries A; are equal to m, then by moving one direction or the other
along the row we will get to some point where A, = m for some integer ¢ but one of its
neighbours is not equal to m. (If this were not to happen, then all of the entries in both
directions would be equal to m.)

If all of the entries A; are equal to m, then since not all of the entries in the array are
equal to m, then there will be an entry B; which is not equal to m.

In other words, since not all of the entries in the array are equal, then there exists an
integer ¢ for which A; = m and not all of A; 1, A;y1, B; are equal to m.

But 3m =34, and 34, = Ay 1+ By + Ajy1s03m = A 1+ By + Aiiq.

Since not all of A; 1, B; and A; ;1 are equal to m and each is at least m, then one of these
entries will be greater than m.

This means that A, 1 + By + A1 > m+m+ (m+ 1) = 3m + 1 > 3m, which is a
contradiction.

Therefore our assumption that not all of the entries are equal must be false, which means
that all of the entries are equal, which proves statement (P).

Proof of statement (Q)

Suppose that all of the entries are positive real numbers.
Assume that not all of the entries in the array are equal.
As in (b), define S = Ay + By, for each integer k.

Also, define Dy = Ay, — By, for each integer k.

Step 1: Prove that the numbers Sy form an arithmetic sequence

From (b), Sk—i—l = QSk — Sk—l-

Re-arranging, we see Sii1 — Sy = Sk — Sk_1 for each integer k, which means that the
differences between consecutive pairs of terms are equal.

Since this is true for all integers k, then the difference between each pair of consecutive
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terms through the whole sequence is constant, which means that the sequence is an arith-
metic sequence.

Step 2: Prove that Sy, is constant

Suppose that Sy = c¢. Since Ay > 0 and By > 0, then Sy = ¢ > 0.

Since the terms S; form an arithmetic sequence, then the sequence is either constant,
increasing or decreasing.

If the sequence of terms Sy is increasing, then the common difference d = S; — S is
positive.

Note that S_1 =c¢—d, S_o = ¢ — 2d, and so on.

Since ¢ and d are constant, then if we move far enough back along the sequence, eventually
S; will be negative for some integer ¢. This is a contradiction since A; > 0 and B; > 0 and
Sy = A+ By.

Thus, the sequence cannot be increasing.

If the sequence of terms Sy is decreasing, then the common difference d = S; — S is
negative.

Note that S = c+ d, Sy = ¢+ 2d, and so on.

Since ¢ and d are constant, then if we move far along the sequence, eventually .S; will be
negative for some integer t. This is also a contradiction since A; > 0 and B; > 0 and
Sy = A; + By

Thus, the sequence cannot be decreasing.

Therefore, since all of the entries are positive and the sequence Sy is arithmetic, then Sy
is constant, say Sy = ¢ > 0 for all integers k.

Step 3: Determine range of possible values for Dy

We note that Sy = Ay + By, = c¢ for all integers k and A, > 0 and By > 0.
Since Ak > 0, then By :Sk—Ak :C—Ak <c.

Similarly, Ay < c.

Therefore, 0 < Ap < cand 0 < By < c.

Since Dy, = A — By, then D, <c—0=cand D, >0—c= —c.

In other words, —c < Dy, < c.

Step 4: Dk+1 = 4Dk — Dk,1
Using a similar approach to our solution to (b),

3D, = 34, — 3B,
3Dy = (Ag—1 + B + Agy1) — (Br—1 + Ak + Bri1)
3Dy, = (Aks1 — Bi1) + (Ak—1 — Br—1) — (Ax — By)
3Dy = Diy1 + D1 — Dy,

4Dy — Dy y = Diss

as required.

Step 5: Final contradiction

We want to show that Dy = 0 for all integers k.

This will show that A, = By, for all integers k.

Since S, = Ay + By, = c for all integers k, then this would show that Ay, = By, = %c for all
integers k, meaning that all entries in the array are equal.

Suppose that D, # 0 for some integer k.

We may assume that Dy # 0. (If Dy = 0, then because the array is infinite in both
directions, we can shift the numbering of the array so that a column where D, # 0 is
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labelled column 0.)

ThUS, Do > 0or Dy <0.

We may assume that Dy > 0. (If Dy < 0, then we can switch the bottom and top rows of
the array so that Dy becomes positive.)

Suppose that Dy > Dy > 0.

Then Dy = 4D1— Dy > 4D, — D, = 3D;. Since Dy > 0, this also means that Dy > D > 0.
Similarly, D3 = 4Dy — Dy > 4Dy — Dy = 3Dy > Dy > 0. Since Dy > 3Dy, then D3 > 9D;.
Continuing in this way, we see that D, > 27D; and D5 > 81D; and so on, with
D;, > 3k 1D, for each positive integer k > 2. Since the value of D, is a fixed positive
real number and Dj, < c¢ for all integers k, this is a contradiction, because the sequence of
values 3*~! grows without bound.

The other possibility is that Dy < Dj.

Here, we re-arrange Dy 1 = 4Dy — Dj_1 to obtain Dy_; = 4Dy — Dy.4.

Thus, D_1=4Dy— Dy > 4Dy — Dy =3Dyg > Dy > 0.

Extending this using a similar method, we see that D_; > 37Dy for all positive integers j
which will lead to the same contradiction as above.

Therefore, a contradiction is obtained in all cases and so it cannot be the case that D, # 0
for some integer k.

Since Dj, = 0 and Sy = c for all integers k, then A, = By = %c for all integers k, which
means that all entries in the array are equal.
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1. (a)
(b)

Since 5(2) + 3(3) = 19, then the pair of positive integers that satisfies 5a + 30 = 19 is
(a,0) = (2,3).

We list the first several powers of 2 in increasing order:

3 4 5 6 7 8 9 10 11
8§ 16 32 64 128 256 512 1024 2048

Each power of 2 can be found by multiplying the previous power by 2.

From the table, the smallest power of 2 greater than 5 is 23 = 8 and the largest power of
2 less than 2017 is 2'° = 1024. Since 2" increases as n increases, there can be no further
powers in this range.

Therefore, the values of n for which 5 < 2™ < 2017 are n = 3,4,5,6,7,8,9, 10.

There are 8 such values of n.

Each of the 600 Euros that Jimmy bought cost $1.50.
Thus, buying 600 Euros cost 600 x $1.50 = $900.

When Jimmy converted 600 Euros back into dollars, the rate was $1.00 = 0.75 Euro.
$1.00  $600

= = $800.
0.75 Euros  0.75 §
Thus, Jimmy had $900 — $800 = $100 less than he had before these two transactions.

Therefore, Jimmy received 600 Euros x

Since x # 0 and x # 1, we can multiply both sides of the given equation by xz(z — 1) to
-1 -1 -1
obtain sz(z = 1) = iz —1) + 2z 1) or5=(x—1)+uz.
x(r —1) x x—1

Thus, 5 =22 — 1 and so 2z = 6 or x = 3. This means that x = 3 is the only solution.
(We can substitute z = 3 into the original equation to verify that this is indeed a solution.)

The sum of the entries in the second column is 20 + 4 + (—12) = 12.

This means that the sum of the entries in each row, in each column, and on each diagonal
is 12.

In the first row, we have 0 4+ 20 + a = 12 and so a = —8.

On the “top left to bottom right” diagonal, we have 0 +4 + b = 12 and so b = 8.

In the third column, we have entries a = —8 and b = 8 whose sum is 0. Thus, the third
entry must be 12.

Finally, in the second row, we have c+4 + 12 = 12 and so ¢ = —4.

In summary, a = —8, b =8, and ¢ = —4.

We can complete the magic square to obtain:

0 20 | -8

16 | —-12| 8
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3.

()

(a)

(i) If 100% — n* = 9559, then n? = 1002 — 9559 = 10000 — 9559 = 441.
Since n > 0, then n = V441 = 21.

(ii) From (i), 9559 = 100* — 21°.
Factoring the right side as a difference of squares, we see that

9559 = (100 + 21)(100 — 21) = 121 - 79

Therefore, (a,b) = (121,79) satisfies the conditions.
(In addition, the pairs (a,b) = (79, 121), (869, 11), (11, 869) satisfy the conditions. The
last two of these pairs cannot be obtained in the same way.)

The area of quadrilateral ABCD is the sum of the areas of AABC and AACD.
Since AABC is right-angled at B, its area equals (AB)(BC) = 1(3)(4) = 6.
Since AABC' is right-angled at B, then by the Pythagorean Theorem,

AC =VAB2+ BC? = V3 + 42 =V25=5

because AC' > 0. (We could have also observed that AABC must be a “3-4-5” triangle.)
Since AACD is right-angled at A, then by the Pythagorean Theorem,

AD =+VCD? — AC? = V132 — 52 = /144 = 12

because AD > 0. (We could have also observed that AAC'D must be a “5-12-13” triangle.)
Thus, the area of AACD equals $(AC)(AD) = 1(5)(12) = 30.
Finally, the area of quadrilateral ABC'D is thus 6 + 30 = 36.

Let the width of each of the identical rectangles be a.

In other words, QP = RS =TW =WX =UV =VY =a.
Let the height of each of the identical rectangles be b.

In other words, QR = PS =TU =WV = XY =b.

The perimeter of the whole shape equals

QP+ PS+SX+XY+VY4+UV+TU+TR+ QR
Substituting for known lengths, we obtain
a+b+SX+b+a+a+b+TR+D

or 3a +4b+ (SX +TR).

But SX +TR=(TR+ RS+ SX)—RS=(TW+WX)—RS=a+a—a=a.
Therefore, the perimeter of the whole shape equals 4a + 4b.

The perimeter of one rectangle is 2a + 2b, which we are told equals 21 cm.
Finally, the perimeter of the whole shape is thus 2(2a + 2b) which equals 42 cm.

Solution 1

Suppose that the rectangular prism has dimensions a ¢cm by b cm by ¢ cm.

Suppose further that one of the faces that is @ cm by b cm is the face with area 27 cm?
and that one of the faces that is a cm by ¢ cm is the face with area 32 cm?. (Since every
pair of non-congruent faces shares exactly one side length, there is no loss of generality in
picking these particular variables for these faces.)

Therefore, ab = 27 and ac = 32.

Further, we are told that the volume of the prism is 144 ¢cm?, and so abc = 144.
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272 2 2 2
Thus, be = & S ¢ _ lab)® 1,
a?be (ab)(ac)  (27)(32)

(We could also note that abc = 144 means a?b*c* = 1442 or (ab)(ac)(bc) = 1442 and so
b 1442

G
In other words, the third type of face of the prism has area 24 cm?.
Thus, since the prism has two faces of each type, the surface area of the prism is equal to

2(27 em? + 32 cm? + 24 cm?) or 166 cm?.

Solution 2

Suppose that the rectangular prism has dimensions a cm by b cm by ¢ cm.

Suppose further that one of the faces that is @ cm by b cm is the face with area 27 cm?
and that one of the faces that is @ cm by ¢ cm is the face with area 32 cm?. (Since every
pair of non-congruent faces shares exactly one side length, there is no loss of generality in
picking these particular variables for these faces.)

Therefore, ab = 27 and ac = 32.

Further, we are told that the volume of the prism is 144 cm?, and so abc = 144.

Since abc = 144 and ab = 27, then ¢ = %74 = %.

Since abc = 144 and ac = 32, then b = % = %.

This means that bc = 13—6 . g = 24.

In cm?; the surface area of the prism equals 2ab+ 2ac + 2bc = 2(27) + 2(32) +2(24) = 166.
Thus, the surface area of the prism is 166 cm?.

Solution 1
We expand the right sides of the two equations, collecting like terms in each case:

y=a(r —2)(z +4) = a(z® + 2z — 8) = ax® + 2ar — 8a
y=2x—h)?+k=22*—2hx+h*) + k= 22" — 4hx + (2h* + k)

Since these two equations represent the same parabola, then the corresponding coefficients
must be equal. That is, a = 2 and 2a = —4h and —8a = 2h% + k.

Since a = 2 and 2a = —4h, then 4 = —4h and so h = —1.

Since —8a = 2h? 4+ k and a = 2 and h = —1, then —16 = 2+ k and so k = —18.

Thus, a =2, h=—1, and k = —18.

Solution 2

From the equation y = a(x — 2)(xz + 4), we can find the axis of symmetry by calculating
the midpoint of the x-intercepts.

Since the z-intercepts are 2 and —4, the axis of symmetry is at © = (2 + (—4)) = —1.
Since the vertex of the parabola lies on the axis of symmetry, then the z-coordinate of the
vertex is —1.

To find the y-coordinate of the vertex, we substitute + = —1 back into the equation
y=a(x —2)(x +4) to obtain y = a(—1 — 2)(-1+4) = —9a.

Thus, the vertex of the parabola is (—1, —9a).

Since the second equation for the same parabola is in vertex form, y = 2(z — h)? + k, we
can see that the vertex is at (h, k) and a = 2.

Since a = 2, the vertex has coordinates (—1, —18), which means that h = —1 and k = —18.
Thus, a =2, h=—1 and k = —18.



2017 Euclid Contest Solutions Page 5

(b)

Let the common difference in this arithmetic sequence be d.

Since the first term in the sequence is 5, then the 5 terms are 5,5+ d, 5+ 2d, 5+ 3d, 5+ 4d.
From the given information, 5% + (5 + d)? + (5 + 2d)* = (5 + 3d)? + (5 + 4d)?.
Manipulating, we obtain the following equivalent equations:

524+ (5+d)*+ (5+2d)? = (5+3d)* + (5 + 4d)?
25 + (25 + 10d + d?) + (25 + 20d + 4d*) = (25 + 30d + 9d*) + (25 + 40d + 16d?)
75 + 30d + 5d* = 50 + 70d + 25d*
0 = 20d* + 40d — 25
0=4d* +8d—5
0=(2d+5)(2d —1)

Therefore, d = —g ord= %
These give possible fifth terms of 5 +4d =5+ 4(—3) = -5 and 5+4d =5+4(3) = 7.

(We note that, for these two values of d, the sequences are 5, g, 0, —g, —bH and 5, %, 6, %, 7.)

First, we determine the perfect squares between 1300 and 1400 and between 1400 and
1500.

Since v/1300 ~ 36.06, then the first perfect square larger than 1300 is 372 = 1369.

The next perfect squares are 382 = 1444 and 39? = 1521.

Since Dan was born between 1300 and 1400 in a year that was a perfect square, then Dan
was born in 1369.

Since Steve was born between 1400 and 1500 in a year that was a perfect square, then
Steve was born in 1444.

Suppose that on April 7 in some year, Dan was m? years old and Steve was n? years old
for some positive integers m and n. Thus, Dan was m? years old in the year 1369 + m?
and Steve was n? years old in the year 1444 + n?.

Since these represent the same years, then 1369 + m? = 1444 4+ n?, or m? — n? = 1444 —
1369 = 75.

In other words, we want to find two perfect squares less than 110 (since their ages are less
than 110) whose difference is 75.

The perfect squares less than 110 are 1,4, 9, 16, 25, 36, 49, 64, 81, 100.

The two that differ by 75 are 100 and 25.

Thus, m? = 100 and n? = 25.

This means that the year in which the age of each of Dan and Steve was a perfect square
was the year 1369 + 100 = 1469.

Solution 1

ANABC is right-angled exactly when one of the following statements is true:
e AB is perpendicular to BC, or
e AB is perpendicular to AC, or
e AC is perpendicular to BC'.

Since A(1,2) and B(11,2) share a y-coordinate, then AB is horizontal.

For AB and BC' to be perpendicular, BC must be vertical.

Thus, B(11,2) and C(k,6) must have the same z-coordinate, and so k = 11.

For AB and AC to be perpendicular, AC must be vertical.
Thus, A(1,2) and C(k, 6) must have the same z-coordinate, and so k = 1.
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For AC' to be perpendicular to BC', their slopes must have a product of —1.
6
The slope of AC' is -

T which equals

. 6—2 .
The slope of BC' is T which equals T

4
k—1 k—11
Assuming that & # 1 and k # 11, we manipulate to obtain 16 = —(k — 1)(k — 11) or
16 = —k*+ 12k — 11 or k* — 12k +27 = 0.
Factoring, we obtain (k—3)(k —9) = 0 and so AC and BC' are perpendicular when k& = 3
or k=9.

Thus, AC and BC' are perpendicular when

In summary, AABC' is right-angled when k equals one of 1,3,9,11.

Solution 2

AABC is right-angled exactly when its three side lengths satisfy the Pythagorean Theo-
rem in some orientation. That is, AABC is right-angled exactly when AB? + BC? = AC?
or AB? + AC? = BC? or AC? + BC? = AB?.

Using A(1,2) and B(11,2), we obtain AB* = (11 — 1)? + (2 — 2)? = 100.

Using A(1,2) and C(k,6), we obtain AC? = (k — 1) + (6 — 2)? = (k — 1)* + 16.

Using B(11,2) and C(k,6), we obtain BC? = (k —11)? + (6 — 2)*> = (k — 11)? + 16.
Using the Pythagorean relationships above, AABC' is right-angled when one of the fol-
lowing is true:

(i)
100 + ((k —11)* +16) = (k — 1)* + 16
100+ k% — 22k + 121+ 16 = k> — 2k + 1+ 16

220 = 20k
k=11

100 + ((k —1)*+16) = (k — 11)* + 16
100 4+ k* — 2k + 1416 = k* — 22k + 121 4 16
20k = 20
k=1

(iii)

((k—1)*>+16) + ((k — 11)* + 16) = 100
k* —2k+1+16 +k* — 22k + 121 + 16 = 100

2k? — 24k +54 =0

k* — 12k +27 =0

(k—3)(k—9)=0

andso k=3 or k=09.
In summary, AABC' is right-angled when k equals one of 1,3,9,11.
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6. (a) Extend CA and DB downwards until they meet the horizontal through O at P and Q,

respectively.

Since C'A and DB are vertical, then ZCPO = ZDQO = 90°.
Since OA = 20 m, then AP = OAsin30° = (20 m) - % =10 m.

Since OB = 20 m, then BQ = OBsin45° = (20 m) - - = 10v/2 m.

1
Since AC = 6 m, then CP = AC + AP = 16 m. ?

For C'D to be as short as possible and given that C' is fixed, then it must be the case that

C'D is horizontal:

If CD were not horizontal, then suppose that X is on D@, possibly extended, so

that CX is horizontal.

Then ZC'X D = 90° and so ACXD is right-angled with hypotenuse C'D.

In this case, C'D is longer than C'X or X D.

In particular, C'D > C'X, which means that if D were at X, then C'D would be

shorter.

In other words, a horizontal C'D makes C'D as short as possible.

When CD is horizontal, C DQ P is a rectangle, since it has two vertical and two horizontal

sides. Thus, DQ) = CP = 16 m.
Finally, this means that BD = DQ — BQ = (16 — 10/2) m.

sin 6

Since tan f = then we assume that cosf # 0.

cosf’
Therefore, we obtain the following equivalent equations:

cosf = tan b

cosf =

cos 6
cos? 6 = sin 6

1 —sin®f =sind

0=sin?f +sinh — 1

Let v = sin f. This quadratic equation becomes u? +u — 1 = 0.

—1+£V/12-4(1)(-1) _ -1+ V5

By the quadratic formula, u = 20 5
1= V5

# ~ 0.62 or sinf = _T ~ —1.62.

Therefore, sinf =

Since —1 < sin# < 1, then the second solution is inadmissible. Thus, sinf =

—1+v5
—
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7.

(a) Solution 1

Suppose that the trains are travelling at v km /h.

Consider two consecutive points in time at which the car is passed by a train.

Since these points are 10 minutes apart, and 10 minutes equals % hour, and the car travels
at 60 km/h, then the car travels (60 km/h) - (3 h) = 10 km.

During these 10 minutes, each train travels %’U km, since its speed is v km/h.

At the first instance, Train A and the car are next to each other.

At this time, Train B is “3 minutes” behind Train A.

Train B Train A
[ ] [ ]

Car
$ 10 km

Train B Train A
[ ) [ )

Car
[ ]

Since 3 minutes is % hour, then Train B is %v km behind Train A and the car.

Therefore, the distance from the location of Train B at the first instance to the location
where it passes the car is (zv + 10) km.

But this distance also equals %v km, since Train B travels for 10 minutes.

Thus, %U:Q—%v%—lOor %v—%vleandSO%vleorv:@.

Therefore, the trains are travelling at @ km /h.

Solution 2
Suppose that the trains are travelling at v km/h.
Consider the following three points in time: the instant when the car and Train A are next
to each other, the instant when Train B is at the same location that the car and Train
A were at in the previous instant, and the instant when the car and Train B are next to
each other.

Tra.in B Train A

hd
Car

Train B Train A
i Car
Train B Train A
Czr )

From the first instant to the second, Train B “catches up” to where Train A was, so this
must take a total of 3 minutes, because the trains leave the station 3 minutes apart.
Since 3 minutes equals 63—0 hour and the car travels at 60 km/h, then the car travels
(60 km/h) - (& h) = 3 km between these two instants.

From the first instant to the third, 10 minutes passes, since these are consecutive points
at which the car is passed by trains. In 10 minutes, the car travels 10 km.

Therefore, between the second and third instants, 10 — 3 = 7 minutes pass. During these

7 minutes, Train B travels 10 km.

1o km _ 809 km/h, and so the trains are

. . 7 —
Since 7 minutes equals &5 hour, then v km/h = 7/60 b

travelling at %% km /h.
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(b) From the first equation, we note that @ > 0 and b > 0, since the argument of a square
root must be non-negative.
From the second equation, we note that a > 0 and b > 0, since the argument of a logarithm
must be positive.
Combining these restrictions, we see that a > 0 and b > 0.

From the equation log;ya + log;, b = 2, we obtain log;y(ab) = 2 and so ab = 10* = 100.
From the first equation, obtain

(Va+ Vb))’ =8’
a+2Vab+b=64
a+2v100+b =64
a+b=64—2v100 = 44
Since a + b = 44, then b = 44 — a.

Since ab = 100, then a(44 — a) = 100 or 44a — a* = 100 and so 0 = a? — 44a + 100.
By the quadratic formula,

44 + (/442 —4(1)(1 v
_ v (1)(100) _ 44+ 1536:44i16\/6:22i8\/6

“ 2.1 2

Since b = 44 — a, then b = 44 — (22 + 8/6) = 22 F 8V/6.

Therefore, (a,b) = (22 + 8v/6,22 — 8V/6) or (a,b) = (22 — 86,22 + 8v6).
(We note that 22 4 86 > 0 and 22 — 86 > 0, so the initial restrictions on a and b are
satisfied.)
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8.

(a) Let LZPEQ = 0.

Join P to B.

We use the fact that the angle between a tangent to a circle and a chord in that circle
that passes through the point of tangency equals the angle inscribed by that chord. We
prove this fact below.

More concretely, ZDEP = ZPBEFE (using the chord EP and the tangent through F) and
LABP = ZPEQ = 0 (using the chord BP and the tangent through B).

Now ZDEP is exterior to AFEP and so ZDEP = /FPE+ /ZEFP = 25° + 30°, and so
/PBE = /DEP = 55°.

Furthermore, ZAQB is an exterior angle of APQFE.

Thus, ZAQB = ZQPE + ZPEQ = 25° + 6.

C
F

In AABQ), we have ZBAQ = 35°, ZABQ = 6 + 55°, and ZAQB = 25° + 6.
Thus, 35° + (6 + 55°) + (25° + 0) = 180° or 115° + 20 = 180°, and so 20 = 65°.
Therefore ZPEQ = 6 = 5(65°) = 32.5°.

As an addendum, we prove that the angle between a tangent to a circle and a chord in
that circle that passes through the point of tangency equals the angle inscribed by that
chord.

Consider a circle with centre O and a chord XY, with tangent w 4

Z X meeting the circle at X. We prove that if ZX is tangent to '

the circle, then ZZ XY equals ZXWY whenever W is a point on

the circle on the opposite side of XY as XZ (that is, the angle

subtended by XY on the opposite side of the circle).

We prove this in the case that ZZXY is acute. The cases where /
ZZ XY is aright angle or an obtuse angle are similar. X

Draw diameter XOV and join VY. VA
Since Z/Z XY is acute, points V and W are on the same arc of chord XY

This means that ZXVY = ZXWY since they are angles subtended by the same chord.
Since OX is a radius and X 7 is a tangent, then ZOXZ = 90°.

Thus, ZOXY + ZZXY = 90°.

Since XV is a diameter, then ZXYV = 90°.

From AXYV, we see that ZXVY + ZVXY = 90°.

But ZOXY + ZZXY =90° and ZXVY + ZVXY = 90° and ZOXY = ZV XY tells us
that ZZXY = /ZXVY.

This gives us that ZZXY = ZXWY as required.
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(b) Solution 1
Draw a line segment through M in the plane of APM N parallel to PN and extend this
line until it reaches the plane through P, A and D at () on one side and the plane through
N, B and C at R on the other side.
Join @ to P and A. Join R to N and B.

A

So the volume of solid ABCDPM N equals the volume of solid ABCDPQRN minus the
volumes of solids PMQA and NMRB.

Solid ABCDPQ@RN is a trapezoidal prism. This is because NR and BC' are parallel
(since they lie in parallel planes), which makes NRBC' a trapezoid. Similarly, PQAD is
a trapezoid. Also, PN, QR, DC, and AB are all perpendicular to the planes of these
trapezoids and equal in length, since they equal the side lengths of the squares.

Solids PM QA and NM RB are triangular-based pyramids. We can think of their bases as
being APM@ and ANM R. Their heights are each equal to 2, the height of the original
solid. (The volume of a triangular-based pyramid equals % times the area of its base times
its height.)

The volume of ABCDPQRN equals the area of trapezoid N RBC' times the width of the
prism, which is 2.

That is, this volume equals +(NR + BC)(NC)(NP) = 3(NR+2)(2)(2) =2- NR+ 4.
So we need to find the length of NR.

Consider quadrilateral PN R(Q). This quadrilateral is a rectangle since PN and QR are
perpendicular to the two side planes of the original solid.

Thus, NR equals the height of APMN.

Join M to the midpoint T of PN.

Since APM N is isosceles, then MT' is perpendicular to PN.

M

P T N
Since NT = %PN =1 and ZPMN = 90° and Z/TNM = 45°, then AMTN is also
right-angled and isosceles with MT =TN = 1.
Therefore, NR = MT = 1 and so the volume of ABCDPQRN is2-1+4 =6.
The volumes of solids PMQA and NMRB are equal. Each has height 2 and their bases
APM@Q and ANMR are congruent, because each is right-angled (at @ and at R) with
PQ=NR=1and QM = MR = 1.
Thus, using the formula above, the volume of each is 3(3(1)(1))2 = 3.
Finally, the volume of the original solid equals 6 — 2 - £ = 18

ol

?.
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Solution 2

We determine the volume of ABCDPM N by splitting it into two solids: ABCDPN and
ABNPM by slicing along the plane of ABNP.

Solid ABCDPN is a triangular prism, since ABCN and AADP are each right-angled
(at C'and D), BC = CN = AD = DP = 2, and segments PN, DC and AB are perpen-
dicular to each of the triangular faces and equal in length.

Thus, the volume of ABCDPN equals the area of ABCN times the length of DC', or
$(BC)(CN)(DC) = £(2)(2)(2) = 4. (This solid can also be viewed as “half” of a cube.)

Solid ABNPM is a pyramid with rectangular base ABN P. (Note that PN and AB are
perpendicular to the planes of both of the side triangular faces of the original solid, that
PN = AB =2 and BN = AP = /2% + 22 = 2/2, by the Pythagorean Theorem.)

Therefore, the volume of ABNPM equals 3(AB)(BN)h = %ih, where h is the height of
the pyramid (that is, the distance that M is above plane ABN P).

So we need to calculate h. P T N
Join M to the midpoint, 7', of PN and to the midpoint, S, v'

of AB. Join S and T'. By symmetry, M lies directly above ST

Since ABNP is a rectangle and S and T are the midpoints of

opposite sides, then ST = AP = 2v/2.

Since APM N is right-angled and isosceles, then MT is perpen-

dicular to PN. Since NT = %PN =1and ZT'NM = 45°, then

AMTN is also right-angled and isosceles with MT = TN = 1.

A

S B
Also, M S is the hypotenuse of the triangle formed by dropping P N
a perpendicular from M to U in the plane of ABC'D (a distance N _—
of 2) and joining U to S. Since M is 1 unit horizontally from
PN, then US = 1.
Thus, M S = /22 + 12 = /5 by the Pythagorean Theorem.

C

We can now consider ASMT. h is the height of this triangle, from M to base ST.

S

1
h L
T
Now h = MT sin(ZMTS) = sin(LMTS).
By the cosine law in ASMT, we have

MS? = ST? + MT? — 2(ST)(MT) cos(£/MTS)
Therefore, 5 = 8 + 1 — 4v/2 cos(ZMTS) or 4v/2cos(ZMTS) = 4.
Thus, cos(LMTS) = \/Lﬁ and so ZMT'S = 45° which gives h = sin(LMTS) = \/LE
(Alternatively, we note that the plane of ABC'D is parallel to the plane of PM N, and so
since the angle between plane ABC'D and plane PN BA is 45°, then the angle between
plane PN BA and plane PM N is also 45°, and so ZMTS = 45°.)
Finally, this means that the volume of ABNPM is %ﬁ . \/Li = %, and so the volume of
solid ABCDPMN is 4+ % = 1.
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9.

(a)

There are 4! =4 -3 -2 -1 = 24 permutations of 1,2, 3, 4.
This is because there are 4 possible choices for a;, and for each of these there are 3 possible
choices for as, and for each of these there are 2 possible choices for a3, and then 1 possible
choice for ay.
Consider the permutation a1 = 1, a9 = 2,a3 = 3, a4 = 4. (We write this as 1,2,3,4.)
Here, a1 —as| +|ag —aq| = |1 = 2|+ [3—4|=1+1=2.
This value is the same as the value for each of 2.1,3,4 and 1,2,4,3 and 2,1,4,3 and 3,4,1,2
and 4,3,1,2 and 3,4,2,1 and 4,3,2,1.
Consider the permutation 1,3,2,4.
Here, |a; — as| + |az — a4l =1 = 3|+ ]2 —4|=2+2=4.
This value is the same as the value for each of 3,1,2,4 and 1,3,4,2 and 3,1,4,2 and 2,4,1,3
and 4,2,1,3 and 2,4,3,1 and 4,2,3,1.
Consider the permutation 1,4,2 3.
Here, |a; — ag| + |ag —a4| = |1 —4|+[2-3]| =3+ 1 =4
This value is the same as the value for each of 4,1,2,3 and 1,4,3,2 and 4,1,3,2 and 2,3,1,4
and 3,2,1,4 and 2,3,4,1 and 3,2,4,1.
This accounts for all 24 permutations.
2:-84+4-8+4-8 80 10

24 T 24 37
There are 7! = 7-6-5-4-3-2 -1 permutations of 1,2,3,4,5,6,7, because there are 7
choices for ay, then 6 choices for ay, and so on.
We determine the average value of a; — as + az — a4 + a5 — ag + ay over all of these
permutations by determining the sum of all 7! values of this expression and dividing by
7.
To determine the sum of all 7! values, we determine the sum of the values of a; in each
of these expressions and call this total s;, the sum of the values of a, in each of these
expressions and call this total s, and so on.
The sum of the 7! values of the original expression must equal s; — s+ 83— S4+ 85— S+ S7.
This uses the fact that, when adding, the order in which we add the same set of numbers
does not matter.
By symmetry, the sums of the values of ay, as, as, a4, as, ag, ay will all be equal. That is,

Therefore, the average value is

S§1 = 89 = 83 = S4 = S5 = Sg = S7.
This means that the desired average value equals

81—$2+83—S4+85—86+87_ (81+83+S5+87)—(82+S4+56>_481—381 _81

7! 7! 7T

So we need to determine the value of s;.
Now a; can equal each of 1,2,3,4,5,6,7.
If a; = 1, there are 6! combinations of values for as, as, a4, as, ag, a7, since there are still 6
choices for as, 5 for az, and so on.
Similarly, there are 6! combinations with a; equal to each of 2,3,4,5,6,7.
Thus, sy = 1-6!42-6!4-3-6!44-6!45-6!46-6!4+7-6! = 6!(1+2+3+4+5+6+7) = 28(6!).
28(61) _ 28(61) _ 28 _,

7o) T

Therefore, the average value of the expression is
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(¢) There are 200! permutations of 1,2,3,...,198,199, 200.
We determine the average value of

la1 — as| + |ag — a4| + - - - + |argr — a19s| + |a199 — @200 (%)

over all of these permutations by determining the sum of all 200! values of this expression
and dividing by 200!.
As in (b), we let s; be the sum of the values of |a; — az| in each of these expressions, g
be the sum of the values of |a3 — a4|, and so on.
The sum of the 200! values of () equals s; + sg + - - - + S99 + S100-
By symmetry, s1 = so = - -+ = Sg9 = S100-

S1
00!

Therefore, the average value of (%) equals 5001 " So we need to determine the value of s;.

Suppose that a; = ¢ and a, = j for some integers ¢ and j between 1 and 200, inclusive.
There are 198! permutations with a; = i and ay = j because there are still 198 choices for
as, 197 choices for a4, and so on.

Similarly, there are 198! permutations with a; = 7 and ay = 1.

Since |i — j| = |j — i|, then there are 2(198!) permutations with |a; — as| = |i — j| that
come from a; and ay equalling ¢ and j in some order.

Therefore, we may assume that ¢ > j and note that s; equals 2(198!) times the sum of
© — j over all possible pairs i > 7.

200) ~200(199)

(Note that there are choices for the pair of integers (i, j) with i > j. For

2 2
each of these choices, there are 2(198!) choices for the remaining entries in the permutation,
200(199

200(199) . 2(198!) = 200(199)(198!) = 200! permutations, as expected.)

So to determine s;, we need to determine the sum of the values of 7 — j.
We calculate this sum, which we call D, by letting j = 1,2,3,...,198,199 and for each of
these, we let ¢ be the possible integers with 7 < i < 200:

D=(2-1)4+@=1)+@A—1) 4+ (197 = 1)+ (198 — 1) + (199 — 1) + (200 — 1)
F(3—2)+(4—2)+(5—2) 4+ (198 —2) + (199 — 2) + (200 — 2)
+(A—3)+(5—3)+ (6—3) +-+ (199 — 3) + (200 — 3)

which gives

+ (199 — 198) + (200 — 198)

+ (200 — 199)

= 199(1) 4+ 198(2) 4+ 197(3) + - - - +2(198) + 1(199) (grouping by columns)

= 199(200 — 199) + 198(200 — 198) + 197(200 — 197) 4 - - - 4+ 2(200 — 2) + 1(200 — 1)
—=200(199 + 198 + 197 + - - + 3+ 2+ 1) — (199> + 198% 4 1972 + - - + 32 + 22 + 1%)
=200 - $(199)(200) — £(199)(199 + 1)(2(199) + 1)

= 100(199)(200) — £(199)(200)(399)

= 199(200) (100 — 132)

= 199(200) %

2
Therefore, s; = 2(198!)D = 2(198!) - 2220007 _ 47(1981)(199)(200) = 67(200!).

2
100 100(67)(200!
Finally, this means that the average value of (%) is 2008'1 = (20)0(' ) = 6700.
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We note that we have used the facts that, if n is a positive integer, then
el+2+ -+ (n—1)+n=1in(n+1)
e 2+22+. -+ (n—1+n’=tn(n+1)(2n+1)

Using sigma notation, we could have calculated D as follows:

200 -1

I
N | N |
. -~
SERINg
[N}
— —
. ~
| |
— —
N— SN—
. .
N—

Il
[
NE

[en]
o
—~
.
no

|

-~
N—

SN——

=1

=1

-(200)(200 +1)(2(200) 4 1) — $(200)(200 + 1))
00)(201) (§(401) — )

201) 398
) 199

)(199)

N =

/-\

n— ,_. — Nl Nl
C)/—\
[\
/-\/\/\

which equals 199(200)62—7, as expected. (Can you determine a general formula when 200 is
replaced with 2n?)
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10.

(a)

We start with the subset {1,2,3}.

The sums of pairs of elements are 1 +2 =3 and 1 + 3 = 4 and 2 + 3 = 5, which are all
different.

Thus, {1,2,3} is exciting,.

We proceed to include additional elements in {1,2, 3}.

We cannot include 4 to create an exciting set, since if we did, we would have 1+4 = 243,
and so {1,2,3,4} is boring,.

Consider the subset {1,2,3,5}.

The sums of pairs of elements are
142=3 1+3=14 1+5=6 24+3=5 245=7 3+5=38

which are all different.

Thus, {1,2,3,5} is exciting.

We cannot include 6 or 7 since 2+5=14+6and 3+5=1+7.

Consider the subset {1,2,3,5,8}.

In addition to the six sums above, we have the additional sums 1 +8 =9 and 2+ 8 = 10
and 3+ 8 =11 and 5+ 8 = 13, so the 10 sums are all different.

Therefore, {1,2,3,5,8} is an exciting subset of {1,2,3,4,5,6,7,8} that contains exactly
5 elements.

(The subset {1,4,6,7,8} is the only other exciting subset of {1,2,3,4,5,6,7,8} that con-
tains exactly 5 elements.)

Suppose that S is an exciting set that contains exactly m elements.

m m(m —1
There are (2 = % pairs of elements of S.
Since S is exciting, the sums of these pairs of elements are all distinct positive integers.
m(m —1
This means that the largest of these sums is greater than or equal to %

m(m — 1)

When two numbers add to or greater, then at least one of them must be at

least as 1 1 m(m 1) m2—m
east as large as —
sea g 2 4

Therefore, there is an element of S that is greater than or equal to

Let n be a positive integer with n > 10.

For each integer k with 1 < k < n, define z; = 2n -rem(k?, n) + k, where rem(k?,n) is the
remainder when %? is divided by n.

Define T' = {x1, 29, ..., Ty 1, Tn}.

We show that T is exciting exactly when n is prime.

Suppose that a, b, ¢, d are distinct integers between 1 and n with z, + x, = x. + x4.
This equation is equivalent to
(2n -rem(a®,n) + a) + (2n - rem(b*,n) +b) = (2n - rem(c?, n) + ¢) + (2n - rem(d?, n) + d)
and
2n - (rem(a?, n) 4+ rem(b?, n) — rem(c*,n) — rem(d*,n)) =c+d —a—b

Since a,b,c,d are distinct integers between 1 and n, inclusive, then we have
1+42<a+b<(n—1)+n,or3<a+b<2n—1. Similarly, 3 <c+d <2n— 1.
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This means that 3—(2n—1) < c+d—a—b < (2n—1)—3 or —2n+4 < c+d—a—b < 2n—4.
But the left side of the equation

2n - (rem(a®, n) + rem(b*, n) — rem(c*,n) — rem(d*,n)) =c+d—a—b

is an integer that is a multiple of 2n, so the right side (¢ + d — a — b) must be as well.
Since —2n+4 < c+d—a—b < 2n — 4 and the only multiple of 2n between —2n + 4 and
2n—41is0-2n=0,thenc+d—a—-b=0orc+d=a+b.

Thus, 2n - (rem(a?,n) + rem(b?* n) — rem(c?,n) — rem(d* n)) = 0.

Since n # 0, then rem(a?, n) + rem(b*,n) — rem(c? n) — rem(d*,n) = 0.

Therefore, x, + x, = x. + x4 exactly when

a+b=c+d and rem(a® n)+rem(b*,n) = rem(c*,n) + rem(d* n)

Suppose that n is composite. We show that 7' is boring.

We consider three cases: n = p? for some prime p, n is even, and all other n.

Suppose that n = p? for some prime p. Since n > 10, then p > 5.

Set a =p, b=4p, c = 2p, and d = 3p.

Then a4+ b =5p =c+d.

Also, since p > 5, then 0 < p < 2p < 3p < 4p < p?.

Furthermore, since each of a,b, c,d is divisible by p, then each of a?,b?, ¢2, d? is divisible
by p* = n, so rem(a* n) = rem(b*, n) = rem(c?, n) = rem(d* n) = 0.

This means that a + b = ¢ + d and rem(a*, n) + rem(b?* n) = rem(c* n) + rem(d?,n), and
SO X4 + xp = T. + x4, Wwhich means that T is boring.

Next, suppose that n is even, say n = 2t for some positive integer t > 5.
Seta=1,b=t+2,c=2,andd=1t+1.

Since t > 5, then 1 <a <b<c<d<?2t 80 a,b,c,d are distinct positive integers in the
correct range.

Also,a+b=t+3=c+d.

To show that x, + x, = z. + x4, it remains to show that

rem(1?,2t) + rem((t + 2)?, 2t) = rem(2?, 2t) + rem((t + 1)%,2t)

Now rem(12,2t) = rem(1,2t) = 1 and rem(22, 2t) = rem(4, 2t) = 4 since 2t > 4.

Also, since (t + 2)* = t* + 4t + 4 and so (¢ + 2)? and * + 4 differ by a multiple of n = 2t,
then rem((¢ + 2)%, 2t) = rem(t* + 4, 2t).

Similarly, since (¢ + 1)? = t* 4+ 2t + 1, then rem((t 4+ 1)?, 2t) = rem(¢* + 1, 2t).

Therefore, we need to show that rem(¢* + 4,2t) — rem(t* + 1,2t) =4 — 1 = 3.

Since t > 5, then t2 +t > t* + 4.

This means that 2 < t2 +1 < > +2 < t2 + 3 < t2 + 4 < t?2 + ¢; in other words, each of
241,12 +2, t2 + 3, t? + 4 is strictly between two consecutive multiples of ¢, and so none
of these four integers can be a multiple of £. This means that none of these is a multiple
of n = 2t.

Therefore, t2 + 4 and t? + 1 are bounded between the same two multiples of n, and so the
difference between their remainders when dividing by n equals the difference between the
integers, which is 3.

Thus, x, + x, = x. + x4, which means that 7" is boring.

Finally, we consider the case where n is odd and composite and can be written asn = M N
for some odd integers M > N > 1.
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Set a=3(M+N),b=n—a,c=35M-N),andd=n—c.

Since M and N are both odd, then M + N and M — N are even, and so a,b,c,d are
integers.

Since M > N > 0, then a > ¢ > 0.

Since N > 3, then n = MN > 3M > 2M and so M < %n

Since M > N, then a = (M + N) < (M + M) = M < in.

Therefore, 0 < ¢ < a < 3n.

Since b=n —a and d = n — ¢, then %n<b<d<nand800<c<a<%n<b<d<n.
This means that a, b, ¢, d are distinct integers in the correct range.

Also, note that a +b=n = c+d.

To show that x, + x;, = z. + x4, it remains to show that

2

rem(a?, n) + rem(b*,n) = rem(c?, n) + rem(d”, n)

We show that rem(a?,n) = rem(b?,

desired conclusion.

Since b = n — a, then b?> = n? — 2na + a®. Since b* and a? differ by a multiple of n, their
remainders after division by n will be equal. Similarly, rem(c?,n) = rem(d?, n).

Thus, it remains to show that rem(a?,n) = rem(c? n).

But

n) = rem(c?,n) = rem(d?, n), which will provide the

= = (a+c)la—c)= (3(M+N)+3(M—=N)) (3(M+N)—- LM —-N))=MN =n

Since a? and ¢? differ by a multiple of n, then rem(a? n) = rem(c?, n).

Thus, x, + x, = x. + x4, which means that T is boring.

Suppose that n is prime. We show that T is exciting.

Since n > 10, then n is odd.

Suppose that x, + x, = z. + 4. We will show that this is not possible.

Recall that z, + x, = x.+ x4 is equivalent to the conditions a +b = ¢+ d and rem(aQ, n)+
rem(b? n) = rem(c?, n) + rem(d?, n).

We work with this second equation.

When a? is divided by n, we obtain a quotient that we call ¢, and the remainder rem(a?,n).
Note that a® = g,n + rem(a? n) and 0 < rem(a?,n) < n.

We define qp, q., g4 similarly and obtain

(a® — qan) + (b* — @) = (* — qen) + (d* — qan)

or
A+ = —d®=n(qa+q%— g — qa)

Since a + b = ¢+ d, then a? + 2ab + b* = ¢ 4 2cd + d? or a® + b? — ¢ — d? = 2cd — 2ab.
Therefore, x,+ x, = x.+ x4 exactly when a+b = c¢+d and 2¢d —2ab = n(q, + @ — gc — qa)-
Since d = a + b — ¢, then this last equation becomes

2c(a+b—c) —2ab=n(qa + @ — qc — qa
—2(c* —ac—bc+ab) =n(qa + @ — ¢c — qa
—2(c(c—a)—blc—a)) =n(qa+ @ — Gc — qa
~3(e—a)(e—b) = nldu+ @~ g —

)
)
)
)

Since x, + T = . + x4, then a + b = c+d and —2(c — a)(c — b) = n(qa + @ — ¢c — qa)-
Therefore, 2(c — a)(c — b) is a multiple of n, which is an odd prime.
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This means that either ¢ — a or ¢ — b is a multiple of n.

But a, b, ¢, d are between 1 and n inclusive and are distinct, so 1 —n <c—a <n —1 and
l-n<e—-b<n-1.

The only multiple of n in this range is 0, so ¢ —a = 0 or ¢ — b = 0, which contradicts the
fact that a, b, c,d are distinct.

Therefore, if n is prime, there do not exist four distinct elements of T' that make T boring,
so T is exciting.

In summary, T is exciting exactly when n > 10 is prime.
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1. (a)

(b)
()

2. (a)

(b)

(c)

The average is

B+ 15+25+35+45+55  (5+55) + (15+45) + (25+35)  60+60+60
6 N 6 N 6 B
Since x? = 2016, then (z + 2)(z — 2) = 2? — 4 = 2016 — 4 = 2012.

Since points P, () and R lie on a straight line, then the slope of PQ equals the slope of
PR.

The slope of P(@) equals

a_75—5andso2a—5—5(a—7).

This gives 2a — 5 = ba — 35 or 3a = 30, and so a = 10.

30

20 —5 30—-5 25
? - and the slope of PR equals =— =

12—-7 5 >

a

Therefore,

2
If g = —5, then n? = 25(9) = 225. Therefore, n = 15 or n = —15.
n

(We can check by substitution that each of these values satisfies the original equation.)

When we expand the left side of (z — 3)(z — 2) = 6, we obtain 2? — 5z + 6 = 6.

Thus, 2 — 5z = 0 or x(x — 5) = 0, which gives z =0 or z = 5.

(We can check by substitution that each of these values satisfies the original equation.)
Let a be the cost, in dollars, of 1 apple and let b be the cost, in dollars, of 1 banana.
From the given information, 2a = 3b and 6a + 12b = 6.30.

Since 3b = 2a, then 12b = 4(3b) = 4(2a) = 8a.

Therefore, 6a + 8a = 6.3 or 14a = 6.3, which gives a = 0.45.

In other words, the cost of 1 apple is $0.45.

Solution 1

Since the sum of the angles in any triangle is 180°, then the combined sum of the angles
in AABD, AFBG and ACBE is 3 - 180° or 540°.

The nine angles in these triangles include those with measures, in degrees, of p,q,7, s, t, u
as well as the three angles ZABD, /FBG and ZCBE.

These last three angles form a straight angle, and so their sum is 180°.

Therefore, the sum of the remaining six angles must be 540° — 180° = 360°.

In other words, p+q+1r + s+t + u = 360.

Solution 2
We repeatedly use the fact that the sum of the angles in any triangle is 180°.
From NABD, ZABD = 180° — p° — ¢°.
From AFBG, ZFBG = 180° — r° — s°.
From ACBE, ZCBE = 180° — t° — u°.
Since ABC forms a straight line segment, then
LABD + /FBG + ZCBE = 180°
which gives

(180° — p® — ¢°) + (180° — r° — s°) 4 (180° — t° — u°) = 180°

Rearranging, we obtain 360 = p+q+r+ s+t +u and so the valueof p+q+r+s+t+u
is 360.
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(b)

Solution 1

The integer equal to 10?° consists of the digit 1 followed by 20 0s.

The integer equal to 10%° — 1 thus consists of 20 9s.

Now, n = 10%° — 20 is 19 less than 10*® — 1 which is the integer that consists of 20 9s.
Son = 10%" — 20 = 99 - - - 980 where this integer has 18 9s.

Therefore, the sum of the digits of n is 18(9) + 8 + 0 = 162 + 8 = 170.

Solution 2

Since 102 — 20 = 10(10' — 2) and 10" —2 = 99 - - - 98 (where this integer has 18 9s), then
1020 — 20 = 99 - - - 980, where this integer has 18 9s.

Therefore, the sum of the digits of n is 18(9) + 8 + 0 = 162 + 8 = 170.

Solution 1

Since P(2,0) and Q(8,0), then PQQ =8 —2 = 6.
Let h be the perpendicular distance from V' to PQ).
Then the area of AV PQ equals 3 (PQ)h.

Since the area of AVPQ is 12, then 1(PQ)h =12 and so $(6)h = 12 or h = 4.

Since V is below the z-axis, then the y-coordinate of V' is —4.

Since V is the vertex of a parabola and P and () are points where the parabola intersects
the x-axis, then the z-coordinate of V' is the average of the x-coordinates of P and @),
which is £(2+8) = 5.

Finally, the coordinates of V' are (5, —4).

Solution 2

Since the parabola intersects the z-axis at P(2,0) and Q(8,0), then the equation of the
parabola will be of the form y = a(z — 2)(z — 8) for some a # 0.

Completing the square, we obtain

y = a(z? — 10z +16) = a((z — 5)* = 9) = a(z — 5)* — 9a

From this, we see that the vertex of this parabola has coordinates (5, —9a).

Since the vertex of the parabola is below the z-axis, then —9a < 0 or a > 0.

Now AV PQ has base P() along the z-axis (which has length 8 — 2 = 6).

The corresponding height is the perpendicular distance from V' to the x-axis. This equals
9a, since a > 0.

Since the area of AV PQ is 12, then £(6)(9a) = 12 or 27a = 12 which gives a = .
Finally, substituting a = ‘51 into (5, —9a) gives the conclusion that the coordinates of V'
are (5, —4).

Rewriting sin® 6 + 2cos? 0 = %, we get (sin” 0 + cos? ) + cos? 0 = 1.
Since sin?# + cos?f = 1 for any angle 6, then 1 + cos’f = Z and so cos?f = % or
cosf = :I:‘/Tg.

Since 0° < 6 < 180°, then cosf = ‘/7?: exactly when 6 = 30°.

Since 0° < 6 < 180°, then cosf = —‘/73 exactly when 6 = 150°.
Therefore, § = 30° or § = 150°.
(We can check by substitution that each of these values satisfies the original equation.)



2016 Euclid Contest Solutions Page 4

(b)

Let the radius of the smaller circle be r cm and let the radius of the larger circle be R cm.
Thus, the circumference of the smaller circle is 27r c¢m, the circumference of the larger
circle is 2R cm, the area of the smaller circle is 7r? cm?, and the area of the larger circle
is mR? cm?.

Since the sum of the radii of the two circles is 10 cm, then r + R = 10.

Since the circumference of the larger circle is 3 cm larger than the circumference of the
smaller circle, then 2r R — 27r = 3, or 2m(R —r) = 3.

Then the difference, in cm?, between the area of the larger circle and the area of the
smaller circle is

TR —mr* =m(R—r)(R+7r)=12n(R—r)|(R+7r)=1(3)(10) =15

Therefore, the difference between the areas is 15 cm?.

When the price of $p is raised by n%, the price is multiplied by 1 + %
20 80
When the new price is reduced by 20%, the new price is multiplied by 1 — 100 = 100°
80
Therefore, after these two price adjustments, the price is $p (1 + %) <m)

We are told that this final price is 20% higher than $p, and so the final price equals
sp (14 20 ¢ 120
A" 100) © P\ 100 )

In other words,
n oy [ 80 120
1 —) ) =g (2
$p< 100 (100) $7’(100)

Simplifying and using the fact that p # 0, we obtain 80 (1 + %) = 120.
Thus, 1+i:ﬁ:§:@andsoi:—orn:50.
100 8 2 100 100 100
Solution 1
Let m = f(n). The equation f(f(n)) = 3 becomes f(m) = 3.
Suppose that f(m) =3 and m is odd.
By definition, we have f(m) = m — 1 = 3 and so m = 4, which is not odd, so this case
cannot happen.
Suppose that f(m) =3 and m is even.
By definition, we have f(m) = m? — 1 = 3 and so m? = 4 or m = +2, each of which is
even.
Therefore, if f(f(n)) =3, then f(n) =2 or f(n) = —2.
Suppose that f(n) =2 or f(n) = —2 and n is odd.
By definition, we have n — 1 = 2 (giving n = 3) or n — 1 = —2 (giving n = —1). Each of
these resulting values of n is odd.
Suppose that f(n) =2 or f(n) = —2 and n is even.
Then n? —1 = 2 or n?> — 1 = —2 which give n? = 3 or n?> = —1, neither of which is possible
if n is an integer.
Thus, the integers n for which f(f(n)) =3 are n =3 and n = —1.
(We can check by substitution that each of these satisfies the original equation.)
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Solution 2
We consider the cases of n even and n odd separately.

Suppose that n is even.

Then n? is even and so f(n) = n? — 1 must be odd.

Thus, f(f(n)) = f(n>—1)=(n*—-1) —1=n%—2, since f(m)=m — 1 when m is odd.
For n to be even and f(f(n)) = 3, we must have n? —2 = 3 or n? = 5.

There are no integer solutions to this equation, and so there are no solutions in this case.

Suppose that n is odd.

Then f(n) =n — 1 must be even.

Thus, f(f(n))=f(n—1)=n—-12-1=n>-2n+1—-1=n?—2n.

For n to be odd and f(f(n)) = 3, we must have n> — 2n = 3 or n* — 2n — 3 = 0.
Factoring, we obtain (n — 3)(n + 1) = 0 and so n = 3 or n = —1, both of which are odd.

Thus, the integers n for which f(f(n)) =3 are n =3 and n = —1.
(We can check by substitution that each of these satisfies the original equation.)

1
Since 10Y # 0, the equation 33 = %y is equivalent to 10Y = 32z.

So the given question is equivalent to asking for the smallest positive integer = for which
32x equals a positive integer power of 10.

Now 32 = 2° and so 32z = 2°z.

For 32x to equal a power of 10, each factor of 2 must be matched with a factor of 5.
Therefore, x must be divisible by 5° (that is, z must include at least 5 powers of 5), and
so x > 5° = 3125.

But 32(5°) = 2°5° = 10°, and so if x = 5° = 3125, then 32z is indeed a power of 10,

namely 10°.

1
This tells us that the smallest positive integer x for which 33 = %y for some positive
integer y is x = 5° = 3125.

Solution 1

Since the three side lengths of a right-angled triangle form an arithemetic sequence and
must include 60, then the three side lengths are 60, 60 + d, 60 + 2d or 60 — d, 60, 60 + d or
60 — 2d, 60 — d, 60, for some d > 0.

For a triangle with sides of length 60, 60+d, 60+ 2d to be right-angled, by the Pythagorean
Theorem, the following equivalent equations must be true:

60% + (60 4 d)* = (60 + 2d)*
3600 + 3600 + 120d + d* = 3600 + 240d + 4d”
0 = 3d? + 120d — 3600
0 = d* + 40d — 1200
0 = (d + 60)(d — 20)

(Note that, since d > 0, then 60 + 2d must be the hypotenuse of the triangle.)
Since d > 0, then d = 20, which gives the triangle with side lengths 60, 80, 100.

The longest side length is the hypotenuse and the shorter two sides meet at right angles,
giving an area of 1(60)(80) = 2400.
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For a triangle with sides of length 60 — d, 60, 60 + d to be right-angled, by the Pythagorean
Theorem, the following equivalent equations must be true:

(60 — d)* + 60° = (60 + d)*
3600 — 120d + d* + 3600 = 3600 + 120d + d*
3600 = 240d
d=15

Since d > 0, then d = 15 is admissible, which gives the triangle with side lengths 45, 60, 75.
Using a similar analysis, the area of this triangle is $(45)(60) = 1350.

For a triangle with sides of length 60 —2d, 60 —d, 60 to be right-angled, by the Pythagorean
Theorem, the following equivalent equations must be true:

(60 — 2d)* + (60 — d)* = 60°
3600 — 240d + 4d” + 3600 — 120d + d* = 3600
5d* — 360d + 3600 = 0
d* —72d + 720 = 0
(d —60)(d —12) =0

Since d > 0, then d = 60 or d = 12, which give possible side lengths of —60,0, 60 (which
do not form a triangle) and 36, 48,60 (which do form a triangle).

Using a similar analysis, the area of this triangle is $(36)(48) = 864.

Therefore, the possible values for the area of such a triangle are 2400, 1350, and 864.

Solution 2

Suppose that a triangle has side lengths in arithemetic sequence.

Then the side lengths can be written as a — d, a,a + d for some a > 0 and d > 0.

Note that a —d < a < a +d.

For such a triangle to be right-angled, by the Pythagorean Theorem, the following equiv-
alent equations are true:

(a—d)?*+a* = (a+d)?
a’> — 2ad + d*> + a® = a® + 2ad + d?
a’® = 4ad

Since a > 0, then a = 4d, and so the side lengths of the triangle are a — d = 3d, a = 4d,
and a + d = 5d for some d > 0.

(Note that such triangles are all similar to the 3-4-5 triangle.)

If such a triangle has 60 as a side length, then there are three possibilities:

(i) 3d = 60: This gives d = 20 and side lengths 60, 80, 100.
Since the triangle is right-angled and its hypotenuse has length 100, then its area will
equal 1(60)(80) = 2400.
(ii) 4d = 60: This gives d = 15 and side lengths 45, 60, 75.
In a similar way to case (i), its area will equal (45)(60) = 1350.
(i) 5d = 60: This gives d = 12 and side lengths 36, 48, 60.
In a similar way to case (i), its area will equal (36)(48) = 864.

Therefore, the possible values for the area of such a triangle are 2400, 1350, and 864.
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7. (a) Solution 1
Suppose that Amrita paddles the kayak for p km and swims for s km.
Since Amrita leaves the kayak in the lake and it does not move, then Zhang swims p km
and paddles the kayak for s km.
Note that each paddles at 7 km/h and each swims at 2 km/h and each takes exactly 90
minutes (or 1.5 hours) to complete the trip.
If s < p, then Amrita would paddle farther and swim less distance than Zhang and so
would reach the other side in less time than Zhang.
If s > p, then Zhang would paddle farther and swim less distance than Amrita and so
would reach the other side in less time than Amrita.
Since they each take 90 minutes, then we must have s = p.
Alternatively, since each paddles at 7 km/h and each swims at 2 km/h and each takes
exactly 90 minutes (or 1.5 hours) to complete the trip, then we obtain the two equations

p p

L

S S
2 2=
72 p 7 =15

Using the fact that the right sides of these equations are equal, we obtain

+

w
VRS
N | —
|
| —
w —""Jl o] ®w
|
o]
VR
N | —
|
~| =
~~

NCNRVAIEN f e

=P
p. Dp_ 9 .3 T
Therefore, 7 + 5 = 1.5 or 14p =15= 5 and so p = 3
: 7 . 7/3 1 .
For Amrita to paddle these 3 km at 7 km/h, it takes — =3 hour, or 20 minutes.

7/3 7

7
For Zhang to swim these 3 km at 2 km/h, it takes o % hour, or 70 minutes.

The kayak is not being paddled for the period of time from when Amrita stops paddling
to the time when Zhang stops swimming, which is a period of 70 — 20 = 50 minutes.
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Solution 2

Let t; hours be the length of time during which Amrita paddles and Zhang swims.

Let t5 hours be the length of time during which Amrita swims and Zhang swims; the kayak
is not moving during this time.

Let t3 hours be the length of time during which Amrita swims and Zhang paddles.

Let d km be the total distance across the lake.

Since Amrita paddles at 7 km/h and swims at 2 km/h, then 7t; + 2ty + 2t3 = d.

Since Zhang paddles at 7 km/h and swims at 2 km/h, then 2t, + 2ty + Tt3 = d.

Since the kayak travels at 7 km/h and does not move while both Amrita and Zhang are
swimming, then 7t; 4+ 0ty + Tt3 = d.

Since Amrita and Zhang each take 90 minutes (% hours) to cross the lake, then the total
time gives t1 4 to + t3 = 3.

From 7t1 + 2t2 + 2t3 =d and 2t1 + 2t2 + 7t3 = d, we obtain 7t1 + 2t2 + 2t3 = 2t1 + 2t2 + 7t3
or bt; = 5tz and so t; = t3.

Since Ttq + 2ty +2t3 = d and Tty + 0ty + 7t3 = d and t; = t3, then Tt1 + 2ty + 2t = Tt1 + Tty
or 2ty = 5ty or ty = gtl.

Sincetl—l—t2+t3:%,thent1+gt1+t1:%or gtlzgandsotlzé.

Thus, ty = g% = % hours (or 50 minutes) is the period of time that the kayak is not moving.
From the first equation, = (3 +y — 22?%) = 0, we obtain z =0 or 1 +y — 22% = 0.
From the second equation, y (g +x — y) = 0, we obtain y = 0 or g +x—y=0.

If x = 0, the first equation is satisified.
For the second equation to be true in this case, we need y = 0 (giving the solution (0, 0))
or 2+0—y = 0. The second equation gives y = 2 (giving the solution (0, 2)).

If y = 0, the second equation is satisified.

For the first equation to be true in this case, we need = 0 (giving the solution (0,0)) or
++0— 222 = 0. The second equation gives 2> = { or z = +1 (giving the solutions (,0)
and (—3,0)).

So far, we have accounted for all solutions with = 0 or y = 0.

If z # 0 and y # 0, then for both equations to be true, we need % +y—22% =0 (or
142y —4a?=0)and 2 +z—y =0 (or 5+ 2z — 2y = 0).

Adding these two equations, we obtain 6 + 2z — 422 = 0.

This is equivalent to 22 — 2 — 3 = 0 or (22 — 3)(x + 1) = 0, whose solutions are 2 = 3
and x = —1.

The equation g + 2 —y =0 tells us that y = x + g

Ifx:%,theny:él; ifm:—l,theny:%.

Therefore, the complete list of pairs that satisfy the given system of equations is

(I,y) = (070)7 (O’ g)v (%70)7 (_%’0)7 (%74)7 (_1’ %) .
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8.

(a) Let LZEAF =0.

Since ABCD is a parallelogram, then AB and DC' are parallel with AB = DC', and DA
and CB are parallel with DA = CB.

Since AF is perpendicular to DC and AB and DC' are parallel, then AF is perpendicular
to AB.

In other words, ZEAB = 90°, and so ZFAB = 90° — 6.

Since AAF B is right-angled at F' and ZFAB = 90° — 0, then ZABF = 6.

Using similar arguments, we obtain that ZDAFE = 90° — § and ZADE = 6.

A i B
0 0°— 6 0
20 32
% H F
D E C

Since cos(ZEAF) = cosf =  and cos® 6 + sin® 6 = 1, then

sinf = V1 — cos? :,/1—52\/52232

(Note that sin@ > 0 since 6 is an angle in a triangle.)

. AF FB
In AAFB, sinf = 1B and cosf = 15

Since AF = 32 and sinf = %5, then AB =

S

AF 32 48
= = — = 24V2.
sinf - 2v/2/3 V2 v2
Since AB = 24+/2 and cosf = 5, then FB = ABcost = 24\/5(%) = 8v/2.
DE

, AE
In AAED, sinf = 1D and cosf = 1D

Since AF = 20 and sinf = %5, then AD =

AFE 20 30

sinf 2v/2/3 /2 15V2.
Since AD = 15v/2 and cosf = %, then DE = AD cos0 = 15\/5(%) = 5v/2.

(To calculate AD and DE, we could also have used the fact that AADE is similar to
AABF.)

Finally, the area of quadrilateral AECF' equals the area of parallelogram ABC'D minus
the combined areas of AAFB and AADE.

The area of parallelogram ABCD equals AB - AE = 244/2 - 20 = 480+/2.

The area of AAF B equals 3(AF)(FB) = 1(32)(8v/2) = 128V/2.

The area of AAED equals 1(AE)(DE) = 1(20)(5v/2) = 50v/2.

Thus, the area of quadrilateral AECF is 4802 — 128+v/2 — 50v/2 = 302/2.
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(b) Note that = # 1 since 1 cannot be the base of a logarithm. This tells us that logx # 0.
log b
oga
following equivalent equations:

Using the fact that log, b =

and then using other logarithm laws, we obtain the

log, z —log, 16 = % —log, 8
loge logl6 7 log8
— = - — te that 1 1
ogd  Togz 6 losx (note that = # 1, so logx # 0)
logx 7 n log 16 — log 8
log4 6 log x
log _ 7 N log(%)

log(22) 6  logz

logx 7  log2

2log2 6 logx

L flogz\ 7  log2

2 \log2/) 6 logx

) log . . . .
Letting t = 0a2 log, x and noting that ¢t # 0 since x # 1, we obtain the following
0g
equations equivalent to the previous ones:
t 7 n 1
2 6 ¢
3t2 =Tt +6 (multiplying both sides by 6t)
3P —Tt—6=0

(3t+2)(t—3)=0

Therefore, the original equation is equivalent to ¢ = —% ort=3.
Converting back to the variable z, we obtain log, xz = —% or log, x = 3, which gives
x=2"23orx=2=8.
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9.

(a) There are 2! = 1024 strings of ten letters, each of which is A or B, because there are

2 choices for each of the 10 positions in the string.

We determine the number of these strings that do not include the “substring” ABBA
(that is, that do not include consecutive letters ABBA) by counting the number of strings
that do include the substring ABBA and subtracting this total from 1024.

If a string includes the substring ABBA, there are 7 possible positions in which this sub-
string could start (ABBAxzzxxx, tABBAzzxxx, ..., zxxxcx ABBA).

There are 2 choices for each of the remaining 6 letters in such a string, so there are
7 - 2% = 448 occurrences of the substring ABBA among the 1024 strings.

This does not mean that there are 448 strings that contain the substring ABBA. Since
ABBA can appear multiple times in a single string, this total will count some strings more
than once. (For example, the string ABBAAAABBA is included in both the first and
seventh of these categories, so this string is counted twice.)

So we must “correct” this total of 448 by accounting for the strings in which ABBA occurs
more than once.

We note that, since two substrings of ABBA can overlap in 0 letters (for example,
ABBAABBAzz) or in 1 letter (for example, ABBABBAxzxx), then the maximum num-
ber of times that the substring ABBA can appear is 3, and there is only one such string:
ABBABBABBA.

If a string contains two copies of ABBA that overlap, then it must be of one of the fol-
lowing forms:

ABBABBAxzx TABBABBAzx xxABBABBAx zxxABBABBA

Since there are 4 choices for the starting position of ABBABBA and 2 choices for each of
the three unknown letters, then there are 4 - 23 = 32 occurrences of ABBABBA among
all of these strings.

But the string ABBABBABBA is counted in each of the first and last categories, so we
subtract 2 occurrences from this total to obtain 30, the total number of strings of ten
letters that included exactly two overlapping copies of ABBA. (We'll count the string
ABBABBABBA later.)

If a string contains exactly two substrings of ABBA and these do not overlap, then it
must be of one of the following forms:

ABBAABBAzx ABBAxABBAzx ABBAxzABBA
1tABBAABBAx TtABBAzABBA 1 ABBAABBA

Since there are 6 such forms and 2 choices for each of the 2 unknown letters in each case,
then there appear to be 6 - 22 = 24 such strings.

This total includes the string ABBABBABBA in the third category, so we subtract 1
from this total to obtain 23, the total number of strings of ten letters that include exactly
two copies of ABBA which do not overlap.

So there are 30 strings that contain exactly two overlapping substrings ABBA, 23 strings
that contain exactly two non-overlapping substrings ABBA, and 1 string that contains
exactly three substrings ABBA.

To get the total number of strings with one or more substrings ABBA we take the total
number of occurrences of ABBA (448), subtract the number of strings with exactly two
substrings ABBA (since these were included twice in the original count), and subtract
two times the number of strings with exactly three substrings ABBA (since these were
included three times in the original count).

Therefore, there are 448 — 23 — 30 — 2 - 1 = 393 strings that include at least one substring
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ABBA, and so there are 1024 — 393 = 631 strings of ten letters that do not include the
substring ABBA.



2016 Euclid Contest Solutions Page 13

(b) Solution 1
Rotate ADFC through an angle of 90° counterclockwise about D, so that DC now lies
along DA and F’ is outside the square, as shown.
Join F’ to E.

45° p
D C

Since AC'is a diagonal of square ABCD, then /EAD = /FCD = 45°.

Since ZEAD = 45° and ZF'AD = ZFCD = 45°, then /F'AE = 45° + 45° = 90°.
By the Pythagorean Theorem in AF'AE, we have F'E? = F'A? + AE?.

But F'A=FC = z and AE =z, so F'E? = 22 + 22

To show that y? = 22 + 22, it is sufficient to show that F'E = y.

Consider AF'DFE and AFDE.

Note that F'D = FD and Z/F'DA = ZFDC' by construction and ED = ED.

Also, /ZF'DE = /ZF'DA+ /EDA = /FDC + ZEDA = 90° — ZEDF = 45°, which tells
us that /F'DE = /FDE = 45°,

Therefore, AF'DFE is congruent to AFDE (side-angle-side), and so F'E = FE = y.
This gives us the desired conclusion that y? = 22 4 22.

Solution 2
Since AC'is a diagonal of square ABC' D, then /EAD = /FCD = 45°.
Let ZADE = 6.

Since the angles in a triangle have a sum of 180°, then
LAED =180° — LEAD — ZADE = 180° — 45° — 0 = 135° — 0

Since AEF is a straight angle, then ZDEF = 180°— ZAED = 180° — (135° —6) = 45°+0.
Continuing in this way, we find that ZEFD = 90° — 0, ZDFC = 90° + 0, and
ZFDC = 45° — 6.

A B
45°\X
E
1350
450N )
AN\ F
045° 90;0(3% Z
45°- 0 45°
D C
AF ED T ED

ing the sine law in AAED that = = .
Using the sine law in ORI W ZADE T sinZEAD ' sinf  sin45°

EF  ED y  ED
sinZEDF _ sinZEFD ' sind5® sin(90° — )

Using the sine law in ADFEF'| we see that
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EF FD Y FD
Using the sine law in ADEF that = = .
SIng Lhe sihe faw 1  wesee tha sin/EDF  sin/ZDEF of sin45°  sin(45° + 6)
FC FD z FD
Using the sine law in ADFC t = = )
SIS THE She faw i VOB GnZFDC T sinZDCF ' sin(45° — 0)  sind5°
L : . xsin45®  sin(90° — 0)
Dividing the first of these equations by the second, we obtain - = - or
ysin 6 sin 45°
r  sin(90° — 6)sin 6
Y B sin? 45° '
in 45° in(45° + 6
Dividing the fourth of these equations by the third, we obtain Z S = sm(' +9)
ysin(45° — 0) sin 45°

or

z  sin(45° + 0)sin(45° — 0)

Y B sin? 45° '

Since sin(90° — a) = cos « for every angle «, then sin(90° — 6) = cos 6.
Also, sin(45° 4 ) = sin(90° — (45° — 6)) = 1(308(450 —0).

x z
Using this and the fact that = = 2, the expressions for — and — become

sin®45°  (1/4/2)2 y Y

- 2cosfsin @ = sin 260
Yy

and

Z = 92c0os(45° — ) sin(45° — ) = sin(2(45° — 6)) = sin(90° — 20) = cos 20
y

Finally, this tells us that

2 22 2\ 2 2\ 2
_2_|__2:(_) +(—) = sin?260 + cos?20 = 1
Yy Y Yy Yy

2 2

Since — + — = 1, then 2% + 2* = 3%, as required.
Yy Y
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10.

(a)

Here, k = 10 and so there are 10 balls in each bag.

Since there are 10 balls in each bag, there are 10 - 10 = 100 pairs of balls that can be
chosen.

Let a be the number on the first ball chosen and b be the number on the second ball
chosen. To determine P(10), we count the number of pairs (a, b) for which ab is divisible
by 10.

If the number of pairs is m, then P(10) = d

100

For ab to be divisible by 10, at least one of a and b must be a multiple of 5 and at least
one of a and b must be even.

If a =10 or b = 10, then the pair (a,b) gives a product ab divisible by 10.

In this case, we obtain the 19 pairs

(a,b) = (1,10), (2,10), ..., (9,10), (10, 10), (10,9), ..., (10,2), (10, 1)

If neither a nor b equals 10, then either a = 5 or b = 5 in order for a or b to be divisible
by 5.

In this case, the other of a and b must be even and not equal to 10. (We have already
counted the pairs where a = 10 or b = 10.)

In this case, we obtain the 8 pairs

(a,b) = (5,2),(5,4),(5,6), (5,8),(2,5), (4,5),(6,5), (8,5)

From our work above, there are no additional pairs for which ab is divisible by 10.

Thus, there are 19 + 8 = 27 pairs (a, b) for which ab is divisible by 10, which means that
P(10) = %.
(We note that we could have made a 10 by 10 table that listed all possible combinations

of a and b and their product, from which we could obtain P(10).)

Let n be a positive integer with n > 2.
Consider f(n) =2n — 1. This is a polynomial in n.

We demonstrate that P(n) >
~ 2n—1
on
Suppose that there are two bags, each containing n balls labelled from 1 to n.

Since there are n balls in each bag, there are n? pairs of balls that can be chosen.

Let a be the number on the first ball chosen and b be the number on the second ball
chosen.

The pairs

for all positive integers n with n > 2 and that

P(n)

for infinitely many positive integers n with n > 2.

(a,b) =(1,n),(2,n),...,(n—1,n),(n,n),(n,n—1),...,(n,2),(n,1)

each have the property that ab is divisible by n.

There are (n — 1) + 14 (n — 1) = 2n — 1 of these pairs.

Therefore, at least 2n—1 of the pairs of balls that can be chosen have labels whose product
is divisible by n.

Since there are n? pairs that can be chosen and the number of pairs of balls with the
desired property is at least 2n — 1, then P(n) > 2n ; 1.

n
This proves the first part of what we needed to prove.
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Next, suppose that n = p, a prime number.

For ab to be divisible by p, then either a is divisible by p or b is divisible by p (or both).
(This property is not true when p is not a prime number; for example, 2 - 2 is divisible by
4 even though neither factor is divisible by 4.)

Since 1 < a < pand 1 < b < p, then if either a is divisible by p or b is divisible by p (or
both), we must have either a = p or b = p, or both.

In other words, ab is divisible by p exactly when (a,b) is in the list

(17p)7 (27p>7 EIR) (p - 17p)7 <p7p>7 (p7p - 1)7 R (p7 2)7 (p7 1)
There are 2p — 1 pairs in this list and these are the only pairs for which ab is divisible
by p.

om —
Therefore, P(n) = z

2

when n is a prime number.
n
2n —1

Since there are infinitely many prime numbers, then P(n) = for infinitely many

n
positive integers n with n > 2.

Thus, f(n) =2n — 1 is a polynomial with the desired properties.

Let N = 2* where k is a positive integer with k& > 2.
Suppose that there are two bags, each containing N balls labelled from 1 to N.
Since there are N balls in each bag, there are N? pairs of balls that can be chosen.
Let a be the number on the first ball chosen and b be the number on the second ball
chosen.
Let j be a positive integer with 1 < 5 < k — 1.
Consider pairs of the form (a,b) = (2/x,2%Jy) where x and y are odd positive integers
that keep a and b in the desired range.
Note that, in each case, ab = (272)(287y) = 2Fzy which is divisible by N = 2*.
Since 1 < a < 2%, then 1 < 272 < 2% and so z < 2+ 7.
Since half of the positive integers from 1 to 2577 are odd, then there are 32F7 = 2k=7—1
choices for x.
Similarly, there are 2¢F~(*=7)=1 = 27=1 choices for y.
Note that each choice of x and y gives a unique pair (a, b).
For any fixed j, there are 2¢=7=1 choices for  and 2/~! choices for y.
Thus, there are 2¥=7=1. 2171 = 2%=2 choices of this form for the pair (a, b).
So for a fixed j with 1 < j < k — 1, this method gives 282 pairs (a,b) for which ab is
divisible by N.
Since there are k — 1 different values for j, then there are at least (k—1)2%~2 pairs (a, b) for
which ab is divisible by N. (Note that two pairs that come from different values of j will
in fact be different since the number of factors of 2 in their values of a will be different.)
Since there are N? choices for (a,b), then

(k—1)282  (k—1)2F272 k-1

1
P(N) > = = i
(V) 2 N2 N? 4 N

When

1
> 2016, we will have P(NN) > 2016 - N

kE—1
The inequality 4 > 2016 is equivalent to £k — 1 > 8064 or k£ > 8065.
2016
We want to show that there exists a positive integer m with P(m) > —.
m
— 98066

Set.m 8065 1 _ 2016
By the work above, P(m) > 5
m

, as required.



The CENTRE for EDUCATION

in MATHEMATICS and COMPUTING
cemc.uwaterloo.ca

2015 FEuclid Contest

Wednesday, April 15, 2015

(in North America and South America)

Thursday, April 16, 2015

(outside of North America and South America)

Solutions

(©2015 University of Waterloo




2015 Euclid Contest Solutions Page 2

1.

(a)

102 -9*  100—81 19

0+9 19 19
Alternatively, we could factor 10? — 92 as a difference of squares to obtain

1.

Evaluating,

12_ 2 —
02-9 (1049109 o
1049 1049

noting that 10 + 9, which we divided from the numerator and denominator, is not equal
to 0.

1
Since +4:4, then v +1=4(z +4) and so x + 1 = 4z 4 16 or 3z = —15.

Therefore, 3z +8 = —154+8 = —7.
Alternatively, we could note that since 3x = —15, then z = —5.
Thus, 3xr +8 =3(—5)+8=—-15+8 = —T.

Since f(x) =2x — 1, then f(3) =2(3) —1=5.
Therefore, (£(3))2 +2(f(3)) +1 =5 +2(5) +1=25+10+1 = 36.
Alternatively, we could note that since f(z) = 2z — 1, then

(f(@)* +2(f(2)) +1=(f(2) +1)* = (22 — 1+ 1)* = 4a”

and so (f(3))* +2(f(3)) +1 = 4(3%) = 36.

Since v/a + y/a = 20, then 2\/a = 20 or y/a = 10, and so a = 10? = 100.

Let the radius of the larger circle be r.

Since the radius of the smaller circle is 1, then its area is 7 - 12 = .

Since the area between the circles is equal to the area of the smaller circle, then the area
of the larger circle is 7 + 7w = 2.

Thus, 712 = 27 or 72 = 2. Since r > 0, then r = /2.

Since 30 students had an average mark of 80, then the sum of the marks of these 30 stu-
dents was 30 - 80 = 2400.

After 2 students dropped the class, there were 28 students left. Their average mark was
82.

Thus, the sum of the marks of the remaining 28 students was 28 - 82 = 2296.

Therefore, the sum of the marks of the 2 students who dropped the class was 2400 — 2296

104
or 104, and so their average mark was - = 52.
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3. (a) Solution 1
Join AD.
Since BC' = CD and BD =4, then BC =CD = 2. Also, AB = BC =2.
Since AABC' is equilateral, then ZABC = ZACB = 60°.
Since ZACB = 60°, then ZACD = 180° — ZAC'B = 180° — 60° = 120°.

A

2 L 60°\120° b
T 1
2 C 2

Since AC'= CD, then AACD is isosceles with Z/CDA = ZCAD.
Each of these angles equals $(180° — ZACD) = 1(180° — 120°) = 30°.
Since ZABD = 60° and ZADB = 30°, then ZBAD = 90° and ADBA is a 30°-60°-90°

triangle.
Therefore, AD = V3AB = 24/3.

Solution 2

Join AD.

Since BC = CD and BD =4, then BC = CD = 2. Also, AC=CD = 2.
Since ZAC'B = 60°, then ZACD = 180° — ZACB = 180° — 60° = 120°.
By the cosine law in AACD,

AD?* = AC?+ CD?*—-2(AC)(CD)cos(LACD)
= 2%+ 2% —2(2)(2) cos 120°
= 4+4-8(—13)
= 12

Since AD? =12 and AD > 0, then AD = /12 = 2/3.

Solution 3

Join AD and drop a perpendicular from A to E on BC.

Since BC = CD and BD =4, then BC =CD = 2. Also, AB = BC =2.
Since AABC' is equilateral, then ZABC = ZACB = 60°.

Since ZABC = 60° and ZAEB = 90°, then AABE is a 30°-60°-90° triangle.
Thus, AE = Y2AB = /3.

Since ZACB = 60°, then ZACD = 180° — ZAC'B = 180° — 60° = 120°.

A

B 60°\120° | D
E C

Since AC'= CD, then AACD is isosceles with Z/CDA = ZCAD.
Each of these angles equals $(180° — ZACD) = $(180° — 120°) = 30°.
But ADAEFE is then a 30°-60°-90° triangle, so AD = 2AFE = 2/3.
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(b) Points N(5,3) and P(5,¢) lie on the same vertical line. We can consider NP as the base
of AMN P. Suppose that the length of this base is b.
The corresponding height of AMN P is the distance from M (1,4) to the line through N
and P. Since M lies on the vertical line x = 1 and N and P lie on the vertical line x = 5,
then the height is h = 4.

A

PG5, c)

NG, 3)

PS5 ¢c)

Since the area of AM NP is 14, then %bh = 14.

Since h = 4, then 1b(4) =14 or 2b =14 and so b =T.

Therefore, P(5,¢) is a distance of 7 units away from N (5, 3).

Since N P is a vertical line segment, then c =3+ 7 or c =3 —7, and so ¢ = 10 or ¢ = —4.
The sum of these two values is 10 + (—4) = 6.

(We could also have noted that, since the two values of ¢ will be symmetric about y = 3,
then the average of their values is 3 and so the sum of their values is 2 -3 = 6.)

4. (a) To find the y-intercept, we set z = 0 and obtain
y=(=1(=2)(=3) = (=2)(=3)(—4) = (=6) — (-24) =18 .
To find the z-intercepts, we first simplify using common factors:
y = (z=1)(z=2)(z=3)=(2-2)(z=3)(z—4) = (z=2)(z=3) ((x — 1) — (x — 4)) = 3(z—2)(2—3)

To find the a-intercepts, we set y = 0 and obtain 3(z — 2)(x — 3) = 0 which gives x = 2
or r = 3.
Therefore, the y-intercept is 18 and the z-intercepts are 2 and 3.

(b) To find the points of intersection of the graphs with equations y = 2 — 2? + 3z — 4 and
y = ax® — x — 4, we equate values of y and solve for x.
We want to find all values of a for which there are exactly two values of x which are
solutions to 23 — 2% + 3z — 4 = az? — v — 4.
Solving, we obtain

-2 +3r -4 = ar’—2x—4
=2 —ar® +4r = 0
2* —(a+1)2*+4z = 0
vz —(a+ Dz +4) = 0

Therefore z =0 or 22 — (a + 1)z +4 = 0.
Note that 2 = 0 is not a solution to 22 — (a4 1)z +4 = 0, since when z = 0 is substituted
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into the left side, we obtain 4 and not 0.

Therefore, for there to be exactly two points of intersection between the two graphs, the
quadratic equation 2% — (@ + 1)x + 4 = 0 must have exactly one solution.

Setting the discriminant equal to 0 (to obtain a single root), we obtain (a+1)?—4(1)(4) =0
or (a+1)? = 16, which gives a + 1 = +4.

Ifa+1=4,thena=3;ifa+ 1= —4, then a = —5.

Therefore, the values of a for which the graphs with equations y = 2% — 22 + 32 — 4 and

y = ax® — x — 4 intersect at exactly two points are a = 3 and a = —5.
(We can check that y = 2® — 2%+ 3z — 4 and y = 322 — x — 4 intersect exactly when z = 0
and x = 2, and that y = 2% — 22 + 32 — 4 and y = —52% — o — 4 intersect exactly when

r=0and x = —2.)

5. (a) Suppose that AB = AC = DE = .
Since DB =9, then AD = x — 9.
Since EC' = 8, then AE =z — 8.
By the Pythagorean Theorem in AADE,
AD*+ AE®* = DE?
(x—9)2+ (v —8)* = 2?
2’ — 18z + 81 + 2 — 162 + 64 =
1? — 3x + 145 =
(x —=5)(x—29) =

S O 8 R

Therefore, x =5 or x = 29.
Since © > 9 (because AB > DB =9), then DE = 29.

(b) Since each list contains 6 consecutive positive integers and the smallest integers in the lists
are a and b, then the positive integers in the first list are a,a + 1,a+ 2,a+3,a+4,a+5
and the positive integers in the second list are b,b+ 1,0+ 2,0+ 3,b+ 4,b+ 5.

Note that 1 < a < b.

We first determine the pairs (a, b) for which 49 will appear in the third list, then determine
which of these pairs give a third list that contains no multiple of 64, and then finally keep
only those pairs for which there is a number in the third list larger than 75.

The first bullet tells us that 49 is the product of an integer in the first list and an integer
in the second list.

Since 49 = 72 and 7 is prime, then these integers are either 1 and 49 or 7 and 7.

If 1 is in one of the lists, then either a = 1 or b = 1. Since 1 < a < b, then it must be that
a=1.

If 49 is in the second list, then one of b,b + 1,b+ 2,0+ 3,b+ 4,b + 5 equals 49, and so
44 < b < 49.

Therefore, for 1 and 49 to appear in the two lists, then (a,b) must be one of

(1,49), (1,48), (1,47), (1,46), (1,45), (1, 44) .

If 7 appears in the first list, then one of a,a + 1,a + 2,a + 3,a + 4,a + 5 equals 7, so
2 < a < 7. Similarly, if 7 appears in the second list, then 2 < b < 7.

Therefore, for 7 to appear in both lists, then, knowing that a < b, then (a,b) must be one
of

(2,3),(2,4),(2,5),(2,6),(2,7),(3,4),(3,5),(3,6),(3,7), (4,5), (4,6), (4,7), (5,6), (5,7), (6,7) .
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The second bullet tells us that no pair of numbers in the first and second lists have a
product that is a multiple of 64.

Given that the possible values of a and b are 1,2,3,4,5,6,7,44,45,46,47,48,49, then the
possible integers in the two lists are those integers from 1 to 12, inclusive, and from 44 to
54, inclusive. (For example, if the first number in one list is 7, then the remaining numbers
in this list are 8, 9, 10, 11, 12.)

There is no multiple of 32 or 64 in these lists.

Thus, for a pair of integers from these lists to have a product that is a multiple of 64, one
is a multiple of 4 and the other is a multiple of 16, or both are multiples of 8.

If (a,b) = (1,48),(1,47),(1,46), (1,45), (1,44), then 4 appears in the first list and 48 ap-
pears in the second list; these have a product of 192, which is 3 - 64.

If (a,b) = (1,49), there is a multiple of 4 but not of 8 in the first list, and a multiple of 4
but not of 8 in the second list, so there is no multiple of 64 in the third list.

If (a,b) = (3,4),(3,5),(3,6),(3,7),(4,5),(4,6),(4,7),(5,6),(5,7),(6,7), then 8 appears in
both lists, so 64 appears in the third list.

If (a,b) = (2,3),(2,4),(2,5),(2,6),(2,7), then there is no multiple of 8 or 16 in the first
list and no multiple of 16 in the second list, so there is no multiple of 64 in the third list.
Therefore, after considering the first two bullets, the possible pairs (a, b) are (1,49), (2, 3),
(2,4),(2,5),(2,6),(2,7).

The third bullet tells us that there is at least one number in the third list that is larger
than 75.

Given the possible pairs (a, b) are (1,49), (2,3), (2,4), (2,5), (2,6), (2, 7), the corresponding
pairs of largest integers in the lists are (6, 54), (7,8),(7,9), (7,10), (7,11), (7,12).

The corresponding largest integers in the third list are the products of the largest integers
in the two lists; these products are 324, 56,63, 70, 77, 84, respectively.

Therefore, the remaining pairs (a, b) are (1,49),(2,6), (2,7)

Having considered the three conditions, the possible pairs (a,b) are (1,49),(2,6),(2,7).
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6.

(a)

We are told that when a, b and ¢ are the numbers in consecutive sectors, then b = ac.
This means that if ¢ and b are the numbers in consecutive sectors, then the number in the

b
next sector is ¢ = —. (That is, each number is equal to the previous number divided by

a
the one before that.)
Starting with the given 2 and 3 and proceeding clockwise, we obtain

3 3 3/2 1 1/2 1 1/3 2 2/3_2 2_3 3
T2t 3 27 3/2 3 12 3 1/3 7 2/30 T2
After the first 6 terms, the first 2 terms (2 and 3) reappear, and so the first 6 terms will
repeat again. (This is because each term comes from the previous two terms, so when

two consecutive terms reappear, then the following terms are the same as when these two
consecutive terms appeared earlier.)

36
Since there are 36 terms in total, then the 6 terms repeat exactly — = 6 times.
3 1 1 2
Therefore, the sum of the 36 numbers is 6 (2 +3+ stst 3 + 5) = 6(2+3+2+1) =48.
We consider two cases: z > —1 (that is, v +1 > 0) and = < —1 (that is, v +1 < 0). Note
that x # —1.

Case 1: z > —1

x? —

1
positive, to obtain 0 < z? — 11 < 7Tz ++7.
Thus, 22 —11 >0 and 22 — 11 < Tz + 7.
From the first, we obtain 2 > 11 and so > /11 or < —/11.

Since x > —1, then x > v/11. (Note that —/11 < —1.)

From the second, we obtain z*> — 7z — 18 < 0 or (z — 9)(z + 2) < 0. Thus, -2 < x < 9.
(Since y = x? — 7x — 18 represents a parabola opening upwards, its y-values are negative
between its z-intercepts.)

Since z > —1 and -2 < x <9, then —1 < x < 9.

Since z > V11l and -1 <z < 9, then the solution in this case is V1l <z < 9.

1
We take the given inequality 0 < < 7 and multiply through by = + 1, which is

Case 2: z < —1

x? —

1
negative, to obtain 0 > 2% — 11 > 7z —:_7.
Thus, 22 — 11 < 0 and 22 — 11 > 72 + 7.
From the first, we obtain 22 < 11 and so V11 <z < V11.

Since 2 < —1 and =1l <z < \/ﬁ, then —V11 < z < —1.

From the second, we obtain 22 — 7z — 18 > 0 or (z — 9)(z + 2) > 0. Thus, z < —2 or
x> 9. (Since y = 22 — 7z — 18 represents a parabola opening upwards, its y-values are
positive outside its z-intercepts.)

Since © < —1, we obtain z < —2.

Since —V11 <2z < —1 and z < —2, then the solution in this case is V1l <z < =2.

2

1
< 7 and multiply through by x + 1, which is

We take the given inequality 0 <

1
In summary, the values of x for which 0 < < 7 those r with —v/11 < x < —2 and

those £ with v11 < 2z < 9.

X
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7. (a)

Join BE.

F E D

Since AFBD is congruent to AAEC, then FFB = AFE.

Since AFAB and AAFFE are each right-angled, share a common side AF and have equal
hypotenuses (F'B = AF), then these triangles are congruent, and so AB = FE.

Now BAFE has two right angles at A and F' (so AB and F'E are parallel) and has equal
sides AB = F'E so must be a rectangle.

This means that BCDFE is also a rectangle.

Now the diagonals of a rectangle partition it into four triangles of equal area. (Diagonal
AFE of the rectangle splits the rectangle into two congruent triangles, which have equal
area. The diagonals bisect each other, so the four smaller triangles all have equal area.)
Since i of rectangle ABEF is shaded and ;11 of rectangle BCDF is shaded, then }1 of the
total area is shaded. (If the area of ABEF is z and the area of BCDFE is y, then the total
shaded area is %x + }Ly, which is i of the total area x + y.)

Since AC' = 200 and C'D = 50, then the area of rectangle ACDF is 200(50) = 10000, so
the total shaded area is (10 000) = 2500.

Suppose that the arithmetic sequence ay, as, as, ... has first term a and common differ-
ence d.
Then, for each positive integer n, a, = a + (n — 1)d.
Since a; = a and as = a + d and a; # as, then d # 0.
. . . a2 Qe 2
Since aq, as, ag form a geometric sequence in that order, then — = — or (a2)* = a;as.
aq a9
Substituting, we obtain

(a+d)?* = ala+5d)
a’+2ad+d* = a®+5ad
> = 3ad
d = 3a (since d # 0)

Therefore, a, =a+ (n —1)d=a+ (n — 1)(3a) = (3n — 2)a for each n > 1.
Thus, a4 = (3(4) — 2)a = 10a, and a; = (3k — 2)a. (Note that a; = (3(1) — 2)a = a.)
For ay, a4, ai, to also form a geometric sequence then, as above, (a4)? = ajag, and so

(10a)*> = (a)((3k —2)a)
100a®> = (3k —2)a®

Since d # 0 and d = 3a, then a # 0.

Since 100a? = (3k — 2)a? and a # 0, then 100 = 3k — 2 and so 3k = 102 or k = 34.
Checking, we note that a; = a, ay = 10a and a3y, = 100a which form a geometric sequence
with common ratio 10.

Therefore, the only possible value of k is k = 34.
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8. (a) First, we note that since k is a positive integer, then k > 1.
Next, we note that the given parabola passes through the point (0, —5) as does the given
2

0
circle. (This is because if x = 0, then y = T~ 5 = =5 and if (z,y) = (0,—5), then

2?2 +y? = 02+ (=5)? = 25, so (0, —5) satisfies each of the equations.)

Therefore, for every positive integer k, the two graphs intersect in at least one point.

If y = =5, then 22 + (=5)? = 25 and so 22 = 0 or x = 0. In other words, there is one
point on both parabola and circle with y = —5, namely (0, —5).

Now, the given circle with equation z? 4+ y* = 25 = 5% has centre (0,0) and radius 5.
This means that the y-coordinates of points on this circle satigfy -5 <y <h.

x
To find the other points of intersection, we re-write y = - 5 as ky = 2% — 5k or
1? = ky + 5k and substitute into 2% 4+ y? = 25 to obtain

(ky +5k) +y* = 25
y? + ky + (5k — 25) =
(y+5)(y+(k=5) = 0

andsoy=—-5ory=>5—k.

(We note that since the two graphs intersect at y = —5, then (y + 5) was going to be a
factor of the quadratic equation y? + ky + (5k —25) = 0. If we had not seen this, we could
have used the quadratic formula.)

Therefore, for y = 5 — k to give points on the circle, we need —5 <5 —k and 5 — k < 5.
This gives £ < 10 and k£ > 0.

Since k is a positive integer, the possible values of k to this point are k = 1,2,3,4,5,6,7, 8,9, 10.
If k=1, then y =5 — 1 = 4. In this case, 2° +4%2 = 25 or 22 = 9 and so z = £3.

This gives the two points (3,4) and (—3,4) which lie on the parabola and circle.
Consider the three points A(3,4), B(—3,4) and C(0, —5).

Now AB is horizontal with AB = 3 — (—3) = 6. (This is the difference in z-coordinates.)
The vertical distance from AB to C is 4 — (=5) = 9. (This is the difference in y-
coordinates.)

Therefore, the area of AABC is 1(6)(9) = 27, which is a positive integer.

We now repeat these calculations for each of the other values of £ by making a table:

k| y |x=24/25—1y? Base Height Area of triangle
1] 4 +3 3—(-3)=64—(-5)=9 27
2| 3 +4 4—(—4)=8|3—-(-5)=8 32
3| 2 ++/21 2v/21 7 721
411 ++/24 2v/24 6 6v/24
510 +5 10 5 25
6 | —1 ++/24 2v/24 4 4/24
7| =2 ++/21 2v/21 3 3v21
8 | —3 +4 8 2 8

9 | —4 +3 6 1 3
10| =5 0

When £ = 10, we have y = 5 — k = —5 and = = 0 only, so there is only one point of
intersection.

Finally, the values of k for which there are three points of intersection and for which the
area of the resulting triangle is a positive integer are k = 1,2,5,8,9.
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(b) Suppose that M is the midpoint of Y Z.
Suppose that the centre of the smaller circle is O and the centre of the larger circle is P.
Suppose that the smaller circle touches XY at C' and X Z at D, and that the larger circle
touches XY at F and XZ at F.
Join OC', OD and PE.
Since OC and PFE are radii that join the centres of circles to points
of tangency, then OC and PFE are perpendicular to XY
Join X M. Since AXY Z is isosceles, then X M (which is a median
by construction) is an altitude (that is, XM is perpendicular to
Y Z) and an angle bisector (that is, ZMXY = /ZMXZ). CAJAAD
Now X M passes through O and P. (Since XC and XD are tan-
gents from X to the same circle, then XC' = X D. This means that g F
AXCO is congruent to AX DO by side-side-side. This means that P
ZO0X(C = ZOXD and so O lies on the angle bisector of ZCX D,
and so O lies on X M. Using a similar argument, P lies on XM.) Y M VA
Draw a perpendicular from O to T on PE. Note that OT is parallel
to XY (since each is perpendicular to PE) and that OCET is a
rectangle (since it has three right angles).
Consider AXMY and AOTP.
Each triangle is right-angled (at M and at T).
Also, ZYXM = ZPOT. (This is because OT is parallel to XY, since both are perpen-
dicular to PE.)

Therefore, AX MY is similar to AOTP.
XY OP
Thus, =

YM  PT

Now XY =a and YM = %b.

Also, OP is the line segment joining the centres of two tangent circles, so OP =r + R.
Lastly, PI'= PE—ET = R—r,since PE = R, ET = OC = r, and OCET is a rectangle.

Therefore,
a _ R+r
b/2  R—r
2a¢ _ R+
b R-r
2a(R—71) = b(R+7)
2aR — bR = 2ar+br
R(2a—b) = r(2a+b)
R 2a +b
oo zx (since 2a > b so 2a — b # 0, and r > 0)
r 2a —b
Therefore, 2a+5

T 2a—0b
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9. Using logarithm rules log(uv) = logu + logv and log(s') = tlogs for all u,v,s > 0, the first
equation becomes

(log z)(logy) — 3logh — 3logy — log8 — logx =

I
2 2 2 2 8

(logz)(logy) — logx — 3logy — log 8 — log 5°
(log z)(logy) — logx — 3logy — log(8 - 125)
(logx)(logy) — log x — 3logy — log(1000) =
(logz)(logy) —logz — 3logy — 3 =

Similarly, the second equation becomes

(logy)(logz) — 4logh — 4logy — log 16 — logz =

(logy)(logz) — 4logy —log z — 4log 5 — log 16
(logy)(log z) — 4logy — log z — log(5* - 16) =
(logy)(log z) — 4logy — log z — log(10000)

(logy)(logz) —4logy —logz —4 =

S o o o o

And the third equation becomes

(log z)(logz) — 4log 8 — 4logx — 3log 625 — 3logz =
(log z)(logz) —4logz — 3log z — 4log 8 — 3log 625 =
(log 2)(logx) — 4logx — 3log z — log(8* - 625%) =
(log 2)(log x) — 4log x — 3log 2z — log(2"* - 5'2)
(log z)(log z) — 4logx — 3log z — 12

S O O o O

Since each of the steps that we have made are reversible, the original system of equations is
equivalent to the new system of equations

(logz)(logy) —logz — 3logy — 3 =
(logy)(logz) —4logy —logz—4 = b
(log z)(logz) —4logx — 3logz — 12 = ¢

Next, we make the substitution X = logz, ¥ = logy and Z = logz. (This is equivalent to
saying z = 10%, y = 10Y and 2z = 107.)
This transforms the system of equations to the equivalent system

XY -X-3Y -3 =
YZ-4Y -7 -4 =D
XZ—-4X -3Z-12 = ¢
We re-write the first of these three equations as X(Y — 1) — 3Y — 3 = a and then as

XY —-1)—3(Y —1)—6 =a and then as (X —3)(Y —1) =a +6.
In a similar way, we re-write the second and third of these equations to obtain the equivalent

system
(X=-3)(Y—-1) = a+6
Y -1)(Z-4) = b+8
(X =3)(Z—4) = c+2
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Next, we make the substitution p = X —3, ¢ =Y — 1 and r = Z — 4. (This is equivalent to
saying X =p+3,Y =q+1land Z=r+4,or x = 10P"3, y = 107! and z = 10"™.)
This transforms the original system of equations into the equivalent system

pqg = a+6
qgr = b+8
pr = c+24

We again note that this system of equations is equivalent to the initial system of equations,
and each solution of this system corresponds with a solution of the initial system.

(a)

Suppose that a = —4, b =4 and ¢ = —18.
Then the last version of the system is

pg = 2
qgr = 12
pr = 6

Multiplying the three equations together gives p?¢*r? = 2-12-6 = 144.
Since (pqr)? = 144, then pqr = £12.

+12 +12 +12
IE:—ziGandp:]ﬁ:—:ilandq:@

2 qr 12 pr 6

Therefore, the solutions to the last version of the system are (p,q,r) = (1,2,6) and
<p7 Q7r) = (_17 _27 _6)
Converting back to the original variables, we see that the solutions to the original system
when (a, b, c) = (—4,4,—18) are (z,y, z) = (10%,103,10'°) and (z,y, z) = (102,101, 1072).
We consider the various possibilities for the product, (a + 6)(b + 8)(c + 24), of the right
sides of the equations in the final form of the system above: whether it is positive, negative
or equal to 0.

Case 1: (a+6)(b+8)(c+24) <0

Asin (a), we multiply the three equations together to obtain (pgr)? = (a+6)(b+8)(c+24).
Since the left side is at least 0 and the right side is negative, then there are no solutions
to the system of equations in this case.

Case 2: (a+6)(b+8)(c+24) >0

As in (a), we multiply the three equations together to obtain (pgr)? = (a+6)(b+8)(c+24).
Since (pgr)? = (a + 6)(b + 8)(c + 24) and (a + 6)(b + 8)(c + 24) > 0, then
pqr = £+/(a +6)(b+ 8)(c + 24).

Since (a + 6)(b+ 8)(c + 24) > 0, then /(a + 6)(b + 8)(c + 24) is well-defined.

Also, since (a + 6)(b+ 8)(c+ 24) > 0, then each of a + 6, b+ 8, ¢ + 24 is non-zero, so we
can divide by each of these quantities.

Therefore, r =

As we did in (a), we can solve to obtain

pqr £/ (a+6)(b+8)(c+24)

p= qr - b+8

., - pqr ++/(a +6)(b+ 8)(c + 24)
pr c+24

. ]ﬁ:i\/(a+6)(b+8)(c+24)

pq a—+06
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Since (a + 6)(b + 8)(c + 24) > 0, these are all valid fractions and there are exactly two
triples (p,q,r) that are solutions and so two triples (x,y,z) that are solutions to the
original system.

Case 3: (a+6)(b+8)(c+24)=0

Suppose that exactly one of a + 6, b+ 8 and ¢ + 24 equals 0.

Without loss of generality, suppose that a +6 =0, b+ 8 # 0 and ¢+ 24 # 0.

Since pg =a+6 =0, then p =0 or ¢ = 0.

In this case, either gr = 048 or pr = ¢+ 24 will equal 0, which contradicts our assumption
that neither b + 8 nor ¢ + 24 is 0.

Therefore, it cannot be the case that exactly one of a + 6, b+ 8 and ¢ 4 24 equals 0.

Suppose next that exactly two of a + 6, b+ 8 and ¢ + 24 equal 0.

Without loss of generality, suppose that a +6 =b+ 8 =0 and ¢ + 24 # 0.

Since pr = ¢+ 24 # 0, then p # 0 and r # 0.
Sincepg=a+6=0and qr =b+8=0and p# 0 and r # 0, then ¢ = 0.

In this case, any triple (p,q,r) with ¢ = 0 and pr = ¢+ 24 # 0 is a solution to the system
of equations.

Thus, when a +6 =b+8 =0 and ¢+ 24 # 0 (that is, (a,b,c) = (—6,—8, ¢) with ¢ # 24),
c+24

each triple (p,q,r) = (p, 0, ) with p #£ 0 is a solution to the system of equations.

Each of these solutions corresponds to a solution to the original system of equations in
(x,y, 2), so if (a,b,c) = (=6, —8, ¢) with ¢ # 0, then there are infinite number of solutions
to the system of equations.

Similarly, if (a, b, ¢) = (—6,b, —24) with b # —8 (that is,if p=a+6 =0and r = c+24 =0
but ¢ =b+ 8 #0) or (a,b,c) = (a,—8, —24) with a # —6, then there are infinitely many
solutions (x,y, z) to the original system of equations.

Finally, we must consider the case of a +6 =b+8 =c+ 24 = 0.

Here, we must solve the system of equations

rq =
qgr = 0
pr = 0

Each triple (p,q,7) = (0,0,7) is a solution of this system and there are infinitely many
such solutions. (This is not all of the solutions, but represents infinitely many solutions.)
Therefore, when (a,b,c) = (—6,—8,—24), there are also infinitely many solutions to the
original system of equations.

Therefore, the system of equations has an infinite number of solutions (x,y, z) precisely
when (a, b, c) = (=6, —8, ¢) for some real number c or (a, b, c) = (—6,b, —24) for some real
number b or (a,b,c) = (a,—8, —24) for some real number a or (a,b,c) = (—6,—8,—24).
(This last triple is in fact included in each of the previous three families of triples.)
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10.

(a)

The subsets of C, are:
{+ {1 {22 {3} {4
{1,2} {1,3} {1,4} {2,3} {2,4} {3,4}
{1,2,3} {1,2,4} {1,3,4} {2,3,4} {1,2,3,4}

(There are 16 such subsets including the empty set {} and the complete set Cy = {1,2,3,4}.)
Consider the Furoni family A = {{1, 2}, {1, 3}, {1,4}}.

Each of the following subsets of C} is already an element of A: {1,2},{1,3}, {1,4}.

Each of the following subsets of C4 is a subset of one or more of the elements of A:

{1 {13, {2}, {3}, {4}

Each of the following subsets of C; has the property that one or more of the elements of
A is a subset of it: {1,2,3},{1,2,4},{1,3,4},{1,2,3,4}.

Since a Furoni family of C); cannot contain two subsets of Cy one of which is a subset of
the other, none of the subsets in either of these two lists can be added to A to form a
larger Furoni family.

This leaves the following subsets of Cj to consider as possible elements to add to A:
{2,3},{2,4},1{3,4},{2,3,4}.

If {2,3,4} is added to A to form A’ = {{1,2},{1,3},{1,4},{2,3,4}}, then A’ is still a
Furoni family of Cy and none of {2,3},{2,4},{3,4} can be added, since each is a subset
of {2,3,4}. Therefore, A’ is a Furoni family of C, to which no other subset can be added.
If any of {2,3},{2,4},{3,4} is added to A, then {2,3,4} cannot be added (since each of
these three two elements sets is a subset of {2, 3,4}) but each of the remaining two element
sets can be still added without violating the conditions for being a Furoni family.

Thus, A” = {{1,2},{1,3},{1,4},{2,3},{2,4},{3,4}} is a Furoni family of C, to which
no other subset can be added.

Therefore, the two Furoni families of C'y that contain all of the elements of A and to which
no further subsets of C; can be added are

A= {{1’ 2}7 {1’ 3}7 {17 4}7 {27 3, 4}} A" = {{1’ 2}7 {17 S}v {17 4}’ {27 3}’ {27 4}7 {37 4}}

Solution 1

Suppose that n is a positive integer and F' is a Furoni family of (), that contains ay ele-
ments that contain exactly k integers each, for each integer k£ from 0 to n, inclusive.
Consider each element E of F'.

Each F is a subset of C),. Suppose that a particular choice for F contains exactly k ele-
ments.

We use E to generate k!(n — k)! permutations o of the integers in C,, = {1,2,3,...,n}
by starting with a permutation « of the elements of E and appending a permutation 3 of
the elements in C,, not in F.

Since there are k elements in F, there are k! possible permutations a.

Since there are n — k elements in C), that are not in E, there are (n — k)! possible permu-
tations [.

Each possible a can have each possible 5 appended to it, so there are k!(n — k)! possible
permutations ¢ = «|f. (The notation “«a|3” means the permutation of C,, formed by writ-
ing out the permutation « (of the elements of E) followed by writing out the permutation
S (of the elements of C), not in E).)

Each of these k!(n — k)! permutations generated by E is indeed different, since if two per-
mutations ¢ = «|f and ¢’ = /|’ are equal, then since a and o’ are both permutations
of the elements of F, then they have the same length and so «|8 = o/|" means a = «'.
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This then means that 5 = 8’ and so the permutations started out the same.

We repeat this process for each of the elements E of F'.

Since, for each k, there are a; subsets of size k in F', then the total number of permutations
that this generates is

agOl(n — )+ a1 ll(n — )+ -+ ap_1(n— Dl (n—(n— 1)1 + a,nl(n —n)!

If each of these permutations is different, then this total is at most n!, since this is the
total number of permutations of the elements of C,,.

Is it possible that two elements E and G of F' generate identical permutations of the
elements of C), in this way?

Suppose that two permutations o = «|f (generated by E) and ¢’ = /| (generated by
() are identical.

Suppose that E contains k elements and G contains &’ elements.

Either k < k' or k' < k (or both, if they are equal).

Without loss of generality, suppose that k < k’.

Then the length of a (which is k) is less than or equal to the length of o/ (which is £’).
But «|8 = o/|f, so this means that the first & entries in o/ are equal to the first &k entries
in a.

But the entries in « are the elements of F and the entries of o are the elements of G, so
this means that E is a subset of G, which cannot be the case. This is a contradiction.
Therefore, each of the permutations generated by each of the subsets of ), contained in

F'is unique.
Therefore,

ag0l(n —0)! + a1 ll(n — D)+ -+ ap_1(n —l(n— (n— 1)1+ a,nl(n —n)! <nl
Dividing both sides by n!, we obtain successively

ag0l(n —0)! + a1 ll(n — D)+ -+ ap_1(n —Dl(n— (n— 1)1 + a,nl(n —n)! < n!
|

0!(n — 0)! 1(n —1)! —1)! — 1)1 '(n —mn)!
I T S D ‘<n ) +an"<”,”> o
1 1 1
ap +a1 +an1 Sl
n n n
Qo + . Ap—1 Gy, <1

GENEANGN

as required.
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Solution 2

Suppose that n is a positive integer and that F'is a randomly chosen Furoni family of C,,.
Consider L = {{},{1},{1,2},{1,2,3},{1,2,3,...,n}}.

The probability that the intersection of L and F' is non-empty is at most 1.

Note that since each element of L is a subset of all of those to its right in the listing of L,
then at most one of the elements of L can be in F.

If k is an integer with k& > 0, the probability that {1,2,3,...,k} is an element of F is
ay,

]

n
There are ( k) subsets of C,, that contain exactly k integer.

The probability that any particular one of these subsets is {1,2,3,...,k} equals
1

N
k
Since ay, of these subsets are in F', then the probability that one of these a; subsets
a
is {1,2,3,...,k} equals Tk
(1)
(Note that we use the convention that if k& = 0, then {1,2,3,...,k} = {}.)

The probability that any of the elements of L is in F' is the sum of the probability of each
element being in F', since at most one of the elements in L is in F.

Therefore,
n n\
n—1 n

Set M = (Z) where k = in if nis even and k = (n — 1) if n is odd.

2

, where ay is the number of elements in F' that contain exactly k integers:

as required.

n
Then < M for every integer r with 0 < r < n. (Recall that the largest entries in
T

Pascal’s Triangle are the one or two entries in the middle of each row. We prove this
algebraically at the end.)
From (b),

Multiplying through by M, we obtain
M M M M

I A R

Since M is at least as large as each binomial coefficient, then each of the fractions on the
left side is larger than 1 and so

M

n

0

Qo

ap+ar+---+ap—1t+a, < ag + ot ap
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Therefore, the total number of elements in the Furoni family F', which is ag+ a1+ - -+ a,,
is at most M.
Is it possible to find a Furoni family of size M?

k

same size can be subsets of each other without being equal. Therefore, the largest Furoni

n
Yes — the M = ) subsets of (), of size k form a Furoni family, since no two sets of the

family of C), has size (Z) when n = 2k or n = 2k + 1 for some non-negative integer k.

We now prove the algebraic result above.
) n n! n! n
First, we note that = = = .
r r

mn—r)! (n—r)(n—(n—r))! n—r

Therefore, if (n) < (Z) for all » < k, then (n < (n) for all k, since if s > k, then
T
<

r k
n

s:n—rforsomerﬁkandso(n):(> (n)
s r k

Suppose first that n = 2k for some positive integer k.
n n

We prove that ( ) < (k) for each integer r with 0 <r < k:
r

(n>_ (2K) T 1 (2k —r)!

Since n = 2k, then

k k'Kk!
If r = k — d for some non-negative integer d, then
k! k! kk!  k(k-1)---(k—d+1) kK k-1 k-d+1

2k —r) (k—d)l(k+d)!  (k+10)k+2)---(k+d) k+1k+2  k+d
Since the right side is the product of d non-negative fractions, each of which is
smaller than 1, then their product is smaller than 1.

Thus, <n) < (n) if0<r<k
r k

Suppose next that n = 2k 4 1 for some non-negative integer k.

We prove that (n) < (Z) for each integer r with 0 < r < k:
r

Since n = 2k + 1, then

n (2k + 1)!
('r) Crlk+1—-r)t K (B!

n\  @k+1)! ol (2k+1—r)
(k:) El(k+ 1)!
If r = k — d for some non-negative integer d, then
Eo(k+1)0 kl(k +1)!
rlk+1—r) (k—d)(k+1+d)
k(k—1)---(k—d+1)
(k+2)(k+3)---(k+1+4d)
k k=1 k—-d+1
T k+2k+3  k+l+d
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Since the right side is the product of d non-negative fractions, each of which is
smaller than 1, then their product is smaller than 1.

Thus, (n) < (n) if0<r<k.
r k

This completes our proof.
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1. (a)
(b)

(c)

VI6++v9 443 7

Evaluating, N N

Since the sum of the angles in a triangle is 180°, then (z — 10)° + (x + 10)° + 2° = 180°
or (x —10) + (z + 10) + = = 180.

Thus, 3z = 180 and so x = 60.

Suppose Bart earns $z per hour. In 4 hours, he earns 4 x $x = $4x.
Then Lisa earns $2z per hour. In 6 hours, she earns 6 x $2x = $12x.
Since they earn $200 in total, then 4z + 122 = 200 or 16z = 200.
Therefore, x = 12.5.

Finally, since 2z = 25, then Lisa earns $25 per hour.

The perimeter of the region includes the diameter and the semi-circle.

Since the radius of the region is 10, then the length of its diameter is 20.

Since the radius of the region is 10, then the circumference of an entire circle with this
radius is 27(10) = 207, so the arc length of the semi-circle is one-half of 207, or 107.
Therefore, the perimeter of the region is 107w 4 20.

The z-intercepts of the parabola with equation y = 10(z + 2)(z — 5) are —2 and 5.

Since the line segment, P(@), joining these points is horizontal, then its length is the
difference in the intercepts, or 5 — (=2) = 7.

60-0 60
0-30 =30
Since this line passes through C(0,60), then the y-intercept of the line is 60, and so an
equation of the line is y = —2x + 60.

We thus want to find the point of intersection, FE, between the lines with equations
y = —2x + 60 and y = 2x.

Equating y-coordinates, we obtain —2x + 60 = 2z or 4x = 60, and so z = 15.
Substituting = 15 into the equation y = 2x, we obtain y = 2(15) = 30.

Therefore, the coordinates of E are (15, 30).

The slope of the line joining the points C'(0,60) and D(30,0) is

We note that BD = BC + CD and that BC = 20 cm, so we 4 I £
need to determine C'D.

We draw a line from C' to P on F'D so that C'P is perpendicular

to DF. -

Since AC' and DF are parallel, then C'P is also perpendicular to

AC. O
The distance between AC' and DF is 4 cm, so CP = 4 cm. i > D

Since AABC' is isosceles and right-angled, then ZAC'B = 45°.

Thus, ZPCD = 180° — LZACB — ZPCA = 180° — 45° — 90° = 45°.

Since ACPD is right-angled at P and ZPCD = 45°, then ACPD is also an isosceles
right-angled triangle.

Therefore, CD = V2CP = 4v/2 cm.

Finally, BD = BC + CD = (20 + 4v/2) cm.
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(b) Manipulating the given equation and noting that = # 0 and z # —% since neither denom-

inator can equal 0, we obtain

?+r+4 4
20 +1 I
z(2® +x+4) 42z +1)
3 4 2% + 4dx 8z + 4

P2 —dr—4 = 0
??r+1)—4x+1) = 0
(x+1)(2*—4) = 0
(x+1)(x—2)(z+2) = 0

Therefore, t = —1 or x = 2 or x = —2. We can check by substitution that each satisfies
the original equation.

Solution 1

Since 900 = 302 and 30 = 2 x 3 x 5, then 900 = 223252

The positive divisors of 900 are those integers of the form d = 2?3°5¢, where each of a, b, ¢
is 0, 1 or 2.

For d to be a perfect square, the exponent on each prime factor in the prime factorization
of d must be even.

Thus, for d to be a perfect square, each of a, b, c must be 0 or 2.

There are two possibilities for each of a,b, c so 2 X 2 x 2 = 8 possibilities for d.

These are 2°3°5° = 1, 223959 = 4, 203259 = 9, 203952 = 25, 22325 = 36, 223°5? = 100,
203252 = 225, and 223252 = 900.

Thus, 8 of the positive divisors of 900 are perfect squares.

Solution 2
The positive divisors of 900 are

1,2,3,4,5,6,9,10,12, 15,18, 20, 25, 30, 36, 45, 50, 60, 75, 90, 100, 150, 180, 225, 300, 450, 900

Of these, 1, 4, 9, 25, 36, 100, 225, and 900 are perfect squares (12,22, 32, 52,62, 102, 152, 302,
respectively).
Thus, 8 of the positive divisors of 900 are perfect squares.

In isosceles triangle ABC, ZABC = ZACB, so the sides opposite these angles (AC and
AB, respectively) are equal in length.
Since the vertices of the triangle are A(k,3), B(3,1) and C(6, k), then we obtain

AC = AB
Vk=62+B—k)? = /(k—3)?2+(3—1)?
(k=62 +B—-k? = (k—3)*+(3-1)?
(k—6)* 4+ (k—3)?2 = (k—3)*+ 2
(k—6)? = 4

Thus, k—6=2o0rk—6=—2,and so k=8 or k = 4.
We can check by substitution that each satisfies the original equation.



2014 Euclid Contest Solutions Page 4

D.

(a)

Bottle A contains 40 g of which 10% is acid.

Thus, it contains 0.1 x 40 = 4 g of acid and 40 — 4 = 36 g of water.

Bottle B contains 50 g of which 20% is acid.

Thus, it contains 0.2 x 50 = 10 g of acid and 50 — 10 = 40 g of water.

Bottle C contains 50 g of which 30% is acid.

Thus, it contains 0.3 x 50 = 15 g of acid and 50 — 15 = 35 g of water.

In total, the three bottles contain 40 4 50 + 50 = 140 g, of which 4 + 10 4 15 = 29 g is
acid and 140 — 29 = 111 g is water.

The new mixture has mass 60 g of which 25% is acid.

Thus, it contains 0.25 x 60 = 15 g of acid and 60 — 15 = 45 g of water.

Since the total mass in the three bottles is initially 140 g and the new mixture has mass
60 g, then the remaining contents have mass 140 — 60 = 80 g.

Since the total mass of acid in the three bottles is initially 29 g and the acid in the new
mixture has mass 15 g, then the acid in the remaining contents has mass 29 — 15 = 14 g.

14
This remaining mixture is thus Wg x 100% = 17.5% acid.
g

Since 3z + 4y = 10, then 4y = 10 — 3.
Therefore, when 3z + 4y = 10,

2% + (4y)°

2 + (10 — 3z)?

2% + (92 — 60z + 100)
= 10z® — 60z + 100

= 10(2* — 6x + 10)

10(x* — 6z +9+1)

= 10((xz —3)* +1)

= 10(z —3)*+ 10

22 + 16y

Since (x — 3)? > 0, then the minimum possible value of 10(z — 3)% + 10 is 10(0) + 10 = 10.
This occurs when (z — 3)? =0 or z = 3.
Therefore, the minimum possible value of 2% + 16y? when 3z 4 4y = 10 is 10.

Solution 1

Suppose that the bag contains g gold balls.

We assume that Feridun reaches into the bag and removes the two balls one after the
other.

There are 40 possible balls that he could remove first and then 39 balls that he could
remove second. In total, there are 40(39) pairs of balls that he could choose in this way.
If he removes 2 gold balls, then there are g possible balls that he could remove first and
then g — 1 balls that he could remove second. In total, there are g(g — 1) pairs of gold
balls that he could remove.

5
We are told that the probability of removing 2 gold balls is 17

Since there are 40(39) total pairs of balls that can be chosen and g(g — 1) pairs of

-1
gold balls that can be chosen in this way, then M = — which is equivalent to
40(39) 12

glg—1) = %(40)(39) = 650.
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Therefore, g> — g — 650 = 0 or (g — 26)(g + 25) = 0, and so g = 26 or g = —25.
Since g > 0, then g = 26, so there are 26 gold balls in the bag.

Solution 2
Suppose that the bag contains g gold balls.
We assume that Feridun reaches into the bag and removes the two balls together.

Since there are 40 balls in the bag, there are (420) pairs of balls that he could choose in
this way.

Since there are g gold balls in the bag, then there are (g) pairs of gold balls that he could
choose in this way.

5
We are told that the probability of removing 2 gold balls is TR

40
Since there are (2> pairs in total that can be chosen and <g) pairs of gold balls that

g

(2) 5 g 5 (40

<40> =15 which is equivalent to (2> B ( 5 )
2

-1 -1 5 40(39
Since (Z) = %, then this equation is equivalent to g(gT) = E# = 325.

Therefore, g(g — 1) = 650 or g> — g — 650 = 0 or (g — 26)(g + 25) = 0, and so g = 26 or
g = —25.
Since g > 0, then g = 26, so there are 26 gold balls in the bag.

can be chosen in this way, then

Suppose that the first term in the geometric sequence is t; = a and the common ratio in
the sequence is r.

Then the sequence, which has n terms, is a, ar, ar?, ar3, ... ar" L.

In general, the kth term is ¢, = ar*~!; in partlcular the nth term is t, = ar" L.

Since tit,, = 3, then a - ar™™ 1—301"a7’" =3,

Since tltg tn—ltn =59 049, then

(a)(ar)---(ar" ) (ar™ ") = 59049

arr? .l = 59049 (since there are n factors of a on the left side)
aln,',,1+2+ +(n—=2)+(n-1) _ 59 049

= 59049

iy 1))
since l+24+---+(n—-2)+(n—1) = é(n—l)( ).
Since a?r"~' = 3, then (a?r"~!)" = 3" or a®"r("~ VD) = 37,

Since a"rz (DM = 59 049, then (a"ri(”_l)(”)> = 590492 or a*r~ DM = 590492

Since the left sides of these equations are the same, then 3" = 59 0492,
Now

59049 = 3(19683) = 3%(6561) = 3%(2187) = 3*(729) = 3°(243) = 3°(81) = 3%3* = 3'°

Since 59 049 = 319, then 59 049% = 32° and so 3" = 3%, which gives n = 20.
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7.

(a)

Let a =z — 2013 and let b = y — 2014.

ab 1
The given equation becomes ——— = ——, which is equivalent to 2ab = —a® — b? and

a? + b? 2’
a® + 2ab + b* = 0.
This is equivalent to (a + b)* = 0 which is equivalent to a + b = 0.
Since a = x — 2013 and b = y — 2014, then x — 2013 + y — 2014 = 0 or x + y = 4027.

Let a = log;, @.

Then (log,, )80 (8102} = 10000 becomes a'°#10® = 10%.

Taking the base 10 logarithm of both sides and using the fact that log,y(a®) = blog;, a,
we obtain (log,,a)(log,,a) = 4 or (log,,a)? = 4.

Therefore, log,,a = +2 and so log,,(log,, =) = +2.

If log;(logyo ) = 2, then log;yx = 10? = 100 and so x = 10,

If logo(logyo x) = —2, then log,yz = 1072 = ;& and so z = 101/1%.
Therefore, z = 10'°° or z = 10'/1%,

We check these answers in the original equation.

If z = 10'%, then log;, z = 100.

Thus, (log,, z)"°810°8102) = 100810100 = 1002 = 10 000.

If z = 10'/1%° then log,,z = 1/100 = 10° 2,

ThUS, (10g10 x)lOglo(IOgIO x) (10 )IOgIO 10 (10_2)_2 = 104 = 10 000

We use the cosine law in AABD to determine the length of BD:
BD? = AB* + AD? — 2(AB)(AD) cos(£/BAD)

We are given that AB = 75 and AD = 20, so we need to determine cos(ZBAD).
Now

cos(£LBAD) = cos(£BAC + ZEAD)

= cos(£LBAC) cos(LEAD) — sin(£BAC) sin(£LEAD)
ACAD BCED
ABAE ABAE

since AABC and AADE are right-angled.
Since AB = 75 and BC = 21, then by the Pythagorean Theorem,

AC =+ AB?2 — BC? = V752 — 212 = /5625 — 441 = /5184 = 72

since AC' > 0.
Since AC' =72 and CFE = 47, then AE = AC — CE = 25.
Since AE = 25 and AD = 20, then by the Pythagorean Theorem,

ED = VAE? — AD? = /252 — 202 = /625 — 400 = v/225 = 15

since ED > 0.
Therefore,

(Lpap)— ACAD BCED 7220 2115 140315 1125 _45_3
COSs a2 _ _ % _ 9
ABAE ABAE 7525 7525  75(25)  75(25) 75 5




2014 Euclid Contest Solutions Page 7

Finally,

BD? = AB?+ AD? —2(AB)(AD)cos(£BAD)
= 75°420° — 2(75)(20)(2)
= 5625 + 400 — 1800
4225

Since BD > 0, then BD = /4225 = 65, as required.

Solution 1
Consider ABCE and ANACD.

B 6 D

Since AABC' is equilateral, then BC' = AC.

Since AECD is equilateral, then CE = CD.

Since BC'D is a straight line and ZEC'D = 60°, then Z/BCE = 180° — ZECD = 120°.
Since BC'D is a straight line and ZBC'A = 60°, then ZACD = 180° — ZBC'A = 120°.
Therefore, ABCE is congruent to AACD (“side-angle-side”).

Since ABCE and AACD are congruent and C'M and C'N are line segments drawn from
the corresponding vertex (C' in both triangles) to the midpoint of the opposite side, then
CM =CN.

Since ZECD = 60°, then AACD can be obtained by rotating ABCFE through an angle
of 60° clockwise about C'.

This means that after this 60° rotation, C'M coincides with C'N.

In other words, ZMCN = 60°.

But since CM = CN and ZMCN = 60°, then

LCOMN = ZCNM = %(180O — ZMCN) = 60°

Therefore, AM NC' is equilateral, as required.
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Solution 2

We prove that AMNC' is equilateral by introducing a coordinate system.

Suppose that C' is at the origin (0,0) with BC'D along the z-axis, with B having coordi-
nates (—4b,0) and D having coordinates (4d, 0) for some real numbers b, d > 0.

Drop a perpendicular from E to P on CD.

> X

B(~4b, 0) C P D(d 0)

Since AECD is equilateral, then P is the midpoint of C'D.

Since C' has coordinates (0,0) and D has coordinates (4d,0), then the coordinates of P
are (2d,0).

Since AECD is equilateral, then ZECD = 60° and so AEPC is a 30°-60°-90° triangle
and so EP = v/3C'P = 2V/3d.

Therefore, the coordinates of E are (2d,2v/3d).

In a similar way, we can show that the coordinates of A are (—2b,21/3b).

Now M is the midpoint of B(—4b,0) and E(2d,2v/3d), so the coordinates of M are
(3(—4b+2d), 2(0 4+ 2v/3d)) or (—2b+ d,/3d).

Also, N is the midpoint of A(—2b,2v/3b) and D(4d,0), so the coordinates of N are
(3(—2b+4d), 2(2v/3b+ 0)) or (—b+ 2d,/3b).

To show that AM NC' is equilateral, we show that CM = C'N = M N or equivalently that
CM? = CN? = MN*

CM? = (—=2b+d—0)?+ (v/3d —0)?
= (=2b+ d)® 4 (V3d)?
= 4b* — 4bd + d* + 3d?
= 4% — 4bd + 4d?

CN? = (=b+2d—0)>+ (V3b—0)
= (=b+2d)%+ (V3b)?
= b* — 4bd + 4d* + 3V°
= 4b* — 4bd + 4d*
MN? = ((=2b+d) — (=b+2d))? + (v/3d — V/3b)?
= (=b—d)*+3(d—b)?
= >+ 2bd + d* + 3d* — 6bd + 3b*
= 4b* — 4bd + 4d?

Therefore, CM? = CN? = M N? and so AMNC is equilateral, as required.
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9. (a) Let S =sin®1° 4 sin%2° +sin®3° + - - - + sin® 87° 4 sin® 88° + sin® 89°.
Since sin 6 = cos(90° — 6), then sin® § = cos®(90° — ), and so

S = sin®1° +sin®2° 4 - -+ + sin® 44° 4 sin® 45°
4 c0s%(90° — 46°) + cos®(90° — 47°) + - - - 4 cos®(90° — 89°)
= sin®1° 4 sin®2° + - - - 4 sin® 44° + sin® 45° + cos® 44° 4 cos®43° + - - - 4 cos® 1°
= (sin®1° + cos® 1°) + (sin®2° + cos®2°) + - - - + (sin® 44° + cos® 44°) + sin® 45°

Since sin 45° = \%, then sin®45° = % = 1.
Also, since
24y’ = (@ +y)(@® —ay+¢*) = (z +y)((z +y)* - 3zy)

then substituting = sin? 6 and y = cos? 6, we obtain

2 +y’ = (v+y)((z+y)’ - 3ay)
sin®0 +cos®@ = (sin® @ + cos® §)((sin® @ + cos® §)* — 3sin”  cos® )
sin®@ +cos®d = 1(1 — 3sin* 0 cos® )

since sin? 6 + cos? 6 = 1.
Therefore,

S = (Sin6 1° + COS6 10> + (sinﬁ 2° 4+ COS6 20) 4t (Sin6 44° + COS6 440) 4 SiHG A5°
= (1—3sin"1°cos” 1°) + (1 — 3sin" 2% cos? 2°) + - + (1 — 3sin® 44° cos” 44°) + §
= 44— (3 sin’ 1° cos? 1° + 3sin® 2° cos? 2° + - - - + 3 sin® 44° cos? 44°) + %

= 33— 3(4sin” 1° cos® 1° + 4sin” 2° cos” 2° 4 - - - + 4 sin” 44° cos” 44°)

Since sin 20 = 2sin @ cos §, then 4 sin?f cos? § = sin” 20, which gives

S = 33— 3(4sin*1° cos® 1° + 4 sin” 2° cos? 2° + - - - + 4 sin® 44° cos”® 44°)
- % - %(SiHQ 2° 4+ sin%4° + -+ + sin? 880)
= 33 _ 3(sin*2° 4 sin®4° + - - - 4 sin® 44° + sin* 46° + - - - + sin” 86° + sin” 88°)
= 3% _ 3(sin?2° 4 sin®4° 4 - - - +sin” 44° +
cos®(90° — 46°) + -+ + cos*(90 — 86°) + cos®(90° — 88°))

- % - %(sinz 2° +sin?4° + - - - + sin? 44° 4 cos? 44° + - - - + cos? 4° + cos® 2°)
- % - %((SiHQ 2° + cos? 2°) + (sin2 4° + cos? 4°%) 4 -+ (sin2 44° 1 cos? 44°))
= % — %(22) (since sin® 6 + cos? 0 = 1)
_ 853 _ 132

8 8
_ o221

8

m
Therefore, since S = —, then m = 221 and n = 8 satisfy the required equation.
n
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1 2
n(n + )(T;I J(n+3) in two different ways.

(b) First, we prove that f(n) =

Method 1
If an n-digit integer has digits with a sum of 5, then there are several possibilities for the
combination of non-zero digits used:

5 41 3,2 31,1 2,21 2,1,1,1 1,1,1,1,1

We count the number of possible integers in each case by determining the number of
arrangements of the non-zero digits; we call the number of ways of doing this a. (For
example, the digits 4 and 1 can be arranged as 4 1 or 1 4.) We then place the leftmost
digit in such an arrangement as the leftmost digit of the n-digit integer (which must be non-
zero) and choose the positions for the remaining non-zero digits among the remaining n— 1
positions; we call the number of ways of doing this b. (For example, for the arrangement
1 4, the digit 1 is in the leftmost position and the digit 4 can be in any of the remaining
n — 1 positions.) We fill the rest of the positions with 0s. The number of possible integers
in each case will be ab, since this method will create all such integers and for each of the
a arrangements of the non-zero digits, there will be b ways of arranging the digits after
the first one. We make a chart to summarize the cases, expanding each total and writing
it as a fraction with denominator 24:

Case a b ab (expanded)
24
5 1 1 1=
48n — 48
11 |2 ey 2m-n =20
48n — 48
3,2 2 ~1) [2tn—1)= ——=°
n—1 n—1\ 36n%—108n+ 72
31,1 3<2>3(2)_ L
J— _ 2_
201 |3 (") gt 230 108n 472
2 2 24
—1 —1 1613 — 2 1 _
2,1,1,1 |4 (" Nk _ 16n* — 9602 + 176n — 96
3 3 24
1,1,1,1,1 |1 n—1 n—1 _n 10n3 + 35n? — 50n + 24
4 4 24

(Note that in the second and third cases we need n > 2, in the fourth and fifth cases we
need n > 3, in the sixth case we need n > 4, and the seventh case we need n > 5. In each
case, though, the given formula works for smaller positive values of n since it is equal to
0 in each case. Note also that we say b = 1 in the first case since there is exactly 1 way of
placing Os in all of the remaining n — 1 positions.)

f(n) is then the sum of the expressions in the last column of this table, and so

~nt4+6n°+1n*+6n  n(n+1)(n+2)(n+3)

fn) 24 24

as required.

Method 2
First, we create a correspondence between each integer with n digits and whose digits have
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a sum of 5 and an arrangement of five 1s and (n — 1) Xs that begins with a 1.

We can then count these integers by counting the arrangements.

Starting with such an integer, we write down an arrangement of the above type using the
following rule:

The number of 1s to the left of the first X is the first digit of the number, the
number of 1s between the first X and second X is the second digit of the number,
and so on, with the number of 1s to the right of the (n — 1)st X representing the
nth digit of the number.

For example, the integer 1010020001 would correspond to 1XX1XXX11XXXX1.

In this way, each such integer gives an arrangement of the above type.

Similarly, each arrangement of this type can be associated back to a unique integer with
the required properties by counting the number of 1s before the first X and writing this
down as the leftmost digit, counting the number of 1s between the first and second Xs and
writing this down as the second digit, and so on. Since a total of five 1s are used, then
each arrangement corresponds with an integer with n digits whose digits have a sum of 5.
Therefore, there is a one-to-one correspondence between the integers and arrangements
with the desired properties.

Thus, f(n), which equals the number of such integers, also equals the number of such
arrangements.

To count the number of such arrangements, we note that there are four 1s and n — 1 Xs
to arrange in the final 4 4+ (n — 1) = n + 3 positions, since the first position is occupied by

al.
3 3
There are (n I ) ways to choose the positions of the remaining four 1s, and so (n I )
arrangements.
Thus, fn) = (" 7)) = (n+3)! _ (n+3)(n+2)(n+1)(n) _nn+Hn+2)n+3)
4 4l(n —1)! 4! 24

Next, we need to determine the positive integers n between 1 and 2014, inclusive, for which
the units digit of f(n) is 1.
n(n+1)(n+2)(n+3)

Now f(n) = is an integer for all positive integers n, since it is
counting the number of things with a certain property.

If the units digit of n is 0 or 5, then n is a multiple of 5.

If the units digit of n is 2 or 7, then n + 3 is a multiple of 5.

If the units digit of n is 3 or 8, then n + 2 is a multiple of 5.

If the units digit of n is 4 or 9, then n 4 1 is a multiple of 5.

Thus, if the units digit of n is 0, 2, 3, 4, 5, 7, 8, or 9, then n(n + 1)(n + 2)(n + 3)
n(n+1)(n+2)(n+ 3)
24

denominator contains no factors of 5 that can divide the factor from the numerator.
Therefore, if the units digit of n is 0, 2, 3, 4, 5, 7, 8, or 9, then f(n) is divisible by 5, and
so cannot have a units digit of 1.

is a multiple of 5, since the

is a multiple of 5 and so f(n) =

So we consider the cases where n has a units digit of 1 or of 6; these are the only possible
values of n for which f(n) can have a units digit of 1.

We note that 3f(n) = n(n+1)(n+2)(n +3)

) 8
Integers n.

, which is a positive integer for all positive
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Also, we note that if f(n) has units digit 1, then 3f(n) has units digit 3, and if 3f(n) has

units digit 3, then f(n) must have units digit 1.

Therefore, determining the values of n for which f(n) has units digit 1 is equivalent to

n(n+1)(n+2)(n+3)
8

determining the values of n for which has units digit 3.

We consider the integers n in groups of 40. (Intuitively, we do this because the problem
seems to involve multiples of 5 and multiples of 8, and 5 x 8 = 40.)

If n has units digit 1, then n = 40k + 1 or n = 40k 4+ 11 or n = 40k + 21 or n = 40k + 31
for some integer k£ > 0.

If n has units digit 6, then n = 40k + 6 or n = 40k 4 16 or n = 40k + 26 or n = 40k + 36
for some integer k > 0.

If n =40k + 1, then

n(n+1)(n+2)(n+3)
8
(40k + 1)(40k + 2)(40k + 3)(40k + 4)

8
= (40K + 1)(20k + 1)(40k + 3)(10k + 1)

3f(n) =

The units digit of 40k + 1 is 1, the units digit of 20k + 1 is 1, the units digit of 40k + 3 is
3, and the units digit of 10k + 1 is 1, so the units digit of the product is the units digit of

(1)(1)(3)(1) or 3.
In a similar way, we treat the remaining seven cases and summarize all eight cases in a
chart:

n 3f(n) simplified Units digit of 3f(n)

40k +1 | (40k + 1)(20k + 1)(40k + 3)(10k + 1) 3
40k + 11 | (40k + 11)(10k + 3)(40k + 13)(20k + 7)
A0k + 21 | (40K + 21)(20k + 11)(40k + 23)(10k + 6)
A0k + 31 | (40k + 31)(10k + 8)(40k + 33)(20k + 17)

40k +6 | (20K + 3)(40k + 7)(10k + 2)(40k + 9)
40k + 16 | (10K + 4)(40k + 17)(20k + 9)(40k + 19)
A0k + 26 | (20K + 13)(40k + 27)(10k + 7)(40k + 29)
A0k + 36 | (10K + 9)(40k + 37)(20k + 19)(40k + 39)

~— —

TN
W W 0 o 0o o W

(Note that, for example, when n = 40k + 16, the simplified version of 3f(n) is
(10k + 4)(40k + 17)(20k + 9)(40k + 19), so the units digit of 3f(n) is the units digit
of (4)(7)(9)(9) which is the units digit of 2268, or 8.)

Therefore, f(n) has units digit 1 whenever n = 40k + 1 or n = 40k + 11 or n = 40k + 26
or n = 40k + 36 for some integer k£ > 0.

There are 4 such integers n between each pair of consecutive multiples of 40.

Since 2000 = 50 x 40, then 2000 is the 50th multiple of 40, so there are 50 x 4 = 200
integers n less than 2000 for which the units digit of f(n) is 1.

Between 2000 and 2014, inclusive, there are two additional integers: n = 40(50)+1 = 2001
and n = 40(50) + 11 = 2011.

In total, 202 of the integers f(1), f(2),..., f(2014) have a units digit of 1.
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10. Throughout this solution, we use “JB” to represent “jelly bean” or “jelly beans”.
We use “T'1” to represent “Type 1 move”, “T2” to represent “Type 2 move”, and so on.
We use “P0” to represent “position 07, “P1” to represent “position 1”7, and so on.
We represent the positions of the JB initially or after a move using an ordered tuple of non-
negative integers representing the number of JB at PO, P1, P2, etc. For example, the tuple
(0,0,1,2,1) would represent 0 JB at PO, 0 JB at P1, 1 JB at P2, 2 JB at P3, and 1 JB at P4.

(a)

To begin, we work backwards from the final state (0,0,0,0,0,1).

The only move that could have put 1 JB at P5is 1 T5.

Undoing this move removes 1 JB from P5 and adds 1 JB at P4 and 1 JB at P3, giving
(0,0,0,1,1,0).

The only move that could have put 1 JB at P4 is 1 T4.

Undoing this move removes 1 JB from P4 and adds 1 JB at P2 and 1 JB at P3, giving
(0,0,1,2,0,0).

The only moves that could put 2 JB at P3 are 2 T3s.

Undoing these moves removes 2 JB from P3, adds 2 JB at P1 and 2 JB at P2, giving
(0,2,3,0,0,0).

The only moves that could put 3 JB at P2 are 3 T2s.

Undoing these moves gives (3,5,0,0,0,0).

The only moves that could put 5 JB at P1 are 5 T1s.

Undoing these moves removes 5 JB from P1 and adds 10 JB at PO, giving (13,0,0,0,0,0).
Therefore, starting with N = 13 JB at PO allows Fiona to win the game by making all of
the moves as above in the reverse order.

In particular, from (13,0, 0,0,0,0), 5 T1s gives (3, 5,
then 2 T3s give (0,0,1,2,0,0), then 1 T4 gives (0,0,
as required.

0,0,0,0), then 3 T2s give (0, 2
0,1,1,0), then 1 T5 gives (0, 0,
Initial Set-up

First, we note that when Fiona starts with N JB (for some fixed positive integer V), then
the game finishes in at most N — 1 moves (since she eats exactly one JB on each move).
Second, we note that the positions of the JB in the final state as well as at any intermedi-
ate state (that is, after some number of moves) must be in the list PO, P1, ..., P(N — 1),
since each JB can move at most 1 position to the right on any given move, so no JB can
move more than N — 1 positions to the right in at most N — 1 moves.

This means that, starting with N JB, any state can be described using an N-tuple
(ag,ai,...,an_o,an—_1), where a; represents the number of JB at Pi in that state.

Introduction of Fibonacci Sequence and Important Fact #1 (IF1)

We define the Fibonacci sequence by F} =1, Fy =1, and F,, = F,,_1 + F,,_5 for n > 3.
The initial number of JB (N) and the number of JB at various positions are connected
using the Fibonacci sequence in the following way.

At any state between the starting state (N JB at P0) and the final state, if there are q;
JB at P17 for each ¢ from 0 to N — 1, then

N =aofs+a1F5+---+an_oF Ny +anv_1Fny1 (*)

This is true because:

e It is true for the starting state, since here (ag,aq,...,an—2,any—1) = (N,0,...,0,0)
and Fy = 1, so the right side of (x) equals N(1) +0 or N

e A T1 does not change the value of the right side of (x): Since a T1 changes the state
(ag, a1,az9,...,an_o,an_1) to (ap — 2,a1 + 1,a9,...,an_2,an_1), the right side of (x)
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changes from
aply +ar1F3+asky + - +ay_oF Ny +an_1F Ny

to
(ap —2)Fy + (a1 + 1)F3 + agFy + - +ay oFy + an 1 Fy g
which is a difference of —2F, 4+ F3 = —2(1) +2 = 0.

e A Ti for i > 2 does not change the value of the right side of (x): Since a Ti changes
the state (ag, a1, ...,a;_9,0; 1,0, ...,aN_2,an_1) tO

(ag,ar,...,a;o—1,a;1 —1,a; +1,...,any_2,an_1)
the right side of (%) changes from
aoky + a1 b3+ +a;oF; + a1 Fipy +aiFipo+ - +ay_oFy +an_1Fny
to
acFotai Fs+- -+ (ai—o—1)Fi+(ai-1 — 1) Fiy1 +(a;+1) Fipo+- - +an_—oFn+an_1 Fni1

which is a difference of —F; — F; 1 + Fj1 o = 0 since Fj o = F;11 + F.

This tells us that the value of the right side of (x) starts at NV and does not change on any
subsequent move.
Therefore, at any state (ag, a1, ...,an_2,ay_1) after starting with N JB at PO, it is true
that

N =aoFs+a1F5+---+anv_oF N +anv_1Fni1 (*)

To show that there is only one possible final state when Fiona wins the game, we assume
that there are two possible winning final states starting from N JB and show that these
in fact must be the same state.

Important Fact #2 (IF2)

To do this, we prove a property of Fibonacci numbers that will allow us to show that two
sums of three or fewer non-consecutive Fibonacci numbers cannot be equal if the Fibonacci
numbers used in each sum are not the same:

If x,y, 2z are positive integers with 2 < x < y < 2z and no pair of z,y, z are
consecutive integers, then F, < F, + F, < I, + I, + F, < F, ;.

Since each Fibonacci number is a positive integer, then F, < F, + F, < F, + F,, + F,, so
we must prove that F, + Fy, + F, < F,,1:

Since no two of x,y, z are consecutive and x < y < z, then y < z — 1.
Since y and z are positive integers, then y < z — 2.

Also, z <y—1<2z-3.

Since x and z are integers with x < z — 3, then z < z — 4.

Since the Fibonacci sequence is increasing from F, onwards, then

F, +Fy+FZ <F, 4 4+F +F. < szg +F, o+ F,=F, 1+ F,= Fz+1

Since there is a “<” in this chain of inequalities and equalities, then we obtain
that F, + F, + F, < F.11, as required.
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Completing the Proof

Recall from the statement of the problem that a winning state consists of three or fewer
JB, each at a distinct position and no two at consecutive integer positions.

Suppose that, starting from N JB at PO, in a first winning final state with a; = 1, each
of a; and a. equal to 0 or 1 and all other a; = 0, and in a second winning final state with
ap = 1, each of ag and a¢ equal to 0 or 1 and all other a; = 0.

From IF'1, this gives N = apFpi0+ acFiio+ Fyio and N = agFpio+ackeoio+ Fpio, and
5O apFypo + ackoyo + Fapo = aplpyo + acloia + Fpyo.

Starting from this last equation, we remove any common Fibonacci numbers from both
sides. (Recall that each term on each side is either 0 or a Fibonacci number, and Fibonacci
numbers on the same side are distinct.)

If there are no Fibonacci numbers remaining on each side, then the winning final states
are the same, as required.

What happens if there are Fibonacci numbers remaining on either side? In this case, there
must be Fibonacci numbers on each side, as otherwise we would have 0 equal to a non-zero
number.

Suppose that the largest Fibonacci number remaining on the LS is Fj and the largest
Fibonacci number remaining on the RS is Fy,.

Since we have removed the common elements, then k # m, so we may assume that k < m;
since k and m are integers, then k < m — 1.

Note that the RS must be greater than or equal to F},, since it includes at least F,,.
Since the LS consists of at most three Fibonacci numbers, which are non-consecutive (since
b, ¢, d are non-consecutive) and the largest of which is F}, then IF2 tells us that the LS is
less than Fj.q.

Since k + 1 < m, then the LS is less than F},.

Since the LS is less than F,, and the RS is greater than or equal to F,,, we have a
contradiction, since they are supposed to be equal.

Therefore, our assumption that Fibonacci numbers are left after removing the common
numbers from each side is false.

In other words, the positions of the JB in each of the winning final states are the same,
so there is indeed only one possible winning final state.

Therefore, if Fiona can win the game, then there is only one possible final state.
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(c¢) From the statement of the problem and IF1, we know that Fiona can win the game starting
with N JB at PO only if /V is equal to the sum of at most three distinct non-consecutive
Fibonacci numbers.

To determine the closest positive integer N to 2014 for which Fiona can win the game,
we can determine the closet positive integer to 2014 that can be written as the sum of at
most three distinct Fibonacci numbers, no two of which are consecutive.

We write out terms in the Fibonacci sequence until we reach a term larger than 2014:

1,1,2,3,5,8,13,21, 34, 55, 89, 144, 233, 377, 610, 987, 1597, 2584

We note that 1597 + 377 + 34 = 2008, which is 6 away from 2014. We will show that there
we cannot achieve an answer closer to 2014. That is, we will show that we cannot achieve
any of the integers from 2009 to 2019, inclusive.

Suppose that an integer from 2009 to 2019, inclusive, can be achieved.

The Fibonacci number 2584 cannot be included in our sum, as the sum would be too large.
If our sum includes no Fibonacci number larger than 987, then our sum is at most
987 4 377 + 144 = 1508, which is not large enough.

Therefore, 1597 must be included in a sum equal to an integer in the range 2009 to 2019,
inclusive.

The remaining 0, 1 or 2 Fibonacci numbers must have a sum in the range 2009—1597 = 412
to 2019 — 1597 = 422, inclusive.

No Fibonacci number larger than 377 can be used, otherwise the remaining sum would be
too large.

If the remaining sum uses no Fibonacci number larger than 233, the sum is at most
233 + 89 = 322, which is not in the desired range.

Therefore, 377 must be included in the remaining sum.

The remaining 0 or 1 Fibonacci numbers must have a sum in the range 412 — 377 = 35 to
422 — 377 = 45, inclusive.

There is no Fibonacci number in this range, so we cannot make a sum of at most three
distinct, non-consecutive numbers that is closer to 2014 than 2008.

Note that 2008 = 1597 + 377 4+ 34. Since Fy = 34, Fi, = 377 and Fy; = 1597, the corre-
sponding winning position would be 1 JB at each of P7, P12 and P15.
To complete our proof, we must show that we can actually achieve this final state:

We start with the final state consisting of 1 JB at each of P7, P12 and P15 and
play the game backwards as we did in (a).

Since there is 1 JB at P15, it must have come from a T15.

Undoing this move, we obtain a state consisting of 1 JB at each of P7, P12, P13
and P14. Note that the rightmost JB is now at P14.

Since there is 1 JB at P14, it must have come from a T14.

We undo this move and continue to undo moves that remove a JB from the
rightmost position remaining at each step. This process will eventually move all
of the JB back to PO.

To win the game starting with N = Fy + Fi4 + F7, Fiona then uses all of these
moves in the opposite order, in a similar way to the method in (a).

Thus, Fiona can achieve the winning final state of 1 JB at each of P7, P12 and
P15.

Therefore, if N = Fy + Fi4 + Fi7, then Fiona can win the game.
Thus, N = 2008 is the closest integer to 2014 for which Fiona can start with N JB at PO
and win the game.
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1.

(a)

The expression v/113 + x is an integer whenever 113 4 x is a perfect square.

To find the smallest positive integer x for which 113 4+ z is a perfect square, we find the
smallest perfect square larger than 113.

Since 10? = 100 and 112 = 121, then this perfect square must be 121.

Therefore, 113 + x = 121 or x = 8.

The average of 3 and 11 is (3 +11) = 7. Thus a = 7.

Using this with the given information, we see that the average of 7 and b is 11.
Therefore, (7 +b) =11 or 7+ b =22 and so b = 15.

(Alternatively, we could note that since 7 is 4 less than 11 (the average), then b must be
4 more than 11, so b =11 +4 = 15.)

Let ¢ be Charlie’s age in years and b be Bella’s age in years.
From the first sentence, ¢ = 30 + b.

From the second sentence, ¢ = 6b.

Combining these, we obtain 6b = 30 + b or 5b = 30, and so b = 6.
Since ¢ = 30 + b, then ¢ = 36, and so Charlie’s age is 36.

21
Since—:z,then21:7—xor£:—:3.
r oy y oy 7
Solution 1
Since
1NO?>333 1—025 1—02 1’\'01667
3N- 4_- 5_- 6N.

1 1
then R < 0.2013 and 0.2013 < pson must equal 4.

1

(We should note as well that — decreases as n increases, so this is the only integer value
n

of n that works.)

Solution 2

< 0.2013, th 1> >
n+1 cthenn+ 1> 0013 ' "> 02013

1
Since — > 0.2013, then n < ~ 4.9677.
n

—1~3.9677.

Since

0.2013
Since n is a positive integer

% that is smaller than a number that is approximately 4.9677, and
% that is larger than a number that is approximately 3.9677,
then n = 4.

Since AH is perpendicular to BC, then the area of AABC equals $(BC)(AH).

Since we are told that this area equals 84 and AH = 8, then 84 = £(BC)(8) or 4- BC' = 84
or BC = 21.
Also, since AAH B is right-angled at H, then by the Pythagorean Theorem,

BH =VAB2 — AH2 =102 — 82 =36 =6

since BH > 0. (We could also have recognized two sides of a 6-8-10 right-angled triangle.)
Since BC' =21 and BH =6, then HC = BC' — BH =21 — 6 = 15.
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Since AAHC is right-angled at H, then by the Pythagorean Theorem,

AC = VAH? + HC? = /82 4+ 152 = /289 = 17

since AC' > 0.
Finally, the perimeter of AABC equals AB + BC' + AC or 10+ 21 + 17, which equals 48.

The parity of an integer is whether it is even or odd.

Since the Fibonacci sequence begins 1,1,2,3,5,8,13,21,..., then the parities of the first
eight terms are Odd, Odd, Even, Odd, Odd, Even, Odd, Odd.

In the sequence, if x and y are consecutive terms, then the next term is x + y.

In general, suppose that  and y are integers.

If x is even and y is even, then x + y is even. If x is even and y is odd, then = + y is odd.
If x is odd and y is even, then = 4 y is odd. If z is odd and y is odd, then x + y is even.
Therefore, the parities of two consecutive terms x and y in the Fibonacci sequence deter-
mine the parity of the following term x + .

Also, once there are two consecutive terms whose parities match the parities of two earlier
consecutive terms in the sequence, then the parities will repeat in a cycle.

In particular, the parities of the fourth and fifth terms (Odd, Odd) are the same as the
parities of the first and second terms (Odd, Odd).

Therefore, the parities in the sequence repeat the cycle Odd, Odd, Even.

This cycle has length 3.

Therefore, the 99th term in the Fibonacci sequence ends one of these cycles, since 99 is a
multiple of 3.

In particular, the 99th term ends the 33rd cycle.

Each cycle contains two odd terms.

Therefore, the first 99 terms in the sequence include 2 x 33 = 66 odd terms.

Finally, the 100th term in the sequence begins a new cycle, so is odd.

Therefore, the first 100 terms include 66 + 1 = 67 odd terms.

Suppose that the first term in the given sequence is @ and the common difference is d.
Then the first four terms are a,a + d, a + 2d, a + 3d.

From the given information, a + (a 4+ 2d) = 6 and (a + d) + (a + 3d) = 20.

The first equation simplifies to 2a + 2d = 6 or a + d = 3.

The second equation simplifies to 2a + 4d = 20 or a + 2d = 10.

Therefore, (a +2d) — (a+d)=10—-3 or d =T.

Since a +d =3 and d = 7, then a = —4.

Therefore, the tenth term in the sequence is a + 9d = —4 + 9(7) = 59.

There are five odd digits: 1, 3, 5, 7, 9.

We consider the positive integers less than 1000 in three sets: those with one digit, those
with two digits, and those with three digits.

There are 5 positive one-digit integers with one odd digit (namely 1, 3, 5, 7, 9).

Consider the two-digit positive integers with only odd digits.

Such an integer has the form XY where X and Y are digits.

There are five possibilities for each of X and Y (since each must be odd).

Therefore, there are 5 x 5 = 25 two-digit positive integers with only odd digits.

Consider the three-digit positive integers with only odd digits.

Such an integer has the form XY Z where X, Y and Z are digits.
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There are five possibilities for each of X, Y and Z (since each must be odd).
Therefore, there are 5 x 5 x 5 = 125 three-digit positive integers with only odd digits.
In total, there are 5+ 254125 = 155 positive integers less than 1000 with only odd digits.

4 b
Combining the two terms on the right side of the second equation, we obtain - = —Za.
a
4 16 16(7
Since a + b = 16, then = = — or ab = L = 28.
7 ab 4

Therefore, we have a + b = 16 and ab = 28.
From the first equation, b = 16 — a.
Substituting into the second equation, we obtain a(16 — a) = 28 or 16a — a® = 28, which
gives a® — 16a + 28 = 0.
Factoring, we obtain (a — 14)(a — 2) = 0.
Therefore, a = 14 or a = 2.
If a =14, then b =16 — a = 2.
If a =2, then b =16 — a = 14.
Therefore, the two solutions are (a,b) = (14, 2), (2, 14).
) 1 1 7 1 8 4 .
(We note that since 3 + =1 + L= 7 then both of these pairs are actually
solutions to the original system of equations.)

We make a table of the 36 possible combinations of rolls and the resulting sums:

2 3 5 7 11 13
214 5 7 9 13 15
315 6 8 10 14 16
517 8 10 12 16 18
719 10 12 14 18 20
11113 14 16 18 22 24
13115 16 18 20 24 26

Of the 36 entries in the table, 6 are prime numbers (two entries each of 5, 7 and 13).

Therefore, the probability that the sum is a prime number is 3% or %.
(Note that each sum is at least 4 and so must be odd to be prime. Since odd plus odd
equals even, then the only possibilities that really need to be checked are even plus odd

and odd plus even (that is, the first row and first column of the table).)

First, we find the coordinates of V.
To do this, we use the given equation for the parabola and complete the square:

y=—2’+dr+1=—(2"—dr—1) = —(2*—42+2°-2°—1) = —((v—2)°=5) = —(z—2)*+5

Therefore, the coordinates of the vertex V' are (2,5).

Next, we find the coordinates of A and B.

Note that A and B are the points of intersection of the line with equation y = —x + 1 and
the parabola with equation y = —2% + 4z + 1.

We equate y-values to obtain —x + 1= —2?+ 4z + 1 or 22 — 5z =0 or z(x — 5) = 0.
Therefore, x =0 or x = 5.

If =0, then y=—x+4+1=1, and so A (which is on the y-axis) has coordinates (0, 1).
If x =5, then y = —x 4+ 1 = —4, and so B has coordinates (5, —4).
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We now have the points V'(2,5), A(0,1), B(5, —4).
This gives

AV = (0-2)*+ (1 —-5)* =20
BV? = (5—-2)2+(-4-5)?=90
AB?* = (0-5)*+ (1 —(-4))* =50

and so AV? + BV? — AB?* = 20 + 90 — 50 = 60.

Since ABC' is a quarter of a circular pizza with centre A and radius 20 cm, then
AC = AB = 20 cm.

We are also told that ZCAB = 90° (one-quarter of 360°).

Since ZCAB = 90° and A, B and C' are all on the circumference of the circle, then C'B is
a diameter of the pan. (This is a property of circles: if X, Y and Z are three points on a
circle with ZZXY = 90°, then Y'Z must be a diameter of the circle.)

Since ACAB is right-angled and isosceles, then C'B = V2AC = 202 cm.

Therefore, the radius of the circular plate is %C’B or 10v/2 cm.

Thus, the area of the circular pan is 7(10v/2 cm)? = 2007 cm?.

The area of the slice of pizza is one-quarter of the area of a circle with radius 20 cm, or
2m(20 ¢m)? = 1007 cm?.

Finally, the fraction of the pan that is covered is the area of the slice of pizza divided by

100r cm? 1
the area of the pan, or —— = —.
2007 cm? 2

Suppose that the length of AF is x m.

Since the length of AB is 8 m, then the length of FB is (8 — x) m.

Since AM AF is right-angled and has an angle of 60°, then it is 30°-60°-90° triangle.
Therefore, MF = \/3AF, since MF is opposite the 60° angle and AF is opposite the 30°
angle.

Thus, MF = v/3z m.

Since MP =2 m, then PF = MF — MP = (v/3z — 2) m.

We can now look at ABF P which is right-angled at F.

We have

PF  (V3z—-2)m 3z -2
tanf = = =

FB (8—z)m 8—x

Therefore, (8 — x)tanf = v/3z — 2 or 8tanf + 2 = v/3z + (tan 6)z.
8tanf + 2
This gives 8tanf + 2 = x(v/3 + tanf) or x = anp

tanf + /3
8v/3tanf + 2v/3
m
tanf + /3

Finally, MF = \/3z =
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7.

(a)

Beginning with the given equation, we have

—tanz = 3
cos
1 sin x
— - 3
COST  COSX
l—sinz = 3cosz (since cosx # 0)
(1—sinz)® = 9cos’z (squaring both sides)
1—2sinx +sin’r = 9(1 —sinz)
10sin*z — 2sinz —8 = 0
5sinz —sinz —4 = 0

(bsinz +4)(sinx —1) = 0
4

Therefore, sinx = —— or sinz = 1.

If sinz = 1, then cosz = 0 and tanz is undefined, which is inadmissible in the original
equation.

4
Therefore, sinx = ——.

4 3 3
(We can check that if sinz = — then cosz = :I:g and the possibility that cosz = R

: .. . . . : 5 4
satisfies the original equation, since in this case = — and tanx = —3 and the

_ T cos T
difference between these fractions is 3.)
Since f(x) = ax+b, we can determine an expression for g(z) = f~!(x) by letting y = f(z)

to obtain y = ax + b. We then interchange x and y to obtain x = ay + b which we solve

b
forytoobtainay:x—bory:z——.

) a a
Therefore, f~1(z) = R
a a

Note that a # 0. (This makes sense since the function f(z) = b has a graph which is a

horizontal line, and so cannot be invertible.)

b
Therefore, the equation f(z) — g(z) = 44 becomes (ax + b) — <£ — —) = 44 or
a a

1 b
(a — —> x4+ <b + —) = 44 = Ox + 44, and this equation is true for all x.
a a

We can proceed in two ways.

Method #1: Comparing coefficients

Since the equation
1
<a——)x—|— (b+é) =0x+ 44
a a

is true for all z, then the coefficients of the linear expression on the left side must match
the coefficients of the linear expression on the right side.

1
Therefore, a — — =0 and b+ é = 44.
a a

1
From the first of these equations, we obtain a = ~ or a? = 1, which givesa = 1 or a = —1.
a

b
If a = 1, the equation b + — = 44 becomes b + b = 44, which gives b = 22.
a
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b
If a = —1, the equation b+ — = 44 becomes b — b = 44, which is not possible.

a
Therefore, we must have a = 1 and b = 22, and so f(z) = = + 22.

Method #2: Trying specific values for z

Since the equation
1 b
a—— |+ b+~ ) =0x+44
a a

is true for all values of x, then it must be true for any specific values of x that we choose.

b b
Choosing x = 0, we obtain 0 + (b + —> =44 or b+ — = 44.
a a

1 b
Choosing x = b, we obtain <a — —) b+ (b + —) =44 or ab+ b = 44.
a a
. ab+b
We can rearrange the first of these equations to get =44.
Using the second equation, we obtain — = 44 or a = 1.

a
Since a = 1, then ab + b = 44 gives 2b = 44 or b = 22.
Thus, f(x) =z + 22.

In summary, the only linear function f for which the given equation is true for all x
is f(z) =z + 22.

First, we factor the left side of the given equation to obtain a(a® + 2b) = 2013.

Next, we factor the integer 2013 as 2013 = 3 x 671 = 3 x 11 x 61. Note that each of 3, 11
and 61 is prime, so we can factor 2013 no further. (We can find the factors of 3 and 11
using tests for divisibility by 3 and 11, or by systematic trial and error.)

Since 2013 = 3 x 11 x 61, then the positive divisors of 2013 are

1,3,11, 33,61, 183,671, 2013

Since a and b are positive integers, then a and a® + 2b are both positive integers.

Since a and b are positive integers, then a? > a and 2b > 0, so a® + 2b > a.

Since a(a® + 2b) = 2013, then a and a® 4+ 2b must be a divisor pair of 2013 (that is, a pair
of positive integers whose product is 2013) with a < a? + 2b.

We make a table of the possibilities:

a|a®+2b| 2b b
1 [ 2013 | 2012 | 1006
3| 671 | 662 | 331
11| 183 62 | 31
33| 61 | —1028 | N/A

Note that the last case is not possible, since b must be positive.

Therefore, the three pairs of positive integers that satisfy the equation are (1,1006),
(3,331), (11,31).

(We can verify by substitution that each is a solution of the original equation.)
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(b) Solution 1
We successively manipulate the given equation to produce equivalent equations:

log, (2771 +3°11) = 27 —log,(3")
log, (2771 + 3T +1og,(3%) = 2w
log, ((2°71 4+ 3"T1)3") = 2« (using log, A + log, B = log, AB)
(27714373 = 2 (exponentiating both sides)
9-lgwgw | glgrge _ o
l.gege 4 g. 3% — g
273" +6-3* = 2.2  (multiplying by 2)
273" 4+6-(3")* = 2-(27)
Next, we make the substitution a = 2% and b = 3.
This gives ab + 6b* = 2a® or 2a% — ab — 6b*> = 0.
Factoring, we obtain (a — 2b)(2a + 3b) = 0.
Therefore, a = 2b or 2a = —3b.

Since a > 0 and b > 0, then a = 2b which gives 2* = 2 - 3".

Taking logs of both sides, we obtain z log 2 = log 2 4+ xlog 3 and so z(log 2 — log 3) = log 2

log 2
orgr=—————.
log2 —log 3

Solution 2
We successively manipulate the given equation to produce equivalent equations:

log, (2771 +3°T1) = 22 —log,(3")
log, (2571 4+ 3*T1) + log, (3%) 27
log, ((2°71 4 37T1)3") = 2« (using log, A + log, B = log, AB)
(277t 4 373 = 2% (exponentiating both sides)
2712737 + 313737 = 2%
1.gege 4 g. 3% — g
273" +6-3% = 2.2% (multiplying by 2)
2T3TQ7H 4 6. 322272 = 2 (dividing both sides by 22* # 0)
27737 4637272 = 2
(3" +6(3)" = 2

Next, we make the substitution ¢t = (g)m, noting that (%)QI = ((%)x)Q = t%

Thus, we obtain the equivalent equations

t+6t2 =2
6t°+t—2 = 0
Bt+2)(2t—1) = 0
Therefore, t = —% ort= %
Since t = (%)x > 0, then we must have t = (%)x = %
Thus,
log(1/2) logl—log2  —log2 log 2

=1 1/2) = = = -
T 0g3/2( / ) 10g(3/2) log 3 — log 2 log 3 — log 2 log2 — log 3



2013 Euclid Contest Solutions Page 9

9.

(a)

Suppose that the parallel line segments EFF and W X are a distance of = apart.

This means that the height of trapezoid EFXW is x.

Since the side length of square EFGH is 10 and the side length of square W XY Z is 6,
then the distance between parallel line segments ZY and HG is 10 —6 — x or 4 — .
Recall that the area of a trapezoid equals one-half times its height times the sum of the
lengths of the parallel sides.

Thus, the area of trapezoid EFXW is 1o(EF + WX) = x(10 + 6) = 8.

Also, the area of trapezoid GHZY is 3(4 — z)(HG 4+ ZY) = 5(4 — 2)(10 + 6) = 32 — 8.
Therefore, the sum of the areas of trapezoids EF XW and GHZY is 8z + (32 — 8z) = 32.
This sum is a constant and does not depend on the position of the inner square within
the outer square, as required.

We begin by “boxing in” square PQRS by drawing horizontal and vertical lines through
its vertices to form rectangle W XY Z, as shown. (Because the four quadrilaterals ABQP,
BCRQ, CDSR, and DAPS are convex, there will not be any configurations that look
substantially different from this the diagram below.) We also label the various areas.

A B
a
W
S e X
Q\ f
P
b
d
R
h
S
. g
0 Y
C
D C

Since W X is parallel to AB, then quadrilateral ABXW is a trapezoid. Similarly, quadri-
laterals BCY X, CDZY, and DAW Z are trapezoids.

We use the notation |ABQP| to denote the area of quadrilateral ABQP, and similar no-
tation for other areas.

Suppose that the side length of square ABCD is x and the side length of square PQRS
is v.

Also, we let ZWPQ = 0.

Since each of AWPQ, AXQR, AY RS, and AZSP is right-angled and each of the four
angles of square PQRS is 90°, then /W PQ = /XQR = /YRS = /ZZSP = 6. This is
because, for example,

/XQR = 180°— ZPQR—/WQP = 90°—(180°— LPWQ— /W PQ) = 90° — (90°— ) = 0

This fact, together with the fact that PQ) = QR = RS = SP = y, allows us to conclude
that the four triangles AW PQ, AXQR, AY RS, and AZSP are congruent.
In particular, this tells us

« the four areas labelled e, f, g and h are equal (that is, e = f = g = h),

x PZ =QW = RX =8Y =ysinf, and

x WP=XQ=YR=Z7S5=ycosb.
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Combining these last two facts tells us that W27 = XW =Y X = 7Y, since, for example,
WZ =WP+ PZ =75+ SY = ZY. In other words, WXY Z is a square, with side
length z, say.

Next, we show that (a + 1) + (¢ +n) is equal to (b+m) + (d + s).

Note that the sum of these two quantities is the total area between square ABC'D and
square WXY Z, so equals 22 — 22.

Thus, to show that the quantities are equal, it is enough to show that (a + r) + (¢ + n)
equals £ (z? — 2%).

Let the height of trapezoid ABXW be k and the height of trapezoid ZY CD be .

Then [ABXW|=a+1r = 3k(AB+WX) = 1k(z + ).

Also, |ZYCD| =c+n = %Z(DC’ +2Y) = %l(a: + 2).

Since AB, WX, ZY, and DC are parallel, then the sum of the heights of trapezoid
ABXW , square WXY Z, and trapezoid ZY CD equals the height of square ABCD, so
k+z+l=z,ork+l=2—2.

Therefore,

(a+7)+(c+n)=2k(z+2)+il(z+2)=3(x+2)(k+])=L(z+2)(z—2) =

N[

as required.
Therefore, (a + 1) + (c+n) = (b+m) + (d + s). We label this equation (x).

Next, we show that r +n =m + s.
Note that » = |AQX B|. This triangle can be viewed as having base QX and height equal
to the height of trapezoid ABXW | or k.
Thus, r = 3(ycos0)k.
Note that n = |[ASZD|. This triangle can be viewed as having base SZ and height equal
to the height of trapezoid ZY CD, or (.
Thus, n = 3(ycosd)L.
Combining these facts, we obtain

n+r=3(ycos)k + 3(ycos)l = sycosO(k +1) = 1y cosb(z — z)
We note that this sum depends only on the side lengths of the squares and the angle of
rotation of the inner square, so is independent of the position of the inner square within
the outer square.
This means that we can repeat this analysis to obtain the same expression for m + s.
Therefore, n +r = m + s. We label this equation ().

We subtract (x) — (**) to obtain a + ¢ = b + d.
Finally, we can combine all of this information:

(|ABQP| + |CDSR|) — (|BCRQ| + |APSD])
= (a+e+s+c+g+m)—(b+f+r+d+h+n)
= ([a+¢)=(+d)+((m+s)—(n+7))+((e+g) = (f+h)
= 0+0+0

sincca+c=b+dandn+r=m+sande=f =g=h.
Therefore, |[ABQP| + |CDSR| = |BCRQ| + |APSD|, as required.
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10. In each part, we use “partition” to mean “multiplicative partition”. We also call the numbers

being multiplied together in a given partition the

(a)

“parts” of the partition.

We determine the multiplicative partitions of 64 by considering the number of parts in the
various partitions. Note that 64 is a power of 2 so any divisor of 64 is also a power of 2.
In each partition, since the order of parts is not important, we list the parts in increasing
order to make it easier to systematically find all of these.

x One part. There is one possibility: 64.
x Two parts. There are three possibilities: 64 =2 x 32 =4 x 16 =8 x 8.

* Three parts. We start with the smallest possible first and second parts. We keep the
first part fixed while adjusting the second and third parts. We then increase the first
part and repeat.

We get: 64 =2x2x16=2x4x8=4x4x4.

x Four parts. A partition of 64 with four parts must include at least two 2s, since if it
didn’t, it would include at least three parts that are at least 4, and so would be too
large. With two 2s, the remaining two parts have a product of 16.

We get: 64 =2Xx2x2x8=2x2x4x4.

* Five parts. A partition of 64 with five parts must include at least three 2s, since if it
didn’t, it would include at least three parts that are at least 4, and so would be too
large. With three 2s, the remaining two parts have a product of 8.

We get: 64 =2x2x2x2x4.

% Six parts. Since 64 = 2°, there is only one possibility: 64 =2 x 2 x 2 x 2 x 2 x 2.
Therefore, P(64) =1+3+3+2+1+1=11.

First, we note that 1000 = 10* = (2 - 5)3 = 2353,

We calculate the value of P(p3¢?) for two distinct prime numbers p and ¢. It will turn out
that this value does not depend on p and ¢. This value will be the value of P(1000), since
1000 has this form of prime factorization.

Let n = p?¢® for distinct prime numbers p and g.

The integer n has three prime factors equal to p.

In a given partition, these can be all together in one part (as p?), can be split between
two different parts (as p and p?), or can be split between three different parts (as p, p and
p). There are no other ways to divide up three divisors of p.

Similarly, n has three prime factors equal to ¢ which can be divided in similar ways.

We determine P(p3¢®) by considering the possible combination of the number of parts
divisible by p and the number of parts divisible by ¢ and counting partitions in each case.
In other words, we complete the following table:

Number of parts
divisible by p

1 2 3
Number of parts 1
divisible by ¢ 2
3

We note that the table is symmetric, since the factors of p and ¢ are interchangeable.
We proceed to consider cases, considering only those on the top left to bottom right
diagonal and and those below this diagonal in the table.
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Case 1: One part divisible by p, one part divisible by ¢
The partition must be p3¢® (n itself) or p* x ¢.
There are two partitions in this case.

Case 2: One part divisible by p, two parts divisible by ¢

The three factors of p occur together as p®. The three factors of ¢ occur as ¢ and ¢.
The p? can occur in one of the parts divisible by ¢ or not.

This gives partitions p* x ¢ x ¢® and p3q x ¢* and ¢ x p>¢>.

There are three partitions in this case. Similarly, there are three partitions with one part
divisible by ¢ and two parts divisible by p.

Case 3: One part divisible by p, three parts divisible by ¢

The three factors of p occur together as p®. The three factors of ¢ occur as ¢, ¢ and q.
The p? can occur in one of the parts divisible by ¢ or not.

This gives partitions p x ¢ x ¢ X ¢ and p3q x ¢ x q.

(Note that the three divisors of ¢ are interchangeable so p* only needs to be placed with
one of them.)

There are two partitions in this case. Similarly, there are two partitions with one part
divisible by ¢ and three parts divisible by p.

Case 4: Two parts divisible by p, two parts divisible by ¢

The three factors of p occur as p and p?. The three factors of ¢ occur as ¢ and ¢2.

Each of p and p? can occur in one of the parts divisible by ¢ or not.

If no part is a multiple of both p and ¢, we have one partition: p x p? x ¢ x ¢>.

If one part is a multiple of both p and ¢, there are two choices for which power of p to
include in this part and two choices for which power of ¢ to include. (There is no choice
for the remaining parts.) Thus, there are 2 x 2 = 4 such partitions:

PEXpxq  pPxpixq  paxpxq  pgxpxq

If two parts are a multiple of both p and ¢, there are two ways to choose the power of p
in the part containing just ¢, so there are two such partitions: pg x p*¢* and p?q x pg>.
There are seven partitions in this case.

Case 5: Two parts divisible by p, three parts divisible by ¢

The three factors of p occur as p and p?. The three factors of ¢ occur as ¢, ¢ and q.
Each of p and p? can occur in one of the parts divisible by ¢ or not.

If no part is a multiple of both p and ¢, we have one partition: p x p? x ¢ X ¢ X g.

If one part is a multiple of both p and ¢, there are two choices for which power of p to
include in this part (since all powers of ¢ are identical).

Thus, there are 2 such partitions: p?q x p X ¢ X g and pg x p? X q X q.

If two parts are a multiple of both p and ¢, there is one partition, since all of the powers
of ¢ are identical: pg x p?q x q.

There are four partitions in this case. Similarly, there are four partitions with two parts
divisible by ¢ and three parts divisible by p.

Case 6: Three parts divisible by p, three parts divisible by ¢

The three factors of p as p, p and p. The three factors of ¢ appear as ¢, ¢ and gq.

Here, the number of parts in the partition that are multiples of both p and ¢ can be 0,
1, 2 or 3. Since all of the powers of p and ¢ are identical, the partitions are completely
determined by this and are

PXPXPpXgXqgXq PXPXpgXqgXxq P XPpqgxXpqgxq Pq X pq X pq

There are four partitions in this case.
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Finally, we complete the table:

Number of parts
divisible by p

Number of parts
divisible by ¢

Adding the entries in the table, we obtain P(p*¢®) = 31.
Thus, P(1000) = 31

As in (b), the value of P(n) depends only on the structure of the prime factorization of n,
not on the actual primes in the factorization.

Therefore, P(4 x 5™) = P(2% x 5™) = P(p*q™) for any distinct primes p and g.
Therefore, P(4 x 5™) = P(p*q™) = P(5% x 2™) = P(25 x 2™).

We count the number of multiplicative partitions of N = 52 x 2™ by considering the place-
ment of the 2s and 5s among the parts of the partitions.

Since N has only two factors of 5, these can occur in the same part, or in different parts.
Note that every factor of N is a product is of the form 5/2% for some integers j and k with
0<j<2and 0<k<m.

We first count the number of partitions where the two factors of 5 occur in the same
part.

Consider one such partition.

In this partition, the part containing the two 5s will be of the form 522* for some integer
k with 0 < k <m.

Thus, this partition will be of the form 5%2% x P, where P is a partition of 2% (the
remaining factors in V).

Since the order of parts does not matter, there are P(2™*) such partitions P, and so this
number of partitions of N of this form.

Since k ranges from 0 to m, then the number of partitions where the two 5s occur in the
same part equals

P(2™) + P(2™ ) + -+ P(2") + P(2°)

Next, we count the number of partitions where the two factors of 5 occur in different parts.
Consider one such partition.

In this partition, the parts containing the two 5s will be of the form 5 x 2* and 5 x 2° for
some integers a and b with 0 < a,b < m and a + b < m.

Since the order of the parts within a partition does not matter, we can restrict a and
b further by requiring that 0 < a < b < m and a + b < m to avoid double-counting
partitions.

Thus, this partition will be of the form (5 x 2%) x (5 x 2°) x P, where P is a partition of
2m=a=b (the remaining factors in N).

Since the order of parts does not matter, there are P(2m~27%) such partitions P, and so
this number of partitions of N of this form.

To determine the total number of partitions in this case, we need to add up P(2m %)
over all possible pairs (a, b) satisfying 0 < a < b <m and a +b < m.

To do this, we focus on the possible values of s = a + b and count the number of pairs
(a,b) that give this sum.
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If s =a+ b =0, there is one pair (a, b), namely (a,b) = (0,0).
If s=a+b=1, there is one pair (a,b), namely (a,b) = (0,1).
If s =a+ b= 2, there are two pairs (a,b), namely (a,b) = (0,2), (1, 1).

In general, if s is even, then $s is an integer and so there are (3s + 1) pairs (a, b), namely

(0,8),(1,s —1),(2,s =2),..., (55 — 1,35 + 1), (35, 39)
Any larger value of a would give a value of b smaller than a.
In general, if s is odd, then 1s — 1 is an integer and so there are (35 — 1) +1= (35 + 1)

2 2 2 2 2
pairs (a,b), namely
(078)7(178_1>7<278_2)7-"7(%8_%7%8_'_%)7(%8_%7%8_‘_%)

Any larger value of a would give a value of b smaller than a.

To summarize, if s = a + b is even, there are (3s + 1) pairs (a,b) and if s = a + b is odd,
there are (3s+ 1) pairs (a,b).

Thus, as s increases from 0, the number of pairs (a, b) gives the sequence 1,1,2,2,3,3, .. ..
The number in this sequence corresponding to the value of a+ b gives the number of times
that P(2™%7%) should be included in the count of the total number of partitions in this
case.

In other words, if a + b = 0, there are 1 x P(2™) partitions, if a + b = 1, there are
1 x P(2™~1) partitions, if a + b = 2, there are 2 x P(2™2) partitions, etc.

We can rewrite this more compactly to say that for a given s, the number of pairs (a, b)

. +2 . .
is r 5 (where |z is the greatest integer less than or equal to ) and so the number

2
of partitions is L%J x P(2m7).

Therefore, the total number of partitions of NV in this case is

1 x P(2™) 41 x P(2"Y) 42 x P(2"2) +2 x P(2"3) 4 ... ¢ f ; QJ « P") 1o
+Hg)xpen+ {—m;ﬂ x P(2°)

Combining the two cases and adding the corresponding expressions for the number of
partitions, we obtain that the total number of partitions is

2% P(2™)+2 % P(2" 1) +3x P(2"2)+3x P(2" %)+ -+ (1 N f . QD P 4

+ <1 + {mTHD x P(2') + <1 + LmTHD x P(2%)

and so the desired sequence is

ag =
a; =

Ay =

W W NN

a3 =
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1.

(a)

(b)

Since John buys 10 bags of apples, each of which contains 20 apples, then he buys a total
of 10 x 20 = 200 apples.
Since he eats 8 apples a day, then it takes him 200 = 8 = 25 days to eat these apples.

Evaluating,

sin(0°) + sin(60°) + sin(120°) + sin(180°) + sin(240°) + sin(300°) + sin(360°)
0+ L+ B 10+ (-L)+(-L)+0
= 0

Alternatively, we could notice that sin(60°) = — sin(300°) and sin(120°) = — sin(240°) and
sin(0°) = sin(180°) = sin(360°) = 0, so the sum is 0.

Since the set of integers has a sum of 420 and an average of 60, then there are 42060 =7
integers in the set.

Since one integer is 120, then the remaining 6 integers have a sum of 420 — 120 = 300 and
so have an average of 300 =+ 6 = 50.

Since ax + ay = 4, then a(x +y) = 4.
4 _ 1

Since x +y = 12, then 12a =4 or a = ; = 3.

Since the two lines are parallel, then their slopes are equal.
We re-write the given equations in the form “y = max + b”.

The first equation becomes 6y = —4x + 5 or y = —%:U + % ory = —%x + g.

Since the first line is not vertical, then the second line is not vertical, and so k # 0.
The second equation becomes ky = —6x + 3 or y = —%:p + %

Therefore, —% = —% and so % = % or k=06 x % = 0.

Adding the two equations, we obtain z + 2> =2 or 22 + 2 — 2 = 0.

Factoring, we obtain (z +2)(z — 1) =0, and so x = =2 or x = 1.

From the first equation, y = —z. If = —2, then y = 2 and if x = 1, then y = —1.
Therefore, the solutions are (z,y) = (—2,2) and (x,y) = (1, —1).

(We can check that each of these solutions satisfies both equations.)

Since the 200 g solution is 25% salt by mass, then }l of the mass (or 50 g) is salt and the
rest (150 g) is water.

When water is added, the mass of salt does not change. Therefore, the 50 g of salt initially
in the solution becomes 10% (or 15) of the final solution by mass.

Therefore, the total mass of the final solution is 10 x 50 = 500 g.

Thus, the mass of water added is 500 — 200 = 300 g.

We are told that F = 2C + 32.

From the given information f = 2C + 30.

We determine an expression for the error in terms of C' by first determining when f < F'.
The inequality f < F'is equivalent to 2C' + 30 < %C + 32 which is equivalent to %C’ <2
which is equivalent to C' < 10.

Therefore, f < F precisely when C' < 10.

Thus, for —20 < C' < 10, the error equals F — f = (2C' 4 32) — (2C +30) =2 — 1C.
Also, for 10 < C' < 35, the error equals f — F = (2C +30) — (2C' +32) = :C — 2.

When —20 < C' < 10, the error in terms of C'is 2 — éC’ which is linear with negative slope,
so is decreasing as C' increases. Thus, the maximum value of error in this range for C' occurs
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when C'is smallest, that is, when C' = —20. This gives an error of 2— 1(—20) = 2+4 = 6.
When 10 < C < 35, the error in terms of C'is %C — 2 which is linear with positive slope, so
is increasing as C' increases. Thus, the maximum value of error in this range for C' occurs

when C is largest, that is, when C' = 35. This gives an error of £(35) =2 =7 —2 =5.

Having considered the two possible ranges for €', the maximum possible error that Gordie
would make is 6.

Solution 1

Since the x-intercepts of the parabola with equation y = 2(x — 3)(x — 5) are x = 3 and
x =5, then its axis of symmetry is at = 3(3+5) = 4.

If a horizontal line intersects the parabola at two points, then these points are symmetric
across the axis of symmetry.

Since the line y = k intersects the parabola at two points A and B with AB = 6, then
each of A and B must be 3 units from the axis of symmetry.

Therefore, the x-coordinates of A and Bare4—-3=1and 4+3=7.

Thus, the coordinates of A and B, in some order, are (1,k) and (7, k).

Substituting (1, k) into the equation of the parabola gives k = 2(1 — 3)(1 — 5) = 16.
(Substituting (7, k) would give the same value of k.)

Solution 2
Let x4 be the z-coordinate of A and xg be the z-coordinate of B. We may assume that A
is to the left of B; that is, we assume that x4 < xrp. Since AB is horizontal and AB = 6,
then zg — x4 = 6.
Since A and B are the points of intersection between the line with equation y = k and
the parabola with equation y = 2(z — 3)(x — 5), then we can solve for x4 and zp by
equating values of y to obtain the equation k = 2(x — 3)(x — 5), which is equivalent to
k= 2(z* — 8z + 15) or 22* — 162 + (30 — k) = 0.
Using the quadratic formula, we obtain
16 £ 1/(—16)% — 4(2)(30 — k)

2(2)
16 — /162 — 4(2)(30 — k) 16 + /162 — 4(2)(30 — k)

and xp = )
2(2) 2(2)

Since g — x4 = 6, then

16 + /162 — 4(2)(30 — k) 16 — /162 — 4(2)(30 — k)

TA, B =

Thus, x4 =

22) 22) -0
24/162 —4(2)(30 — k) 6
2(2) B

/256 — (240 — 8k) = 12
VI6+8k = 12
16 +8k = 144
8k = 128
k = 16
Therefore, k = 16.

We can double check that the line with equation y = 16 intersects the parabola with
equation y = 2(x —3)(x —5) at the points (1, 16) and (7, 16), which are a distance 6 apart.
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(b) Let n = (3a + 6a + 9a + 12a + 15a) + (6b + 12b + 18b + 24b + 300).
First, we simplify the given expression for n to obtain

n = (3a+ 6a + 9a + 12a + 15a) + (6b + 12b + 18b + 24b + 30b) = 45a + 90b

We then factor the right side to obtain n = 45(a + 2b) = 325 (a + 20).

If a + 2b =5, then n = 3%25% = (3 x 5)2, which is a perfect square.

Two pairs of positive integers (a,b) that satisfy a + 2b = 5 are (a,b) = (3,1) and

(a,b) = (1,2).

Another value of a + 2b for which n is a perfect square is a + 2b = 20, since here

n = 3%5'20 = 3%5'225! = 322252 = (3 x 2 x 5)2.

A pair of positive integers (a,b) that satisfies a + 2b = 20 is (18, 1).

Therefore, three pairs of positive integers (a, b) with the required property are (3, 1), (1,2), (18,1).
(There are infinitely many other pairs with this property.)

5. (a) Solution 1
First, we calculate the side lengths of AABC"

y
AB = /(0-3)2+(5-0)2 =34
BC = /(B-87+(0-32=34 A 5) c@s,3)
AC = /(0-8)2+(5—-3)2=68
Since AB = BC and AC = v2AB = \/QBC', then X
ANABC is an isosceles right-angled triangle, with the O B(3,0)

right angle at B.
Therefore, ZAC'B = 45°.

Solution 2

As in Solution 1, AB = BC = V34.

Line segment AB has slope % = —g.

Line segment BC has slope % = g

Since the product of these two slopes is —1, then AB and BC' are perpendicular.
Therefore, AABC' is right-angled at B.

Since AB = BC, then AABC is an isosceles right-angled triangle, so ZAC'B = 45°.

Solution 3
As in Solution 1, AB = BC' = /34 and AC = v/68.

Using the cosine law,
AB* = AC?+ BC? —2(AC)(BC) cos(LACB)
34 = 68+ 34— 2(V68)(V34) cos(LACB)

0 = 68— 2(v2V34)(V34) cos(LACB)
0 = 68— 68V2cos(ZACB)
68v/2 cos(LACB) 68
cos(LACB) = \/Ai

Since cos(LACB) = % and 0° < ZACB < 180°, then ZAC'B = 45°.
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(b)

Draw perpendiculars from P and () to X and Y, respectively, on SR.
P 7 Q

_
S X % R

Since PQ) is parallel to SR (because PQRS is a trapezoid) and PX and QY are perpen-
dicular to SR, then PQY X is a rectangle.

Thus, XY = PQ) =7 and PX = QY.

Since APXS and AQY R are right-angled with PS = QR and PX = QY then these
triangles are congruent, and so SX =Y R.

Since XY =7 and SR =15, then SX +74+YR=150r 2 x SX =8 and so SX = 4.
By the Pythagorean Theorem in APXS,

PX?=PS? - SX?=8%—-42=64—16 = 48

Now PR is the hypotenuse of right-angled APXR.
Since PR > 0, then by the Pythagorean Theorem,

PR=+vVPX?+ XR? = /48 + (T+4)? = V48 + 112 = V48 + 121 = /169 = 13

Therefore, PR = 13.

Solution 1
There are two possibilities: either each player wins three games or one player wins more
games than the other.

Since the probability that each player wins three games is %, then the probability that
any one player wins more games than the other is 1 — % = %.

Since each of Blaise and Pierre is equally likely to win any given game, then each must be
equally likely to win more games than the other.

Therefore, the probability that Blaise wins more games than Pierre is 3 x 14 = L.
Solution 2

We consider the results of the 6 games as a sequence of 6 Bs or Ps, with each letter a B
if Blaise wins the corresponding game or P if Pierre wins.

Since the two players are equally skilled, then the probability that each wins a given game
is % This means that the probability of each letter being a B is % and the probability of
each letter being a P is also %

Since each sequence consists of 6 letters, then the probability of a particular sequence
occurring is (%)6 = 6—14, because each of the letters is specified.

Since they play 6 games in total, then the probability that Blaise wins more games than
Pierre is the sum of the probabilities that Blaise wins 4 games, that Blaise wins 5 games,
and that Blaise wins 6 games.

If Blaise wins 6 games, then the sequence consists of 6 Bs. The probability of this is
since there is only one way to arrange 6 Bs.

If Blaise wins 5 games, then the sequence consists of 5 Bs and 1 P. The probability of this

is 6 x é = %, since there are 6 possible positions in the list for the 1 P (eg. PBBBBB,

1
64°



2012 Euclid Contest Solutions Page 6

BPBBBB, BBPBBB, BBBPBB, BBBBPB, BBBBBP).

The probability that Blaise wins 4 games is (g) X 6—14 = g, since there are (g) = 15 ways

for 4 Bs and 2 Ps to be arranged.
Therefore, the probability that Blaise wins more games than Pierre is 6%—%%—1—5 = 2721 = é—;

(b) Using exponent rules and arithmetic, we manipulate the given equation:

3a:+2 + 2z+2 12T = 2x+5 4+ 3°
373% 42722 +2° = 272° 437
9(3") +4(2") +2° = 32(2") 43"
8(3") = 27(2")
3" 27
2 8

G - ()

Since the two expressions are equal and the bases are equal, then the exponents must be
equal, so x = 3.

7. (a) Since AB = AC, then AABC is isosceles and ZABC = ZACB. Note that ZBAC = 6.

A

B C

The angles in AABC' add to 180°, so ZABC + ZACB + ZBAC = 180°.

Thus, 2ZACB + 6 = 180° or ZABC = ZACB = 5(180° — ) = 90° — 10.

Now ABCD is isosceles as well with BC' = BD and so ZCDB = /ZDCB = 90° — %9.
Since the angles in ABC'D add to 180°, then

/CBD = 180° — /DCB — ZCDB = 180° — (90° — 30) — (90° — 1) = ¢

Now LEBD = ZABC — ZDBC = (90° — %0) —0=90° — %9.
Since BE = ED, then /ZEDB = ZEBD = 90° — %9.
Therefore, /BED = 180° — ZEBD — ZEDB = 180° — (90° — g@) — (90° — 36) = 30.
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(b)

Let O be the centre of the ferris wheel and B the lowest point on the wheel.

Since the radius of the ferris wheel is 9 m (half of the diameter of 18 m) and B is 1 m
above the ground, then O is 9+ 1 = 10 m above the ground.

Let ZTOP = 6.

16

Since the ferris wheel rotates at a constant speed, then in 8 seconds, the angle through
which the wheel rotates is twice the angle through which it rotates in 4 seconds. In other
words, ZT0Q = 26.

Draw a perpendicular from P to R on T'B and from @ to G on T'B.

Since P is 16 m above the ground and O is 10 m above the ground, then OR = 6 m.
Since OP is a radius of the circle, then OP = 9 m.

Looking at right-angled AORP, we see that cosf = % = g = ;

Since cosf = 2 < \/Li = cos(45°), then 6 > 45°.

This means that 260 > 90°, which means that @) is below the horizontal diameter through
O and so G is below O.

Since ZTOQ = 26, then ZQOG = 180° — 20.

Kolapo’s height above the ground at () equals 1 m plus the length of BG.

Now BG = OB — OG. We know that OB = 9 m.

Also, considering right-angled AQOG, we have

OG = 0Q cos(ZQOG) = 9cos(180° — 20) = —9cos(20) = —9(2cos*f — 1)

Since cos@ = 2, then OG = —9(2(3)> - 1) =-9(} — 1) =1 m.
Therefore, BG=9—-1=8 m and so ) is 1 + 8 = 9 m above the ground.

Solution 1

The hour hand and minute hand both turn at constant rates. Since the hour hand moves
% of the way around the clock in 1 hour and the minute hand moves all of the way around
the clock in 1 hour, then the minute hand turns 12 times as quickly as the hour hand.

Suppose also that the hour hand moves through an angle of z° between Before and After.
Therefore, the minute hand moves through an angle of (360° — z°) between Before and
After, since these two angles add to 360°.
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360° — x°
Since the minute hand moves 12 times as quickly as the hour hand, then —Ox =12
x
or 360 —x = 12x and so 13x = 360, or x = %.
In one hour, the hour hand moves through % x 360° = 30°.
360 360 12

Since the hour hand is moving for ¢ hours, then we have 30°¢ = (5%3*)° and sot =

13 30(13) ~ 13"

Solution 2

Suppose that Jimmy starts painting = hours after 9:00 a.m. and finishes painting y hours
after 10:00 a.m., where 0 <z <1l and 0 <y < 1.

Since t is the amount of time in hours that he spends painting, then ¢ = (1—x)+y, because
he paints for (1 — z) hours until 10:00 a.m., and then for y hours until his finishing time.
The hour hand and minute hand both turn at constant rates.

The minute hand turns 360° in one hour and the hour hand turns 1—12 x 360° = 30° in one
hour.

Thus, in x hours, where 0 < x < 1, the minute hand turns (360x)° and the hour hand
turns (30x)°.

In the Before picture, the minute hand is (360x)° clockwise from the 12 o’clock position.
In the After picture, the minute hand is (360y)° clockwise from the 12 o’clock position.
The 9 is 9 x 30° = 270° clockwise from the 12 o’clock position and the 10 is 10 x 30° = 300°
clockwise from the 12 o’clock position.

Therefore, in the Before picture, the hour hand is 270° + (30x)° clockwise from the 12
o’clock position, and in the After picture, the hour hand is 300° + (30y)° clockwise from
the 12 o’clock position.

Because the hour and minute hands have switched places from the Before to the After po-
sitions, then we can equate the corresponding positions to obtain (360z)° = 300° + (30y)°
(or 360x = 300 + 30y) and (360y)° = 270° + (30x)° (or 360y = 270 4 30x).

Dividing both equations by 30, we obtain 12z = 10 4+ y and 12y = 9 + .

Subtracting the second equation from the first, we obtain 122 — 12y = 10+y — 9 —x or
—1 =13y — 13x.

Therefore, y—x:—% andsot:(l—x)—i—yzl—i—y—x:l—%: %
We manipulate the given equation into a sequence of equivalent equations:

10g5,49(7% 4+ 61 + 9) + log, . 5(52” + 24z +27) = 4
log(z? + 62 +9)  log(hx? + 24z + 27)

g G+ D) log(z 1 3) = 4 (using the “change of base” formula)
| 2 |
og((z +3)°)  log((5z +9)(z +3)) 4 (factoring)
log(5z +9) log(z + 3)
2log(z +3)  log(br +9) + log(x + 3) 4 (using logarithm rules)
log(5z +9) log(z + 3)
| | |
og(z +3) og(5z +9) | log(z +3) = 4 (rearranging fractions)
log(5z +9) log(z +3)  log(z + 3)
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log(x + 3)

Making the substitution ¢ =
log(5z + 9)

, we obtain successively

1
242 +1 = 4

W4+ 1+t = 4t
202 —3t+1 = 0
Q2—1)(t—-1) = 0

Therefore, t =1 or t = %

1 3

—looggg; J; 9)) = 1, then log(z + 3) = log(5z + 9) or z + 3 = 5z + 9, which gives 4z = —6
or r = —%.

1 3) 1

1oogi(53;1 9)) = 5 then 2log(z + 3) = log(5z + 9) or log((z + 3)%) = log(5z +9) or

(x+3)> =5z +9.

Here, 2 + 6x +9=5x+9orx?+x=0orx(z+1)=0,and sox =0 or x = —1.
Therefore, there are three possible values for x: xt =0, x = —1 and x = —
We should check each of these in the original equation.

If z =0, the left side of the original equation is logy 9 + log; 27 =1+ 3 = 4.

If z = —1, the left side of the original equation is log, 4 +1log, 8 =1+ 3 = 4.

If = —2, the left side of the original equation is logg 5(9/4) +1ogs5(9/4) = 2 +2 = 4.
Therefore, the solutions are x = 0, —1, —%.

N

9. (a) Suppose that the auditorium with these properties has r rows and ¢ columns of chairs.
Then there are rc chairs in total.
Each chair is empty, is occupied by a boy, or is occupied by a girl.
Since there are 14 boys in each row, then there are 14r chairs occupied by boys.
Since there are 10 girls in each column, then there are 10c chairs occupied by girls.
Since there are exactly 3 empty chairs, then the total number of chairs can also be written
as 14r + 10c + 3.
Therefore, rc = 14r + 10c + 3.
We proceed to find all pairs of positive integers r and ¢ that satisfy this equation. We note
that since there are 14 boys in each row, then there must be at least 14 columns (that is,
¢ > 14) and since there are 10 girls in each column, then there must be at least 10 rows
(that is, r > 10).
Manipulating the equation,

re 14r + 10c + 3
rc— 14r 10c + 3
r(c—14) 10c + 3
10c + 3
r
c—14
10c — 140 + 143
r
c— 14
10c — 140 143
r
c— 14 c— 14
143
r 10 +

c— 14
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Since r is an integer, then 10 + 1 is an integer, so

c— c—
Therefore, ¢ — 14 is a divisor of 143. Since ¢ > 14, then ¢ — 14 > 0, so ¢ — 14 is a positive
divisor of 143.

Since 143 = 11 x 13, then its positive divisors are 1,11, 13, 143.

We make a table of the possible values of ¢ — 14 along with the resulting values of ¢, r

143
14) and rc:

1 must be an integer.

(calculated using r = 10 + .
c—14| ¢ r rc
1 15 | 153 | 2295
11 25 | 23 | 575
13 27 | 21 | 567
143 | 157 | 11 | 1727

Therefore, the four possible values for rc are 567,575,1727,2295. That is, the smallest
possible number of chairs in the auditorium is 567.
(Can you create a grid with 27 columns and 21 rows that has the required properties?)

Solution 1

We use the notation |[PMQN| to represent the area of quadrilateral |[PMQN|, |ANAPD)|
to represent the area of AAPD, and so on.

We want to show that |[PMQN| = |AAPD|+ |ABQC|.

This is equivalent to showing

|IPMQN|+ |ADPN|+ |ACQN| = |AAPD|+ |ADPN|+ |ABQC| + |ACQN]|
which is equivalent to showing
IADMC| = |ADAN|+ |ACBN|

since combining quadrilateral PM QN with ADPN and ACQN gives ADMC, combining
NAPD with ADPN gives ADAN, and combining ABQC with ACQN gives ACBN.
Suppose that DC' has length x and DN has length tx for some ¢ with 0 < ¢t < 1.

Then NC = DC — DN =z —tx = (1 — t)x.

Suppose also that the height of A above DC' is a, the height of B above DC' is b and the
height of M above DC' is m.

|
N G C
tx T (-t)x
Figure 1

Then |[ADAN| = 1(tz)(a) and |[ACBN| = 1((1 — t)z)b so

|ADAN| + |[ACBN| = f(tza + (1 — t)zb) = Jz(ta + (1 — t)b)

Also, |[ADMC| = jxm.
In order to prove that [ADMC| = |[ADAN|+|ACBN]|, we need to show that 1zm equals
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sx(ta+ (1 —t)b) which is equivalent to showing that m is equal to ta + (1 — t)b.
In Figure 2, we draw a horizontal line from A to BG, meeting M F' at R and BG at S.
Since M F and BG are vertical and ARS is horizontal, then these line segments are

perpendicular.
Since AF =a, MF =m and BG =b, then MR=m —a and BS =b— a.
B
A M
I R: §I|
I I
:a:m :b
I ! I
! I
1 ! |
E F G
Figure 2
Now AARM is similar to AASB, since each is right-angled and they share a common
angle at A.
MR AM  NC
Therefore, BS ~ AB — DO -
Since MR =m —a and BS =b — a, then — = m—a‘
) c ( ) BS b—a
M N MR 1—t)x
i —— =—th = =1-—t.
Since 15 = DO en 7S .

Comparing these two expressions, we obtain —— - (I—t)orm—a=(b—a)(1—t)or
—a
m=a+b(l—t)+ (t —1)a =ta+ (1 —t)b, as required.

This concludes the proof, and so |PMQN| = |AAPD|+ |ABQC], as required.

Solution 2 AM
Let AM =x and MB =y. Then AB=x+y and so —— = i
AB x4y
Let NC = nx for some real number n.
NC AM
Since DC = AB’ then g—g = x—xky and so DC' = n(z +y).

This tells us that DN = DC — NC = n(z + y) — nx = ny.
Join M to N and label the areas as shown in the diagram:

B

D

We repeatedly use the fact that triangles with a common height have areas in proportion
to the lengths of their bases.
For example, AMDN and AMNC' have a common height from line segment to DC' to

M and so the ratio of their areas equals the ratio of the lengths of their bases.
w+r nr T T

= — = —. Thus, w+r = —(u+v).
u+v  ny Yy Y

In other words,
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Also, the ratio of the area of ANAM to the area of ANMB equals the ratio of AM to
MB.
E+v «z

This gives =—ork+v= z(erw).
st+w Yy y

Next, we join A to C' and relabel the areas divided by this new line segment as shown:

(The unlabelled triangle adjacent to the one labelled k; has area ks and the unlabelled
triangle adjacent to the one labelled 75 has area 74.)
Consider AANC and AADN.

As above, the ratio of their areas equals the ratio of their bases.

ki + vy + ws +
Thus, 2T R f, and so kg + U9 + wy + 1y = E(z—ku).
zZ+u ny Y Y

Consider ACAM and ACMB.

As above, the ratio of their areas equals the ratio of their bases.

ki+v+w +7r T T
Thus, ! ! ! 1:—,ands0k1+vl+w1+7"1:—(s—l—t).
s+t Y Y
x

Adding ks + vy + wo + 19 = E(z+u) and ky + vy +w; + 711 = —(s+ 1) gives
Yy Yy

(k:l+k2)—|—(vl+v2)+(w1+w2)+(r1+r2)zg(s+t+z+u)

or o
k+v+w+r==(s+t+z+u)
Yy

Since k +v = E(s—l—w) and w+r = E(u—i—v), then
Y )

x x T
—(stw)+—-(utv)=—(s+t+z+u
et + o lutv) = )

which gives
s+twt+ut+v=s+t+z4+u

or
w+v=t+=z

But w + v is the area of quadrilateral PM@QN, z is the area of AAPD and t is the area
of ABQC' In other words, the area of quadrilateral PM QN equals the sum of the areas
of AAPD and APQC, as required.



2012 Euclid Contest Solutions Page 13

10. (a) The Eden sequences from {1,2,3,4,5} are
135 1,2 1.4 34 1,23 1,25 1,45 3,45 1,234 1,2.3.4,5

There are 12 such sequences.

We present a brief justification of why these are all of the sequences.

* An Eden sequence of length 1 consists of a single odd integer. The possible choices
are 1 and 3 and 5.

* An Eden sequence of length 2 consists of an odd integer followed by a larger even
integer. Since the only possible even integers here are 2 and 4, then the possible
sequences are 1, 2 and 1, 4 and 3, 4.

* An Eden sequence of length 3 starts with an Eden sequence of length 2 and appends
(that is, adds to the end) a larger odd integer. Starting with 1,2, we form 1,2,3 and
1,2,5. Starting with 1,4, we form 1,4,5. Starting with 3,4, we form 3,4,5.

* An Eden sequence of length 4 starts with an Eden sequence of length 3 and appends
a larger even integer. Since 2 and 4 are the only possible even integers, then the only
possible sequence here is 1,2,3,4.

* An Eden sequence of length 5 from {1,2,3,4,5} must include all 5 elements, so is
1,2,3,4,5.

(b) We will prove that, for all positive integers n > 3, we have e(n) = e(n — 1) +e(n —2) + 1.
Thus, if e(18) = m, then e(19) = e(18) + e(17) + 1 = m + 4181 and

e(20) =e(19) +e(18) +1 = (m +4181) + m + 1

Since €(20) = 17710, then 17710 = 2m + 4182 or 2m = 13528 and so m = 6764.
Therefore, e(18) = 6764 and e(19) = 6764 4+ 4181 = 10945.

So we must prove that, for all positive integers n > 3, we have e(n) = e(n—1)+e(n—2)+1.

To simplify the reading, we use a number of abbreviations:

* ES means “Eden sequence”

* ES(m) means “Eden sequence from {1,2,3,...,m}

* ESE and ESO mean “Eden sequence of even length” and “Eden sequence of odd
length”, respectively

x ESE(m) and ESO(m) mean “Eden sequence of even length from {1,2,3,...,m}” and
“Eden sequence of odd length from {1,2,3,...,m}”, respectively

Method 1

For each positive integer n, let A(n) be the number of ESE(n), and let B(n) be the number
of ESO(n).

Then e(n) = A(n) + B(n) for each positive integer n.

Note also that for each positive integer n > 2, we have e(n) > e(n—1) and A(n) > A(n—1)
and B(n) > B(n—1). This is because every ES(n — 1) is also an ES(n) because it satisfies
the three required conditions. So there are at least as many ES(n) as there are ES(n —1).

(The same argument works to show that there are at least as many ESE(n) as there are
ESE(n — 1), and at least as many ESO(n) as there are ESO(n — 1).)

Note that if k is a positive integer, then 2k + 1 is odd and 2k is even.
The following four facts are true for every positive integer k£ > 1:
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(i) A(2k +1) = A(2k)
(ii) B(2k) = B(2k —1)
(iii) A(2k) = A(2k — 1) + B(2k — 1)

(iv) B(2k+ 1) = A(2k) + B(2k) + 1
Here are justifications for these facts:

(i) An ESE must end with an even integer. Thus, an ESE(2k + 1) cannot include 2k + 1,
since it would then have to include a larger even positive integer, which it cannot.
Therefore, an ESE(2k + 1) has largest term at most 2k and so is an ES(2k).

Thus, A(2k + 1) < A(2k).
But from above, A(2k + 1) > A(2k), and so A(2k + 1) = A(2k).

(ii)) An ESO must end with an odd integer. Thus, an ESO(2k) cannot include 2k, since
it would then have to include a larger odd positive integer, which it cannot.
Therefore, an ESO(2k) has largest term at most 2k — 1 and so is an ESO(2k — 1).
Thus, B(2k) < B(2k —1).

But from above, B(2k) > B(2k — 1), and so B(2k) = B(2k — 1).

(iii) An ESE(2k) either includes 2k or does not include 2k.

If such a sequence includes 2k, then removing the 2k produces an ESO(2k —1). Also,
every ESO(2k — 1) can be produced in this way.

Therefore, the number of sequences in this case is B(2k — 1).

If such a sequence does not include 2k, then the sequence can be thought of as an
ESE(2k — 1). Note that every ESE(2k — 1) is an ESE(2k).

Therefore, the number of sequences in this case is A(2k — 1).

Thus, A(2k) = A(2k — 1) + B(2k — 1).

(iv) An ESO(2k + 1) is either the one term sequence 2k + 1, or includes 2k + 1 and more

terms, or does not include 2k + 1.

There is 1 sequence of the first kind.

As in (iii), there are A(2k) sequences of the second kind and B(2k) sequences of the
third kind.

Thus, B(2k + 1) = 1 + A(2k) + B(2k).

Combining these facts, for each positive integer k, we obtain

e(2k+1) = A@2k+1)+ B(2k+1)
= A(2k) + (A(2k) + B(2k) + 1)
= (A(2k)+ B(2k)) + A(2k) + 1
(2K)+ (A2k—1)+ B2k -1))+1
= e(2k)+e(2k—1)+1

|
o

and
e(2k) = A(2k) + B(2k)
= (A2k—-1)+B(2k—1))+ B(2k—1)
= e(2k—1)+ (A(2k —2)+ B(2k—2) + 1)
= e(2k—1)4+e(2k—2)+1

Therefore, for all positive integers n > 3, we have e(n) = e(n—1)+e(n—2)+1, as required.
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Method 2
Let n be a positive integer with n > 3, and consider the ES(n).
We divide the sequences into three sets:

(i)
(i)
(iii)

The sequence 1 (there is 1 such sequence)
The sequences which begin with 1 and have more than 1 term
The sequences which do not begin with 1

We show that in case (ii) there are e(n — 1) sequences and in case (iii) there are e(n — 2)
sequences. This will show that e(n) =14 e(n — 1) + e(n — 2), as required.

(i)

(i)

Consider the set of ES(n) that begin with 1. We call this set of sequences P.

We remove the 1 from each of these and consider the set of resulting sequences. We
call this set (). Note that the number of sequences in P and in () is the same.

Each of the sequences in @) includes numbers from the set {2,3,...,n}, is increasing,
and has even terms in odd positions and odd terms in even positions (since each term
has been shifted one position to the left).

The sequences in @) are in a one-to-one correspondence with the ES(n — 1) (we call
this set of sequences R) and so there are exactly e(n — 1) of them (and so e(n — 1)
sequences in P).

We can show that this one-to-one correspondence exists by subtracting 1 from each
term of each sequence in ), to form a set of sequences S. Each of the resulting
sequences is distinct, includes numbers from the set {1,2,3,...,n — 1}, is increasing,
and has odd terms in odd positions and even terms in even positions (since each term
has been reduced by 1). Also, each sequence in R can be obtained in this way (since
adding 1 to each term in one of these ES gives a distinct sequence in Q).

Therefore, the number of sequences in this case is e(n — 1).

Consider the set of ES(n) that do not begin with 1. We call this set of sequences T
Since each sequence in T" does not begin with 1, then the minimum number in each
sequence is 3.

Thus, each of the sequences in T includes numbers from the set {3,4,...,n}, is in-
creasing, and has odd terms in odd positions and even terms in even positions.

The sequences in 7" are in a one-to-one correspondence with the ES(n — 2) (we call
this set of sequences U) and so there are exactly e(n — 2) of them.

We can show that this one-to-one correspondence exists by subtracting 2 from each
term of each sequence in 7', to form a set of sequences V. Each of the resulting se-
quences is distinct, includes numbers from the set {1,2,3,...,n — 2}, is increasing,
and has odd terms in odd positions and even terms in even positions (since each term
has been reduced by 2). Also, each sequence in U can be obtained in this way (since
adding 2 to each term in one of these ES gives a distinct sequence in U).

Therefore, the number of sequences in this case is e(n — 2).

This concludes our proof and shows that e(n) =1+ e(n — 1) + e(n — 2), as required.
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1. (a)
(b)

()

Since (z+ 1)+ (z+2)+ (v +3) =8+ 9+ 10, then 3x +6 =27 or 3z =21 and so z = 7.

Since /25 + /x = 6, then squaring both sides gives 25 + \/x = 36 or /z = 11.
Since y/z = 11, then squaring both sides again, we obtain z = 112 = 121.

Checking, /25 4+ v/121 = /25 + 11 = /36 = 6, as required.

Since (a, 2) is the point of intersection of the lines with equations y = 2x —4 and y = z+k,
then the coordinates of this point must satisfy both equations.

Using the first equation, 2 = 2a — 4 or 2a = 6 or a = 3.

Since the coordinates of the point (3,2) satisfy the equation y = x + k, then 2 =3+ k or
kE=-—1.

Since the side length of the original square is 3 and an equilateral triangle of side length 1
is removed from the middle of each side, then each of the two remaining pieces of each
side of the square has length 1.

Also, each of the two sides of each of the equilateral triangles that are shown has length 1.

1 1

A/

Therefore, each of the 16 line segments in the figure has length 1, and so the perimeter of
the figure is 16.

Since DC' = DB, then ACDB is isosceles and ZDBC = ZDCB = 15°.
Thus, ZCDB = 180° — ZDBC — ZDCB = 150°.
Since the angles around a point add to 360°, then

LADC = 360° — LADB — ZCDB = 360° — 130° — 150° = 80° .

By the Pythagorean Theorem in AEAD, we have EA?24+ AD? = ED? or 12?4+ AD? = 132,
and so AD = /169 — 144 = 5, since AD > 0.

By the Pythagorean Theorem in AACD, we have AC? + CD? = AD? or AC? + 42 = 52,
and so AC' = /25 — 16 = 3, since AC > 0.

(We could also have determined the lengths of AD and AC by recognizing 3-4-5 and
5-12-13 right-angled triangles.)

By the Pythagorean Theorem in AABC, we have AB% + BC? = AC? or AB? + 2% = 32,
and so AB = /9 — 4 = /5, since AB > 0.

Solution 1

Since we want to make 15 — Yy as large as possible, then we want to subtract as little as
possible from 15. v

In other words, we want to make Y as small as possible.

To make a fraction with positivexnumerator and denominator as small as possible, we

make the numerator as small as possible and the denominator as large as possible.

Since 2 < x < 5 and 10 < y < 20, then we make x = 5 and y = 10.

1
Therefore, the maximum value of 15 — Yy is 15 — EO =13.
x
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Solution 2
Since y is positive and 2 < x < 5, then 15 — J < 15— % for any x with 2 < z < 5 and
x
positive y.
10
Smw10§y§ﬂLmaﬂ5—%§15—E;brwyywﬂﬂﬂgy§20
Y 10

Therefore, for any x and y in these ranges, 15 — = < 15 — = = 13, and so the maximum
T
possible value is 13 (which occurs when z = 5 and y = 10).

Solution 1
First, we add the two given equations to obtain

(f(x) +9(x)) + (f(2) — 9(z)) = 3z +5) + (52 +7)

or 2f(x) = 8z + 12 which gives f(z) = 4z + 6.

Since f(z) 4+ g(z) = 3x + 5, then g(z) =3z +5— f(x) =32+ 5— (4x +6) = —z — 1.
(We could also find g(z) by subtracting the two given equations or by using the second of
the given equations.)

Since f(x) = 4x + 6, then f(2) = 14

Since g(x) = —x — 1, then g(2) = —

Therefore, 2f(2)g(2) =2 x 14 x (— )

Solution 2
Since the two given equations are true for all values of z, then we can substitute x = 2 to
obtain

f2)+9) = 1
F2)—g2) = 17

Next, we add these two equations to obtain 2f(2) = 28 or f(2) = 14.
Since f(2) 4+ ¢g(2) = 11, then ¢g(2) = 11 — f(2) = 11 — 14 = —3.
(We could also find ¢(2) by subtracting the two equations above or by using the second

of these equations.)
Therefore, 2f(2)g(2) =2 x 14 x (—3) = —84.

We consider choosing the three numbers all at once.
We list the possible sets of three numbers that can be chosen:

{1,2,3} {1,2,4} {1,2,5} {1,3,4} {1,3,5} {1,4,5} {2,3,4} {2,3,5} {2,4,5} {3,4,5}

We have listed each in increasing order because once the numbers are chosen, we arrange
them in increasing order.

There are 10 sets of three numbers that can be chosen.

Of these 10, the 4 sequences 1,2,3 and 1, 3,5 and 2, 3,4 and 3, 4, 5 are arithmetic sequences

Therefore, the probability that the resultlng sequence is an arithmetic sequence is E or 5
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(b) Solution 1
Join B to D.

60°

Consider ACBD.

Since CB = CD, then ZCBD = ZCDB = }(180° — ZBCD) = 1(180° — 60°) = 60°.
Therefore, ABCD is equilateral, and so BD = BC = CD = 6.

Consider ADBA.

Note that ZDBA =90° — ZCBD = 90° — 60° = 30°.

Since BD = BA = 6, then /ZBDA = ZBAD = $(180° — ZDBA) = 5(180° — 30°) = 75°.
We calculate the length of AD.

Method 1
AD BA

By the Sine Law in ADBA h = :
y the Sine Law in WO R 4n(ZDBA) ~ sin(ZBDA)

. ° 6 1
Therefore, AD = 6?.111(30 ) == 2 : ’ '
sin(75°)  sin(75°)  sin(75°)

Method 2

If we drop a perpendicular from B to P on AD, then P is the midpoint of AD since
ABDA is isosceles. Thus, AD = 2AP.

Also, BP bisects ZDBA, so ZABP = 15°.

Now, AP = BAsin(£ZABP) = 6sin(15°).

Therefore, AD = 2AP = 12sin(15°).

Method 3
By the Cosine Law in ADBA,

AD?* = AB?+ BD?—2(AB)(BD)cos(Z/ABD)
= 6%+ 6% — 2(6)(6) cos(30°)
= 72-72(%)
= 72-36V3

Therefore, AD = 1/36(2 — v/3) = 61/2 — +/3 since AD > 0.
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Solution 2
Drop perpendiculars from D to () on BC' and from D to R on BA.
B R_A
) )
Q D
60°
C

Then CQ = CD cos(£DCQ) = 6cos(60°) = 6 x 3

Also, DQ = CDsin(£/DCQ) = 6sin(60°) = 6 x L = 3+/3.

Since BC' =6, then BQ = BC —CQ =6 —3 = 3.

Now quadrilateral BQ DR has three right angles, so it must have a fourth right angle and
so must be a rectangle.

Thus, RD = BQ = 3 and RB = DQ = 3V/3.

Since AB = 6, then AR = AB — RB = 6 — 3V/3.

Since AARD is right-angled at R, then using the Pythagorean Theorem and the fact that
AD > 0, we obtain

AD = VRD? + AR? = \/32+(6—3\/§)2: \/9+36—36\/§+27: \/72—36\/5
which we can rewrite as AD = 4/36(2 — \/5) =62 — V3.

Let n be the original number and N be the number when the digits are reversed. Since
we are looking for the largest value of n, we assume that n > 0.

Since we want N to be 75% larger than n, then N should be 175% of n, or N = %n.
Suppose that the tens digit of n is @ and the units digit of n is b. Then n = 10a + b.
Also, the tens digit of N is b and the units digit of NV is a, so N = 10b + a.

We want 10b + a = 1(10a + b) or 4(10b + a) = 7(10a + b) or 40b + 4a = 70a + 7b or
33b = 66a, and so b = 2a.

This tells us that that any two-digit number n = 10a + b with b = 2a has the required
property.

Since both a and b are digits then b < 10 and so a < 5, which means that the possible
values of n are 12, 24, 36, and 48.

The largest of these numbers is 48.

We “complete the rectangle” by drawing a horizontal line through C' which meets the
y-axis at P and the vertical line through B at Q).

y
L Cks o

A0, 3)

o) B(4, 0)
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Since C has y-coordinate 5, then P has y-coordinate 5; thus the coordinates of P are
(0,5).

Since B has x-coordinate 4, then () has z-coordinate 4.

Since C' has y-coordinate 5, then () has y-coordinate 5.

Therefore, the coordinates of @) are (4,5), and so rectangle OPQB is 4 by 5 and so has
area 4 x 5 = 20.

Now rectangle O PQ) B is made up of four smaller triangles, and so the sum of the areas of
these triangles must be 20.

Let us examine each of these triangles:

e AABC has area 8 (given information)

e NAOB is right-angled at O, has height AO = 3 and base OB = 4, and so has area
3 x4x3=6.

e NAPC is right-angled at P, has height AP =5 — 3 = 2 and base PC' =k — 0 = k,
andsohasarea%xk:x2:k.

e NCQB is right-angled at ), has height QB =5 — 0 = 5 and base CQ = 4 — k, and
so has area 1 x (4 — k) x 5 =10 — 3k.

Since the sum of the areas of these triangles is 20, then 8 +-6+ &+ 10 — gk =20o0r4d = %k

and so k = g.

Solution 1
Suppose that the distance from point A to point B is d km.
Suppose also that 7. is the speed at which Serge travels while not paddling (i.e. being
carried by just the current), that r, is the speed at which Serge travels with no current
(i.e. just from his paddling), and 7,.. his speed when being moved by both his paddling
and the current.
It takes Serge 18 minutes to travel from A to B while paddling with the current.
d :
Thus, rp1. = — km/min.
It takes Serge 30 minutes to travel from A to B with just the current.
Thus, r. = 30 km /min.
d d bd 3d 2d d

Bt g c— C:___:___:_:_k '.

B = e T e =19 T30 790 90 90 45 m/ml(;
Since Serge can paddle the d km from A to B at a speed of 5 km/min, then it takes him

45 minutes to paddle from A to B with no current.

Solution 2
Suppose that the distance from point A to point B is d km, the speed of the current of
the river is r km/h, and the speed that Serge can paddle is s km /h.

N —

Since the current can carry Serge from A to B in 30 minutes (or % h), then g =

When Serge paddles with the current, his speed equals his paddling speed plus the speed

of the current, or (s + r) km/h.

Since Serge can paddle with the current from A to B in 18 minutes (or % h), then
d 3

r+s - 10°

d
The time to paddle from A to B with no current would be — h.
s
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1
Since — = —, then r_ .
r d
g 3 ; r+s 10
ince = — then = —.
r+s 10’ d 0 3 A
S r+ s T
erefore, pi g y 3 3
3

d 3
Thus, — = T and so it would take Serge 1 of an hour, or 45 minutes, to paddle from A
s

to B with no current.

Solution 3
Suppose that the distance from point A to point B is d km, the speed of the current of
the river is » km/h, and the speed that Serge can paddle is s km /h.

1
Since the current can carry Serge from A to B in 30 minutes (or > h), then — = 3 or
r

d=1r.

2
When Serge paddles with the current, his speed equals his paddling speed plus the speed
of the current, or (s +r) km/h.

3
Since Serge can paddle with the current from A to B in 18 minutes (or 10 h), then

d 3 3
T+8:1—Oordzm(r+s).

Since d = 37 and d = 5(r + s), then 37 = 3 (r +s) or 5r = 3r + 35 and so s = 2r.

d 3r 3
To travel from A to B with no current, the time in hours that it takes is — = 3— 1
s Zr
3

wIno

45 minutes.

First, we note that a # 0. (If @ = 0, then the “parabola” y = a(x — 2)(z — 6) is actually
the horizontal line y = 0 which intersects the square all along OR.)

Second, we note that, regardless of the value of a # 0, the parabola has x-intercepts 2 and
6, and so intersects the z-axis at (2,0) and (6,0), which we call K(2,0) and L(6,0). This
gives KL = 4.

Third, we note that since the x-intercepts of the parabola are 2 and 6, then the axis of
symmetry of the parabola has equation z = %(2 +6) =4.

Since the axis of symmetry of the parabola is a vertical line of symmetry, then if the
parabola intersects the two vertical sides of the square, it will intersect these at the same
height, and if the parabola intersects the top side of the square, it will intersect it at two
points that are symmetrical about the vertical line x = 4.

Fourth, we recall that a trapezoid with parallel sides of lengths a and b and height A has
area th(a +b).

We now examine three cases.
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Case 1: a <0

Here, the parabola opens downwards.

Since the parabola intersects the square at four points, it must intersect P(Q) at points
M and N. (The parabola cannot intersect the vertical sides of the square since it gets
“narrower” towards the vertex.)

x=4
I
I
I

y

b N/'\M Q(8, 8)

OKIE‘LR

Since the parabola opens downwards, then MN < KL = 4.

Since the height of the trapezoid equals the height of the square (or 8), then the area of
the trapezoid is $h(K L 4+ MN) which is less than $(8)(4 +4) = 32.

But the area of the trapezoid must be 36, so this case is not possible.

Case 2: a > 0; M and N on PQ
We have the following configuration:

oLl 1 | o@9

Here, the height of the trapezoid is 8, KL = 4, and M and N are symmetric about x = 4.
Since the area of the trapezoid is 36, then 1h(KL + MN) = 36 or 3(8)(4+ MN) = 36 or
44+ MN =9or MN = 5.

Thus, M and N are each g units from = = 4, and so N has coordinates

(
Since this point lies on the parabola with equation y = a(z — 2

8=a(3-2)(2—-6)or8=a(—3)(—=5) or8="2aora=32.
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Case 3: a > 0; M and N on QR and PO
We have the following configuration:

x=4

N A .,

Ol K<~—~T R

Here, KL =4, MN =8, and M and N have the same y-coordinate.

Since the area of the trapezoid is 36, then 1h(KL + MN) = 36 or $h(4 +8) = 36 or
6h = 36 or h = 6.

Thus, N has coordinates (0, 6).

Since this point lies on the parabola with equation y = a(zx — 2)(z — 6), then
6=a(0—2)(0—6)or6=12aor a = 3.

Therefore, the possible values of a are % and %

Solution 1

Consider a population of 100 people, each of whom is 75 years old and who behave ac-
cording to the probabilities given in the question.

Each of the original 100 people has a 50% chance of living at least another 10 years, so
there will be 50% x 100 = 50 of these people alive at age 85.

Each of the original 100 people has a 20% chance of living at least another 15 years, so
there will be 20% x 100 = 20 of these people alive at age 90.

Since there is a 25% (or i) chance that an 80 year old person will live at least another 10
years (that is, to age 90), then there should be 4 times as many of these people alive at
age 80 than at age 90.

Since there are 20 people alive at age 90, then there are 4 x 20 = 80 of the original 100
people alive at age 80.

In summary, of the initial 100 people of age 75, there are 80 alive at age 80, 50 alive at
age 85, and 20 people alive at age 90.

Because 50 of the 80 people alive at age 80 are still alive at age 85, then the probability
that an 80 year old person will live at least 5 more years (that is, to age 85) is 22 = 2, or

80 8
62.5%.

Solution 2

Suppose that the probability that a 75 year old person lives to 80 is p, the probability
that an 80 year old person lives to 85 is ¢, and the probability that an 85 year old person
lives to 90 is 7.

We want to the determine the value of ¢.

For a 75 year old person to live at least another 10 years, they must live another 5 years
(to age 80) and then another 5 years (to age 85). The probability of this is equal to pq.
We are told in the question that this is equal to 50% or 0.5.

Therefore, pg = 0.5.
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For a 75 year old person to live at least another 15 years, they must live another 5 years
(to age 80), then another 5 years (to age 85), and then another 5 years (to age 90). The
probability of this is equal to pgr. We are told in the question that this is equal to 20%
or 0.2.

Therefore, pgr = 0.2

Similarly, since the probability that an 80 year old person will live another 10 years is
25%, then gr = 0.25.

0.2
Since pgr = 0.2 and pq = 0.5, then r = par _ 22 0.4.
pq 0.5
0.25
Since gr = 0.25 and r = 0.4, then ¢ = ar _ 01 0.625.
r .

Therefore, the probability that an 80 year old man will live at least another 5 years is
0.625, or 62.5%.

Using logarithm rules, the given equation is equivalent to 22!°8102 = 3(2 . 2!°€102) 4 16 or
(2108;10 93)2 — ¢ . 2logoz + 16.

Set u = 2'°810% Then the equation becomes u? = 6u + 16 or u> — 6u — 16 = 0.

Factoring, we obtain (u — 8)(u+2) =0 and so u = 8 or u = —2.

Since 2 > 0 for any real number a, then u > 0 and so we can reject the possibility that
U= —2.

Thus, u = 2'°810% = 8 which means that log,, z = 3.

Therefore, x = 1000.

First, we determine the first entry in the 50th row.

Since the first column is an arithmetic sequence with common difference 3, then the 50th
entry in the first column (the first entry in the 50th row) is 4 +49(3) = 4 + 147 = 151.
Second, we determine the common difference in the 50th row by determining the second
entry in the 50th row.

Since the second column is an arithmetic sequence with common difference 5, then the
50th entry in the second column (that is, the second entry in the 50th row) is 7 + 49(5)
or 74 245 = 252.

Therefore, the common difference in the 50th row must be 252 — 151 = 101.

Thus, the 40th entry in the 50th row (that is, the number in the 50th row and the 40th
column) is 151 + 39(101) = 151 + 3939 = 4090.

We follow the same procedure as in (a).

First, we determine the first entry in the Rth row.

Since the first column is an arithmetic sequence with common difference 3, then the Rth
entry in the first column (that is, the first entry in the Rth row) is 4 + (R — 1)(3) or
4+3R—-3=3R+1.

Second, we determine the common difference in the Rth row by determining the second
entry in the Rth row.

Since the second column is an arithmetic sequence with common difference 5, then the
Rth entry in the second column (that is, the second entry in the Rth row) is 7+ (R —1)(5)
or 7+5R—-5=5R+2.

Therefore, the common difference in the Rth row must be (5bR+2) — (3R+ 1) = 2R + 1.
Thus, the Cth entry in the Rth row (that is, the number in the Rth row and the Cth
column) is

3R+1+(C—1)2R+1)=3R+1+2RC+C —2R—1=2RC+ R+C
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()

Suppose that N is an entry in the table, say in the Rth row and Cth column.

From (b), then N =2RC + R+ C and so 2N + 1 =4RC + 2R + 2C + 1.

Now 4RC' 4+ 2R +2C +1=2R(2C +1)+2C+1=(2R+1)(2C +1).

Since R and C are integers with R > 1 and C' > 1, then 2R + 1 and 2C + 1 are each
integers that are at least 3.

Therefore, 2N +1 = (2R + 1)(2C + 1) must be composite, since it is the product of two
integers that are each greater than 1.

If n = 2011, then 8 — 7 = 16081 and so v/8n — 7 ~ 126.81.
Thus, 1+ \/2871 -7 ~ 14 126.81 ~ 639

1+ 4/8(2011) =7
Therefore, g(2011) = 2(2011) + \‘ i (2 ) J = 4022+ |63.9] = 4022+ 63 = 4085.

To determine a value of n for which f(n) = 100, we need to solve the equation

1+ /] —
o — {%MJ 100 (#)
We first solve the equation
20 — H#SQZ_? = 100 (%)

because the left sides of (x) and (*%) do not differ by much and so the solutions are likely
close together. We will try integers n in (x) that are close to the solutions to (xx).
Manipulating (*x*), we obtain

4r — (1 +V8r—T7) = 200
4r —201 = 8zr—7
(4r —201)*> = 8x—7
162% — 1608z + 40401 = 8x —7
162% — 16162 + 40408 = 0
22% — 2022 + 5051 = 0

By the quadratic formula,

202 & /2022 — 4(2)(5051) 202 +£+/396 101 £ /99
T = = =
2(2) 4 2

and so x & 55.47 or x ~ 45.53.
We try n = 55, which is close to 55.47:

£(55) = 2(55) — {1+\/82(55) —7J 0 {1+;/@J

1+ V4
Since v/433 & 20.8, then %33

1+ V4
~ 10.9, which gives {%%J = 10.

Thus, f(55) = 110 — 10 = 100.
Therefore, a value of n for which f(n) = 100 is n = 55.
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(c) We want to show that each positive integer m is in the range of f or the range of g, but
not both.
To do this, we first try to better understand the “complicated” term of each of the func-
tions — that is, the term involving the greatest integer function.
In particular, we start with a positive integer £ > 1 and try to determine the positive

1+\/8n—7J _
— | =k

integers n that give L

1++v/8n—7
2

By definition of the greatest integer function, the equation L J = k is equiv-

14++/8n—7
2

alent to the inequality k£ < < k + 1, from which we obtain the following set

of equivalent inequalities

2k < 14+8n—=-7 < 2k + 2

2k — 1 < V8n—-7 < 2k + 1
ak? — 4k +1 < 8n—17 < 4k?+4k+1
4k — 4k +8 < 8n < 4Kk* + 4k +8
12—k +1 < n < (K +k)+1

If we define Tj, = 3k(k + 1) = 3(k* 4+ k) to be the kth triangular number for & > 0, then
Tis = Lk = 1K) = 162 = ).

14++/8n—7
2

Therefore, L J =kforTp, 1 +1<n<T,+1.

14++/8n—7
2

Since n is an integer, then { J =kistruefor T, +1<n<T,.

When k = 1, this interval is Tp +1 < n < Tj (or 1 <n <1). When k = 2, this interval
isTh+1<n<T,(or2<n<3). When k = 3, this interval is T, + 1 < n < T3 (or
4 < n <6). As k ranges over all positive integers, these intervals include every positive
integer n and do not overlap.

Therefore, we can determine the range of each of the functions f and g by examining the
values f(n) and g(n) when n is in these intervals.

For each non-negative integer k, define R, to be the set of integers greater than k? and
less than or equal to (k + 1)% Thus, Ry = {k? + 1,k*> +2,... k> + 2k, k? + 2k + 1}.

For example, Ry = {1}, R1 = {2,3,4}, Ry = {5,6,7,8,9}, and so on. Every positive
integer occurs in exactly one of these sets.

Also, for each non-negative integer k define Sy = {k* +2,k* +4,...,k? + 2k} and define
Or = {K* + 1,k*+3,...,k* + 2k + 1}. For example, Sy = {}, S&; = {3}, S = {6,8},
Qo = {1}, Q1 = {2,4}, Qs = {5,7,9}, and so on. Note that Ry = Qp U Sk so every
positive integer occurs in exactly one Oy or in exactly one Sy, and that these sets do not
overlap since no two Si’s overlap and no two Q,’s overlap and no 9, overlaps with an Sy.

We determine the range of the function g first.

1++/8n—7
For T),_1 +1 < n < T}, we have L%J:k‘andso
WMpr +2 < omn < 2T,
1 8n — 17
O +2+k < 2n+{++J < M+ k
B —k+2+k < g(n) < K4+k+k
E2+2 < g(n) < k242
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Note that when n is in this interval and increases by 1, then the 2n term causes the value
of g(n) to increase by 2.

Therefore, for the values of n in this interval, g(n) takes precisely the values k? + 2,
K>+ 4,k*+6,... k*+ 2k.

In other words, the range of g over this interval of its domain is precisely the set S;.

As k ranges over all positive integers (that is, as these intervals cover the domain of g),
this tells us that the range of ¢ is precisely the integers in the sets S;,Ss, Ss, . . ..

(We could also include Sy in this list since it is the empty set.)

1+V8—-7
2

We note next that f(1) =2 — L J = 1, the only element of Q.

14++/8n—7
2

ForkZlandi+1§n§Tk+1,wehave{ J:k+1andso

2T, + 2 < 2n < 2T} 41
1 —
2T, +2—(k+1) < 2n—{¥J < 2T — (E+1)
FP+k+2—-k—1 < f(n) < (B+1)(k+2)—k—1
k2 +1 < f(n) < k* + 2k +1

Note that when n is in this interval and increases by 1, then the 2n term causes the value
of f(n) to increase by 2.

Therefore, for the values of n in this interval, f(n) takes precisely the values k? + 1,
K24+ 3,k>+5,... K>+ 2k + 1.

In other words, the range of f over this interval of its domain is precisely the set Q.

As k ranges over all positive integers (that is, as these intervals cover the domain of f),
this tells us that the range of f is precisely the integers in the sets Qq, Q1, Qa, . . ..

Therefore, the range of f is the set of elements in the sets Qgy, Q1, Qs, ... and the range
of g is the set of elements in the sets Sy, S1,Ss,.... These ranges include every positive
integer and do not overlap.

10. (a) Suppose that ZKAB = 6.
Since /KAC =2/KAB, then Z/ZKAC =20 and /BAC = /KAC + ZKAB = 36.
Since 3ZABC = 2/BAC, then ZABC = % x 30 = 26.
Since ZAKC(C'is exterior to AAK B, then ZAKC = /KAB + ZABC = 30.
This gives the following configuration:

Now ACAK is similar to ACBA since the triangles have a common angle at C' and
/LCAK = ZCBA.
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AK CA d b be
Therefore,ﬂ—@org—aandsod—g.
Al Ok _ ¢4 ra—x_é nd — —ﬁ rr= —b—Q—GQ_bQ required
SO,CA—CBO 2 —aa SO a x—aox—a = , as required.

(b) From (a), bc = ad and a* — b* = az and so we obtain
LS = (a* — b*)(a® — b* + ac) = (az)(ax + ac) = a’z(x + ¢)

and
RS = b’c* = (be)? = (ad)? = a*d*
In order to show that LS = RS, we need to show that z(z + ¢) = d* (since a > 0).

Method 1: Use the Sine Law
First, we derive a formula for sin 30 which we will need in this solution:

sin36 = sin(20 + 0)
= sin26cosf + cos 20 sin 0
= 2sinfcos?f + (1 — 2sin? ) sin §
= 2sinf(1 —sin®@) + (1 — 2sin* ) sin 0
3sinf — 4sin® 0

Since ZAKB = 180°— /KAB — /K BA = 180° — 30, then using the Sine Law in AAK B
gives
x d c

sinf  sin20  sin(180° — 30)

dsin g
Since sin(180° — X) = sin X, then sin(180° — 30) = sin30, and so ¢ = — =" and

sin 26
_ dsin 30
~ sin20

. This gives

(x+c) = dsinf (dsin@ n d sin 30
PETE = Gn20 \sin20 ' sin26
d?sin 0
- %(sm 0+ sin 3)
d?sin 6
= Sins#%(sirﬁ + 3sinf — 4sin® )
2 .
= d_ S;ne(élsin@ — 4sin® 0)
sin” 20
4d?% sin? 0
= " "(1—sin%0
sin® 26 ( sin”f)
4d? sin? 0 cos? 0
sin? 20
4d? sin? 0 cos? @
(2sin 6 cos )2
4d? sin? 6 cos? 6
4 sin? @ cos? O
= d?




2011 Euclid Contest Solutions Page 15

as required.

A+ B A—B
We could have instead used the formula sin A + sin B = 2sin < —|2— ) Cos (—> to

2
show that sin 30 + sinf = 2sin 26 cos 0, from which

sin §(sin 30 + sin ) = sin 6(2 sin 20 cos #) = 2sin O cos O sin 20 = sin* 20

Method 2: Extend AB
Extend AB to E so that BE = BK = x and join KF.

Now AKBE is isosceles with /BKFE = /KEB.

Since ZK BA is the exterior angle of AKBE, then /KBA =2/KFEB = 20.
Thus, /KEB = /BKFE =90.

But this also tells us that /KAE = ZKFEA =46.

Thus, AK AF is isosceles and so KE = KA = d.

So AKAF is similar to ABK E, since each has two angles equal to 6.
KA AFE d

Thus, 5K - KE or o= c;x and so d* = x(x + ¢), as required.

Method 3: Use the Cosine Law and the Sine Law

We apply the Cosine Law in AAK B to obtain

AK? = BK?+ BA? —2(BA)(BK)cos(/KBA)
d> = 2%+ —2cxcos(20)
d® = 2*+c —2cx(2cos’0 — 1)

d sin 260 d 2sin 6 cos 0 d
B - _

" = — or —; = ; = —
sin 6 sin 26 sin 8 T sin 6 x

Using the Sine Law in AAK B, we get

and so cosf = —.
T
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Combining these two equations,

& = 22+ =2z (z—jz—l)
d? = x2+02—%d2—|—20x
d2+%d2 = 2242z +¢?
d2+%d2 = (z+c¢)?

xd®> +cd® = x(z+c)?
P(x+c) = x(r+c)?
> = z(x+c)

as required (since z + ¢ # 0).

Solution 1

Our goal is to find a triple of positive integers that satisfy the equation in (b) and are the
side lengths of a triangle.

First, we note that if (A, B,C) is a triple of real numbers that satisfies the equation in
(b) and k£ is another real number, then the triple (kA, kB, kC') also satisfies the equation
from (b), since

(K2A?—k2B2) (K2 A2~ k2 B>+ kAKC) = k*(A2— B?)(A%— B2+ AC) = k*(B2C?) = (kB)2(kC)?

Therefore, we start by trying to find a triple (a,b,c) of rational numbers that satisfies
the equation in (b) and forms a triangle, and then “scale up” this triple to form a triple
(ka, kb, kc) of integers.

To do this, we rewrite the equation from (b) as a quadratic equation in ¢ and solve for ¢
using the quadratic formula.

Partially expanding the left side from (b), we obtain

(a* = b°)(a® — b*) + ac(a® — b*) = b*¢?
which we rearrange to obtain
b’c? — c(a(a® — b%)) — (a* — b*)* =0

By the quadratic formula,

a(a® — %) £ \/a2(a? — b2)2 + 4b2(a2 — b2)2  a(a® — b?) £ /(a2 — b2)%(a2 + 4b?)
C = =
202 202

Since ZBAC > ZABC, then a > b and so a®> — b*> > 0, which gives

CcC =

2 _ 12 2 _ 12 2 2 2 12
ala b):t(azb2 b*)va? + 4b _ (aQbe)(ai\/m)

Since a? + 4b> > 0, then va? + 4b2 > a, so the positive root is

_ (@1 2 2
0—2—1)2(a—|— a? + (20)?)
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We try to find integers a and b that give a rational value for ¢. We will then check to see
if this triple (a,b,c) forms the side lengths of a triangle, and then eventually scale these
up to get integer values.

One way for the value of ¢ to be rational (and in fact the only way) is for y/a? + (20)? to
be an integer, or for a and 2b to be the legs of a Pythagorean triple.

Since /3% + 42 is an integer, then we try a = 3 and b = 2, which gives

(3% —2%) 3
C:W<3+\/3 +42)=5
and so (a,b,¢) = (3,2,5). Unfortunately, these lengths do not form a triangle, since
3+2=5.
(The Triangle Inequality tells us that three positive real numbers a, b and ¢ form a triangle
if and only if a +b > cand a+c¢>band b+ ¢ > a.)
We can continue to try small Pythagorean triples.
Now 15% 4+ 8% = 172, but a = 15 and b = 4 do not give a value of ¢ that forms a triangle
with a and .
However, 162 + 30% = 342, so we can try a = 16 and b = 15 which gives
_ (16* - 15?) 5 5 9l _ 31

c= 2-—152(16+v16 +30%) = E(HH_M) =3
Now the lengths (a,b,¢) = (16,15,3}) do form the sides of a triangle since a +b > ¢ and
a+c>band b+ c > a.
Since these values satisfy the equation from (b), then we can scale them up by a factor of
k =9 to obtain the triple (144, 135,31) which satisfies the equation from (b) and are the
side lengths of a triangle.
(Using other Pythagorean triples, we could obtain other triples of integers that work.)

Solution 2

We note that the equation in (b) involves only a, b and ¢ and so appears to depend only
on the relationship between the angles ZCAB and ZCBA in AABC.

Using this premise, we use AABC, remove the line segment AK and draw the altitude
CF.

C

36 ml 20
A bcos36 F  acos20

B

Because we are only looking for one triple that works, we can make a number of assump-
tions that may or may not be true in general for such a triangle, but which will help us
find an example.

We assume that 30 and 260 are both acute angles; that is, we assume that 6 < 30°.

In AABC, we have AF = bcos 30, BF = acos26, and CF = bsin 30 = asin 20.

Note also that ¢ = bcos 360 + a cos 26.
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One way to find the integers a, b, ¢ that we require is to look for integers a and b and an
angle 6 with the properties that bcos 36 and acos 260 are integers and bsin 30 = a sin 26.
Using trigonometric formulae,

sin20 = 2sinfcosf
cos20 = 2cos’f —1
sin30 = 3sinf — 4sin®f
(from the calculation in (a), Solution 1, Method 1)

cos30 = cos(20 + 0)

= cos 260 cosf — sin 20 sin 6

= (2cos?# —1)cosf — 2sin* @ cosd

= (2cos?# —1)cos® — 2(1 — cos®f) cos

= 4cos’f — 3cosf

So we can try to find an angle § < 30° with cos# a rational number and then integers a
and b that make bsin 30 = asin 20 and ensure that bcos 36 and a cos 26 are integers.

Since we are assuming that # < 30°, then cos6 > \/g ~ (.866.

The rational number with smallest denominator that is larger than i is L, so we try the

8 Y
acute angle 6 with cosf = 8

In this case, sinf) = /1 — cos? 0 = Y15 and so

8 ?

sin20 = 2sinfcosf =2 X g T % £ _ W15

cos20 = 2cos? 9—1:2><64 :3_;
sin30 = 3sinf —4sin®0 =3 x Y5 — 4 x 1815 — 3315
cos30 = 4cos®f —3cosf = 4><§‘11§ 3X§:E78

To have bsin 30 = asin 260, we need 331‘2/;b 7\ﬁa or 33b = 28a.

To ensure that bcos 30 and acos 26 are mtegers we need 1;86 and 17@ to be integers, and
so a must be divisible by 32 and b must be divisible by 128.

The integers a = 33 and b = 28 satisfy the equation 330 = 28a.

Multiplying each by 32 gives a = 1056 and b = 896 which satisfy the equation 33b = 28a
and now have the property that b is divisible by 128 (with quotient 7) and a is divisible
by 32 (with quotient 33).

With these values of a and b, we obtain ¢ = bcos 36+a cos 20 = 896 x ﬁ +1056 >< = 610.
We can then check that the triple (a,b,c) = (1056, 896,610) satisfies the equatlon from
(b), as required.

As in our discussion in Solution 1, each element of this triple can be divided by 2 to obtain
the “smaller” triple (a, b, c) = (528,448, 305) that satisfies the equation too.

Using other values for cos @ and integers a and b, we could obtain other triples (a, b, ¢) of

integers that work.
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1.

(a)

Solution 1
Since 3% = 27, then 3712 = 3732 = 27 - 9 = 243.

Solution 2

Since 3% = 27 and 27 = 33, then z = 3.
Therefore, 3¥72 = 35 = 243.

2731459
The linesy = x4+ 2 and y = —%x + 2 both pass through the point B on the y-axis.
Since the y-intercept of the line y = x + 2 is 2, then B has coordinates (0, 2).

Next, we find the z-intercepts of each of the two lines by setting y = 0.

Ify=xz+2and y =0, then x +2 =0 or z = —2, so A has coordinates (—2,0).
Ify:—%x—l—Zandy:O, then():—%x—k2or %sz, and so x = 4.

Thus, C' has coordinates (4, 0).

Since BO and AC' are perpendicular, then we can treat AC' as the base of AABC and
BO as its height.

Note that BO =2 and AC =4 — (—2) = 6.

Therefore, the area of AABC'is % x AC' x BO = % X 6 x 2 =0.

Since 2°3135% = 2731459 then = = = 2231 = 12.

Let r, g and b be the masses of the red, green and blue packages, respectively.
We are told that r+ g+ b =60, r + g = 25, and g + b = 50.

Subtracting the second equation from the first, we obtain b = 60 — 25 = 35.
Substituting into the third equation, we obtain ¢ = 50 — b = 50 — 35 = 15.
Therefore, the mass of the green package is 15 kg.

Suppose that a palindrome p is the sum of the three consecutive integers a — 1, a, a + 1.
In this case, p= (a — 1) + a + (a + 1) = 3a, so p is a multiple of 3.

The largest palindromes less than 200 are 191, 181, 171.

Note that 191 and 181 are not divisible by 3, but 171 is divisible by 3.

One way to check these without using a calculator is to use the test for divisibility by 3:

A positive integer is divisible by 3 if and only if the sum of its digits is divisible
by 3.

Therefore, 191 and 181 cannot be the sum of three consecutive integers.
The integer 171 can be written as 56 + 57 + 58, so 171 is the largest palindrome less than
200 that is the sum of three consecutive integers.

Solution 1
Since (x +1)(x — 1) =8, then 22 — 1 =8 or 2% = 9.
Thus, (22 +z)(2? —2) =z(x + Dr(x — 1) =2*(x + 1)(z — 1) = 9(8) = 72.

Solution 2

Since (z + 1)(x — 1) =8, then 2> — 1 =8 or 22 =9, so = £3.

If z =3, then (22 + z)(2? —2) = (32 +3)(32 = 3) = (9+ 3)(9 — 3) = 12(6) = 72.

If z = =3, then (2 + z)(2* —x) = ((—3)* + (=3))((—3)* = (—3)) = (9 = 3)(9+ 3) = 72.
In either case, (22 + z)(2? — x) = 72.

Solution 1
Bea spends 60 minutes flying from H to F', 30 minutes at F', 45 minutes flying from F' to
(G, 60 minutes at GG, and then flies from G to H.
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Thus, her total time is 60 + 30 + 45 + 60 = 195 minutes plus the length of time that it
takes her to fly from G to H.
Since Bea flies at a constant speed, then the ratio of the two distances equals the ratio of

the corresponding times.

Theref HF 60 minutes 4
erefore = = —,
"GF 45 minutes 3

Since AFGH is right-angled at F', then AFGH must be similar to a 3-4-5 triangle, and
HG 5

SO —— = =

GF 3
In particular, this means that the ratio of the times flying H to G and F to G is also g

Thus, it takes her g x 45 = 75 minutes to fly from G to H.
In conclusion, Bea is away from her hive for 195 4 75 = 270 minutes.

Solution 2

Bea spends 60 minutes flying from H to F', 30 minutes at F, 45 minutes flying from F' to
GG, 60 minutes at (G, and then flies from G to H.

Thus, her total time is 60 + 30 + 45 4+ 60 = 195 minutes plus the length of time that it
takes her to fly from G to H.

Since Bea flies at a constant speed, then the ratio of the two distances equals the ratio of
the corresponding times.

Therefore, we can use the Pythagorean Theorem on the times to obtain

Time G to H = /(Time H to F)2 + (Time F to G)? = V602 + 452 = /5625 = 75 min

since the time is positive.
In conclusion, Bea is away from her hive for 195 4+ 75 = 270 minutes.

Solution 1
Since ZOPB = 90°, then OP and PB are perpendicular, so the product of their slopes
is —1.

4—-0 4 4—-0 4
The slope of OP is = — and the slope of PB is = .
p—0 p p—10 p—10
Therefore, we need
4 4
. - 1
p p—10
16 = —p(p—10)

pP—10p+16 = 0
(p=2)(p—8) = 0

and so p = 2 or p = 8. Since each these steps is reversible, then AOPB is right-angled
precisely when p = 2 and p = 8.

Solution 2

Since AOPB is right-angled at P, then OP?+ PB? = OB? by the Pythagorean Theorem.
Note that OB = 10 since O has coordinates (0,0) and B has coordinates (10, 0).

Also, OP%? = (p—0)?+(4—0)? = p*+16 and PB* = (10—p)?+ (4 —0)? = p> —20p+ 116.
Therefore,

(p* 4+ 16) + (p*> — 20p + 116) = 107
2p* — 20p + 32 0
pP—10p+16 = 0
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and so (p —2)(p—8) =0, or p =2 or p = 8. Since each these steps is reversible, then
AOPB is right-angled precisely when p = 2 and p = 8.

4. (a) Suppose that Thurka bought x goats and y helicopters.
Then 192 + 17y = 201.
Since x and y are non-negative integers, then 192z < 201 so x < 10.
If z = 10, then 17y = 201 — 192 = 11, which does not have an integer solution because 11
is not divisible by 17.
If x =9, then 17y = 201 — 192 = 30, which does not have an integer solution.
If z =8, then 17y = 201 — 192 = 49, which does not have an integer solution.
If x =7, then 17y = 201 — 192 = 68, so y = 4.
Therefore, 19(7) + 17(4) = 201, and so Thurka buys 7 goats and 4 helicopters.
(We can check that = =0,1,2,3,4,5,6 do not give values of y that work.)

(b) Solution 1
Manipulating algebraically,
(z+8)* = (2z+16)
(z+8)" —2%(z +8)* =
92

0
(z+8)*((x+8)*—2%) = 0
(z+8)>2*((x+8)+2)((x+8)—2) = 0
(z+8)*(x +10)(x +6) = 0
Therefore, x = —8 or x = —10 or x = —6.
Solution 2

Manipulating algebraically,

(z+8)* = (20 +16)*
(z +8)* — 2%(x + 8)?

=0
(z+8)*((x+8)*—2%) = 0
(z+8)*(2* + 16z +64 —4) = 0
(z +8)*(z* + 162 +60) = 0
(x +8)2*(z+10)(z+6) = 0
Therefore, xt = —8 or x = —10 or x = —6.
Solution 3

Since (z + 8)* = (22 + 16)?, then (z + 8)? = 2z + 16 or (z + 8)? = —(2x + 16).

From the first equation, 2?4+ 162+ 64 = 22+ 16 or 2° + 142 +48 = 0 or (x4 6)(z+8) = 0.
From the second equation, z? + 16x + 64 = —2z — 16 or 2? + 18z + 80 = 0 or
(x +10)(x +8) = 0.

Therefore, x = —8 or x = —10 or x = —6.
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5. (a) Solution 1
We use the fact that g(x) = g(f(f~1(x))).
Since f(z) = 2x + 1, then to determine f~1(x) we solve x = 2y + 1 for y to get 2y = x — 1
ory=1(x—1). Thus, f~!(z) = (z - 1).
Since g(f(z)) = 4z* + 1, then

glx) = g(f(f~'(x)))
= 9(f(3(z = 1))
= 43z -1))*+1
= 4-Ya-1+1

= (z—-1)72+1

22— 2r+2

Solution 2
We use the expressions for f(x) and g(f(x)) to construct g(x).
Since f(x) is linear and g(f(z)) is quadratic, then it is likely that g(z) is also quadratic.
Since f(x) = 2x + 1, then (f(x))? = 42% + 4z + 1.
Since ¢g(f(z)) has no term involving x, then we subtract 2f(z) (to remove the 4z term)
to get

(f(x)? = 2f(z) = 4o* +4x+1) — 22z + 1) = 42? — 1

To get g(f(x)) from this, we add 2 to get 422 + 1.
Therefore, g(f(x)) = (f(x))* — 2f(x) + 2, and so an expression for g(x) is x* — 2z + 2.

Solution 3

We use the expressions for f(z) and g(f(x)) to construct g(z).

Since f(x) is linear and g(f(x)) is quadratic, then it is likely that g(x) is also quadratic.
Suppose that g(z) = ax? + bx + ¢ for some real numbers a, b, c.

Then

9(f(x)) = g2z +1)
= a2r+1)*+b2z+1) +ec
= a(dr* +4x+1)+b(2x+1) +c
= 4ax® + (4a +2b)z + (a + b +¢)

Since we are told that g(f(x)) = 4z? + 1, then we can compare coefficients to deduce that
4da=4and4da+2b=0anda+b+c=1

From the first equation, a = 1.

From the second equation, b = —2a = —2.

From the third equation, c=1—a — b= 2.

Therefore, an expression for g(x) is 2% — 2z + 2.

(b) Solution 1
Since the sum of the first two terms is 40 and the sum of the first three terms is 76, then
the third term is 76 — 40 = 36.
Since the sum of the first three terms is 76 and the sum of the first four terms is 130, then
the fourth term is 130 — 76 = 54.
Since the third term is 36 and the fourth term is 54, then the common ratio in the geo-
metric sequence is % = %
Therefore, the fifth term is 54 - % = 81 and the sixth term is 81 - % = %.
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Also, the second term is 36 - % =36 - % = 24 and the first term is 24 + % =24- % = 16.
Thus, the first six terms of the sequence are 16, 24, 36, 54, 81, %.

Since the first term equals 2* and the common ratio is %, then the nth term in the sequence

n—1 n—1
is 21 ; = ;_5.
When n > 6, this is a fraction whose numerator is odd and whose denominator is even,
and so, when n > 6, the nth term is not an integer. (An odd integer is never divisible by
an even integer.)

Therefore, there will be 5 integers in the sequence.

Solution 2

Suppose that a is the first term and r is the common ratio between consecutive terms (so
that ar is the second term, ar? is the third term, and so on).

From the given information, a+ar = 40 and a+ar+ar? = 76 and a+ar+ar?+ar® = 130.
Subtracting the first equation from the second, we obtain ar? = 36.

Subtracting the second equation from the third, we obtain ar® = 54.
ard 54 3
ar? 36 2
Since ar? = 36 and 7 = 3, then a($)? = 36 or a =36 or a = 5 - 36 = 16.
Since a = 16 and r = %, then the first six terms of the sequence are 16, 24, 36, 54, 81, %.
Since the first term equals 2* and the common ratio is %, then the nth term in the sequence
n—1 n—1

is 24 § = 5 .

2 2n—5
When n > 6, this is a fraction whose numerator is odd and whose denominator is even,
and so, when n > 6, the nth term is not an integer. (An odd integer is never divisible by
an even integer.)

Therefore, there will be 5 integers in the sequence.

Since ar® = 54 and ar? = 36, then r =

In a 30°-60°-90° triangle, the ratio of the side opposite the 90° to the side opposite the
60° angle is 2 : V3.
Note that each of AABC', ANACD, AADE, ANAEF, NAFG, and AAGH is a 30°-60°-90°

triangle.
AH AG AF AE AD AC 2

AG  AF  AE AD AC AB 3
2 3 4 5 6
_ 2 _ (2 _ (2 _ (2 _ (2 _ (2
'Thu&_AlY-— Vﬁfﬂ?«— (;§> 4457—-(;§> 44£;—-<;§> AD = <;§> 4467——<;§> AB.
(In other words, to get from AB = 1 to the length of AH, we multiply by the “scaling
factor” \/lg six times.)

6
Therefore, AH = <\/l§) = %.

Therefore,

Solution 1
Since AAF'D is right-angled at F', then by the Pythagorean Theorem,

AD = VAF2 + FD? = /42 + 22 = /20 = 2/5

since AD > 0.

Let ZFAD = 3.

Since ABCD is a rectangle, then ZBAF = 90° — j3.

Since AAF'D is right-angled at F', then ZADF = 90° — [3.
Since ABCD is a rectangle, then ZBDC = 90° — (90° — ) = (3.
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A B
90°>- 8
90°- 4 E
~—
5
D = C

Therefore, ABFA, AAFD, and ADFE are all similar as each is right-angled and has

either an angle of 3 or an angle of 90O ﬁ (and hence both of these angles).
AB DA

Therefore, AF~ DF and so AB = = 4./5.
FE FD
re FD 20

Also, D = FA and so F'E = 1.

Since ABCD is a rectangle, then BC = AD =2+/5, and DC = AB = 4+/5.
Finally, the area of quadrilateral BC'E'F equals the area of ADC' B minus the area ADFE.
Thus, the required area is

3(DC)(CB) = 3(DF)(FE) = 5(4V5)(2v5) = 3(2)(1) = 20 = 1 =19

Solution 2
Since AAF'D is right-angled at F', then by the Pythagorean Theorem,

AD = VAF2 £ FD? = /42 + 22 = /20 = 2/5

since AD > 0.

Let /ZFAD = 3.

Since ABCD is a rectangle, then ZBAF = 90° — 3. Since ABAF is right-angled at F',
then ZABF = (3.

Since AAF'D is right-angled at F', then ZADF = 90° — (3.

Since ABC'D is a rectangle, then ZBDC' = 90° — (90° — 3) = (3.

A 7 B
90°- 3
B
goo_ﬁ F
B
B
D E C
FD 2 1 AF 4 2
Looking at AAF D, we see that sinf = — = —= = —, cosff = — = —= = —,
s T RN A ARV RN A
d tan § = FD 2 1
and tan § = - =
AF 4 2 AF A
Since AF =4 and ZABF = (3, then AB = — == 44/5.
sin 3 Z

Since F'D =2 and ZFDFE = (3, then FE:FDtanﬁ:Z%: 1.

Since ABCD is a rectangle, then BC' = AD = 2/5, and DC = AB = 4./5.
Finally, the area of quadrilateral EF BC' equals the area of ADC B minus the area ADFE.
Thus, the required area is

HDC)(CB) — Y(DF)(FE) = L(4V5)(2v5) — £(2)(1) =20 - 1 = 19
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7. (a)

Using the facts that 9 = 3% and 27 = 32, and the laws for manipulating exponents, we
have

371937 = 27
39071(32)2%2 — 33
3*13er = 3
3mfl+z—2 _ 33

m‘“

When two powers of 3 are equal, their exponents must be equal so

3
x
-2 +3 = 32? (multiplying by z?)
2’ —42*+3 = 0
Since z = 1 satisfies the equation, then  —1 is a factor of the left side. Using long division

or synthetic division, we can factor this out to get (z — 1)(z? — 3z — 3) = 0.
Using the quadratic formula, the quadratic equation 22 — 3z — 3 = 0 has roots

C3+£/(-32—4(1)(-3)  3&£V21
B 2 2

T

34+v21

—

To determine the points of intersection, we equate y values of the two curves and obtain
logyo(z!) = (logyg2)*.

Since log;y(a®) = blog,, a, the equation becomes 4log;,r = (log,, z)>.

We set u = log;, x and so the equation becomes 4u = u?, or u® — 4u = 0.

We can factor the left side as u3 — 4u = u(u® — 4) = u(u + 2)(u — 2).

Therefore, u(u +2)(u —2) =0, and sou=0or u = —2 or u = 2.

Therefore, log,, z = 0 or log;y x = —2 or log;yx = 2.

Therefore, xt =1 or x = ﬁ or x = 100.

Finally, we must calculate the y-coordinates of the points of intersection. Since one of the
original curves is y = (log;,z)?, we can calculate the corresponding values of y by using
the fact that y = u3.

The corresponding values of y are y = 0> = 0 and y = (—=2)> = =8 and y = 23 = 8.
Therefore, the points of intersection are (1,0), (-, —8) and (100, 8).

Therefore, the solutions to the original equation are x =1 and x =

L
100°

If Oi-Lam tosses 3 heads, then George has no coins to toss, so cannot toss exactly 1 head.
If Oi-Lam tosses 2, 1 or 0 heads, then George has at least one coin to toss, so can toss
exactly 1 head.
Therefore, the following possibilities exist:

x Oi-Lam tosses 2 heads out of 3 coins and George tosses 1 head out of 1 coin

% Oi-Lam tosses 1 head out of 3 coins and George tosses 1 head out of 2 coins

« Oi-Lam tosses 0 heads out of 3 coins and George tosses 1 head out of 3 coins
We calculate the various probabilities.
If 3 coins are tossed, there are 8 equally likely possibilities: HHH, HHT, HTH, THH, TTH,
THT, HTT, TTT. Each of these possibilities has probability (%)3 = %. Therefore,
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9.

(a)

the probability of tossing 0 heads out of 3 coins is %

*
* the probability of tossing 1 head out of 3 coins is g
*

the probability of tossing 2 heads out of 3 coins is

0| oolw

* the probability of tossing 3 heads out of 3 coins is

If 2 coins are tossed, there are 4 equally likely possibilities: HH, HT, TH, TT. Each of
these possibilities has probability (%)2 = %. Therefore, the probability of tossing 1 head
out of 2 coins is % = %

If 1 coin is tossed, the probability of tossing 1 head is %

To summarize, the possibilities are

* Oi-Lam tosses 2 heads out of 3 coins (with probability g) and George tosses 1 head
out of 1 coin (with probability 1)

% Oi-Lam tosses 1 head out of 3 coins (with probability %) and George tosses 1 head
out of 2 coins (with probability 1)

+ Oi-Lam tosses 0 heads out of 3 coins (with probability i) and George tosses 1 head
out of 3 coins (with probability 2)

Therefore, the overall probability is 2 -3 +2 .14 1.3 =21,
Suppose ZPAR = z° and ZQDR = y°.
R
yO
XQ
A B P Q C2PD

Since PR and PA are radii of the larger circle, then APAR is isosceles.

Thus, /ZPRA = /PAR = z°.

Since QD and QR are radii of the smaller circle, then AQRD is isosceles.

Thus, ZQRD = ZQDR = y°.

In AARD, the sum of the angles is 180°, so x°+ (z°+40°+y°)+y° = 180° or 2x+2y = 140
or z +y = T70.

Therefore, ZOPD = x° +40° + y° = (z + y + 40)° = 110°.

(i) Solution 1
LS = cotf — cot260
cosf  cos20

sinf@  sin 26
sin 26 cos @ — cos 20 sin 8

sin @ sin 20
sin(26 — )
sin 0 sin 260
sin 6

sin @ sin 260
1

sin 20
= RS

as required.
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Solution 2

LS = cotf — cot26
cos@ cos26

sinf  sin 26
cos cos 20

sinf  2sinfcosd
2 cos? ) — cos 20
2sin f cos 6
2cos?0 — (2cos?0 — 1)
sin 20

1

sin 20
= RS

as required.

= cot 8° — cot 16° and so

1
(ii) We use (i) to note that 5 = cot 4° — cot 8° and

sin sin 16°
on. Thus,
S = L + L + L + + L + L
© ¢in&  sinl16°  sin32° sin4096°  sin 8192°

= (cot4® — cot 8%) + (cot 8 — cot 16°) + (cot 16° — cot 32°) +
-+ 4 (cot 2048° — cot 4096°) + (cot 4096° — cot 8192°)
= cot4’ — cot 8192°

since the sum “telescopes”.

Since the cotangent function has a period of 180°, and 8100° is a multiple of 180°,
then cot 8192° = cot 92°.

Therefore,

S = cot4° — cot92°
cos4®  cos92°

sin 4° sin 92°

cos 4° —sin 2°
sin 4° cos 2°
cos 4° sin 2°

2sin2°cos2°  cos 2°
cos4° + 2sin? 2°
2 sin 2° cos 2°
(1 — 2sin®2°) + 2sin? 2°
sin 4°

1

sin 4°

Therefore, a = 4°.
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(b) Solution 1
We use the notation A = Z/BAC, B=/ZABC and C = ZACB.
We need to show that A < 1(B + C). Since the sum of the angles in AABC is 180°,
then B + C' = 180° — A, and so this inequality is equivalent to A < %(180O — A) which is
equivalent to %A < 90° or A < 60°.
So we need to show that A < 60°.
We know that a < £(b+ ¢). Thus, 2a < b+ ¢ and so 4a®> < b* + ¢® + 2bc because all
quantities are positive.

Using the cosine law in AABC, we obtain a® = b? + ¢ — 2bc cos A.

Therefore,

4a*> < b+ c* + 2be
4(b* 4+ ¢ —2bccos A) < b® + ¢ + 2be
4% + 4c® —8bccos A < b* 4 2 + 2be
4b* +4c® — 8bccos A < b* + 2+ 2bc+ 3(b —c)? (since (b —c)* > 0)
4b° + 4¢® — 8bccos A < b* + ¢ + 2bc + 3b° — 6be + 3¢
4b% + 4c® — 8bccos A < 4b* + 4c* — 4be

—8bccos A < —4bc
cosA > 3 (since 8bc > 0)

Since 2a < b+ ¢, then a cannot be the longest side of AABC (that is, we cannot have
a>band a > c), so A must be an acute angle.
Therefore, cos A > % implies A < 60°, as required.

Solution 2

We use the notation A = Z/BAC, B=/ZABC and C = ZACB.

We need to show that A < 1(B + C). Since the sum of the angles in AABC is 180°,
then B + C' = 180° — A, and so this inequality is equivalent to A < %(180O — A) which is
equivalent to %A < 90° or A < 60°.

So we need to show that A < 60°.

We know that a < 3(b + ¢) which implies 2a < b+ c.

b in B
Using the sine law in AABC, we obtain — = — = — ¢ , which gives b = aém
_ sinA sinB sinC sin A
de asin C'
and ¢ =
sin A

Therefore, we obtain equivalent inequalities

2¢ < b+c
9q < asin B N asin C'
a
sin A sin A
2asinA < asinB +asinC (since sin A > 0 for 0° < A < 180°)
2sinA < sinB +sinC

B+C B-C
since a > 0. Next, we use the trigonometric formula sin B+sin C' = 2sin ( ; ) cos ( 5 >

B+ C B+C
Sincecos8§1forany@,thensinB—i—sinC’SQsin( ;— )~1:2sin( ;— >
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Therefore,

2sinA < sinB+sinC < 2sin(

B+O)

B+C)

2sin A < QSin(

180° — A
2sinA < 2sin (SOT>

A) < 2sin(90° — 3 A)
A) < cos(34)

4 sin(
2 sin(

A) cos(
A) cos(

N [— N[

Since 0° < A < 180°, then cos(3A4) > 0, so sin(3A4) < 1.

Since 2a < b + ¢, then a cannot be the longest side of AABC, so A must be an acute
angle.

Therefore, %A < 30° or A < 60°, as required.

10. Denote the side lengths of a triangle by a, b and ¢, with 0 < a < b < c.
In order for these lengths to form a triangle, we need c < a+band b<a+cand a <b+c.
Since 0 < a < b < ¢, then b < a+ cand a < b+ ¢ follow automatically, so only ¢ < a + b ever
needs to be checked.
Instead of directly considering triangles and sets of triangle, we can consider triples (a, b, ¢) and
sets of triples (a, b, ¢) with the appropriate conditions.
For each positive integer k > 3, we use the notation Sy to denote the set of triples of positive
integers (a,b,c) with0 <a<b<candc<a+band a+b+c=k.
In this case,c<a+banda+b+c=k,soc+c<a+b+c=k,so2c<korc< %kz
Also,if0<a<b<canda+b+c=k, thenk=a+b+c<c+c+c,so3c>korc> %k

(a) Consider T'(10), which is the number of elements in Syg.
We want to find all possible triples (a, b, ¢) of integers with 0 < a < b<cand c <a+b
and a + b+ ¢ = 10.
We need ¢ < §:5andcz %. Thus, ¢ = 4.
Therefore, we need 0 < a < b <4 and a+ b = 6.
There are two possibilities: (a, b, c) = (2,4,4) or (a,b,c) = (3,3,4).
Therefore, 7'(10) = 2.

Consider T'(11). We want to find all possible triples (a, b, ¢) of integers with 0 < a < b < ¢
and c<a+band a+b+c=11.

We need ¢ < % and ¢ > % Thus, c =4 or ¢ = 5.

Ifc=4, weneed0<a<b<4anda+b=T.

There is only one possibility: (a,b,c) = (3,4,4).

Ifc=5 weneed0<a<b<banda-+b=56.

There are three possibilities: (a,b,c¢) = (1,5,5) or (a,b,c) = (2,4,5) or (a,b,c) = (3,3,5).
Therefore, T'(11) = 4.

Consider T'(12). We want to find all possible triples (a, b, ¢) of integers with 0 < a < b < ¢
and c<a+band a+b+c=12.

We need ¢ < % and ¢ > % Thus, c =4 or ¢ = 5.

Ifc=4, weneed0<a<b<4anda-+b=8.

There is only one possibility: (a,b,c) = (4,4,4).
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Ifc=5 weneed<a<b<banda+b=T.
There are two possibilities: (a,b,c) = (2,5,5) or (a,b,c) = (3,4,5).
Therefore, T'(12) = 3.

We show that T'(2m) = T'(2m — 3) by creating a one-to-one correspondence between the
triples in S5, and the triples Ss,,_3.

Note that Sy, is the set of triples (a, b, c) of positive integers with 0 < a < b < ¢, with
c < a+b,and with a + b+ ¢ = 2m.

Also, Ss,,—3 is the set of triples (A, B, C) of positive integers with 0 < A < B < C, with
C <A+ B, and with A+ B+ C =2m — 3.

Consider a triple (a, b, ¢) in S, and a corresponding triple (a — 1,0 — 1,¢ — 1).

We show that (a —1,b—1,¢ — 1) is in Syy,—3:

+ Since (a,b,c) is in Sy, then ¢ < 1(2m) = m. This means that b < ¢ < m — 1, so
a=2m —b—c> 2. Therefore,a —1,b—1 and ¢ — 1 are positive integers since a, b
and ¢ are positive integers with 2 < a < b < c.

x Since2<a<b<cthenl<a—-1<b—-—1<c—1,500<a—-1<b—-1<c-—1.

% Since a + b+ ¢ = 2m, then ¢ = 2m — (a + b) so a + b and ¢ have the same parity.
Since ¢ < a + b, then ¢ < a + b — 2. (In other words, it cannot be the case that
c¢=a+b—1.) Therefore,c—1<(a—1)+(b—1)—1;thatis,c—1 < (a—1)+(b—1).

% Since a +b+c¢=2m, then (a—1)+ (b —1)+ (¢c—1) =2m — 3.

Therefore, (a — 1,b—1,¢ — 1) is in Sy,,_3, since it satisfies all of the conditions of Ss,, 3.

Note as well that two different triples in S5, correspond to two different triples in Ss,,_3.
Thus, every triple in S,,, corresponds to a different triple in Sa,,_s.

Thus, T'(2m) < T(2m — 3).
Consider a triple (A, B,C') in Sy,,—3 and a corresponding triple (A+1,B +1,C +1).
We show that (A+ 1, B+ 1,C + 1) is in So,:
x Since (A, B,C) is in So,_3, then A, B and C are positive integers, so A+ 1, B + 1
and C' + 1 are positive integers.
x Since0 < A< B<C,thenl < A4+1<B+4+1<C+1,500< A+1<B+1<C+1.
* Since C < A+ B, then C+1<(A+1)+(B+1)—1soC+1<(A+1)+(B+1).
* Since A+ B+ C =2m —3,then (A+ 1)+ (B+1)+ (C+1)=2m.
Therefore, (A+1,B+ 1,C 4+ 1) is in Sa,.

Note again that two different triples in S, 3 correspond to two different triples in Sy,,.
Thus, every triple in Ss,,_3 corresponds to a different triple in Sy,,.

Therefore, T'(2m — 3) < T'(2m).
Since T'(2m) < T(2m — 3) and T'(2m — 3) < T(2m), then T'(2m) = T'(2m — 3).
We will use two important facts:
(F1) T(2m) = T(2m — 3) for every positive integer m > 3, and
(F2) T(k) < T(k+ 2) for every positive integer k > 3
We proved (F1) in (b).
Next, we prove (F2):
Consider a triple (a,b,c) in S, and a corresponding triple (a,b+ 1,c¢+ 1). We
show that the triple (a,b+ 1,¢+ 1) is in Sgia:

x Since a, b and ¢ are positive integers, then a, b+ 1 and ¢ + 1 are positive
integers.
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x Since 0 <a<b<c then0<a<b+1<c+1.
% Since ¢ < a+b,thenc+1<a+ (b+1).
* Since a+b+c=k, thena+ (b+ 1)+ (c+1)=k+2.
Therefore, (a,b + 1,¢ + 1) is in Sgi2. Note that, using this correspondence,

different triples in Sy correspond different triples in Sj 9. Thus, every triple in
Sy corresponds to a different triple in Si42. This proves that T'(k) < T'(k + 2).

Suppose that n = N is the smallest positive integer for which 7'(n) > 2010.
Then N must be odd:

If N was even, then by (F1), T(N —3) = T(N) > 2010 and so n = N — 3 would
be an integer smaller than N with 7(n) > 2010. This contradicts the fact that
n = N is the smallest such integer.

Therefore, we want to find the smallest odd positive integer N for which T'(N) > 2010.
Next, we note that if we can find an odd positive integer n such that 7'(n) > 2010 >
T(n — 2), then we will have found the desired value of n:

This is because n and n — 2 are both odd, and by property (F2), any smaller odd
positive integer k will give T'(k) < T'(n — 2) < 2010 and any larger odd positive
integer m will give T'(m) > T'(n) > 2010.

We show that N = 309 is the desired value of N by showing that 7°(309) > 2010 and
T(307) < 2010.

Calculation of T'(309)

We know that ?’3—9 <c< %, so 103 < ¢ < 154.

For each admissible value of ¢, we need to count the number of pairs of positive integers
(a,b) with a <b<cand a+b=2309 —c.

For example, if ¢ = 154, then we need a < b < 154 and a + b = 155.

This gives pairs (1,154),(2,153),...,(76,79), (77, 78), of which there are 77.

Also, if ¢ = 153, then we need a < b < 153 and a + b = 156.

This gives pairs (3,153),...,(77,79), (78,78), of which there are 76.

In general, if ¢ is even, then the minimum possible value of a occurs when b is as large as
possible — that is, when b = ¢, so a > 309 — 2c.

Also, the largest possible value of a occurs when a and b are as close to equal as possible.
Since c is even, then 309 — ¢ is odd, so a and b cannot be equal, but they can differ by 1.
In this case, a = 154 — %c and b = 155 — %c.

Therefore, if ¢ is even, there are (154 — ¢) — (309 — 2¢) + 1 = 3¢ — 154 possible pairs (a, b)
and so %c — 154 possible triples.

In general, if ¢ is odd, then the minimum possible value of a occurs when b is as large as
possible — that is, when b = ¢, so a > 309 — 2c.

Also, the largest possible value of a occurs when a and b are as close to equal as possible.
Since ¢ is odd, then 309 — ¢ is even, so a and b can be equal. In this case, a = %(309 —0).
Therefore, if ¢ is odd, there are £(309 — ¢) — (309 — 2¢) + 1 = 3¢ — 2 possible pairs (a, b)
and so %c — % possible triples.

The possible even values of ¢ are 104, 106, ..., 152,154 (there are 26 such values) and the
possible odd values of ¢ are 103,105, ...,151,153 (there are 26 such values).
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Therefore,
T(309) = (2(104) —154) + (2(106) — 154) + - -- + (2(154) — 154) +
(3(103) — 27) + (3(105) — 3T) + - + (3(153) — &)
= 3(104+ 106 + - - - + 154) — 26 - 154 + 2(103 4+ 105 + - - - + 153) — 26 - 27
—  3(103 + 104 + 105 + 106 + - - - + 153 + 154) — 26 - 154 — 26 - 37
3.1(103 + 154)(52) — 26 - 154 — 26 - 2°
—  3(26)(257) — 26 - 154 — 26 - 37
= 2028
Therefore, T'(309) > 2010, as required.

Calculation of 7'(307)

We know that 33—7 <c< %, so 103 < ¢ < 153.

For each admissible value of ¢, we need to count the number of pairs of positive integers
(a,b) with a <b < canda+b=307—c.

This can be done in a similar way to the calculation of 7'(309) above.

If n is even, there are %c — 153 possible triples.

If n is odd, there are %c — % possible triples.

The possible even values of ¢ are 104, 106, . .., 150, 152 (there are 25 such values) and the
possible odd values of ¢ are 103,105, ...,151,153 (there are 26 such values).
Therefore,
T(307) = (2(104) —153) + (2(106) — 153) + - - + (3(152) — 153) +
(3010~ 82) + (30105) - %) 4+ (3(158) - 2)
%(104+106+---+152)—25-153+%(103+105+---~|—153)—26-%
= %(103—1—1044—105+106+--~+152—|—153)—25-153—26-%
= % . %(103 +153)(51) — 25 - 153 — 26 - %
= 3(51)(128) — 25153 — 26 - 3°
= 2002

Therefore, T'(307) < 2010, as required.

Therefore, the smallest positive integer n such that 7'(n) > 2010 is n = 3009.

As a final note, we discuss briefly how one could guess that the answer was near N = 3009.

Consider the values of T'(n) for small odd positive integers n.

In (a), by considering the possible values of ¢ from smallest (roughly %n) to largest
(roughly 2n), we saw that 7'(11) =143 = 4.

If we continue to calculate T'(n) for a few more small odd values of n we will see

that:
T(13) 24+3=5
T(5) = 1+2+4=7
T7) = 14+3+4=38
T(19) = 2+3+4+5=10
T2l) = 1+2+4+5=12
T(23) 1+3+4+6=14
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The pattern that seems to emerge is that for n odd, 7'(n) is roughly equal to the
sum of the integers from 1 to %1”7 with one out of every three integers removed.
Thus, T'(n) is roughly equal to 3 of the sum of the integers from 1 to {n.

Therefore, T(n) =~ 2 - 3(sn)(3n + 1) = 2 - 3(3n)* =~ zxn*.

It makes sense to look for an odd positive integer n with 7'(n) ~ 2010.
Thus, we are looking for a value of n that roughly satisfies ﬁnz ~ 2010 or
n? ~ 96480 or n ~ 310.

Since n is odd, then it makes sense to consider n = 309, as in the solution above.
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1. (a)
(b)

We rewrite 6x 4+ 3y =21 as 3y = —6xr+ 21l ory = —2x + 7.
Thus, the slope is —2.

Solution 1

Since the slope of the line segment is 3, then

Solution 2

Since the slope of the line segment is 3, then for every unit that we move to the right, we
move 3 units up.

Since (5,¢) is 4 units to the right of (1,0), then it is 3(4) = 12 units up from (1,0), so
c=0+12=12.

Solution 1

5_1:3,and80§:30rc:12.

4—(—4 8
The given line segment joins (0,4) to (8, —4), so has slope % =g = —1.
Since the y-intercept of the line segment is 4, then the equation of the line passing through
Aand Bisy=—x+4.

Since the point (k, k) lies on the line, then k = —k 4+ 4 or 2k = 4 and so k = 2.

Solution 2
We label the point (k, k) as K.

Since K lies on the line segment AB, then the slope of AK equals the slope of AB.
4—(—4 8
Line segment AB joins (0,4) to (8, —4), so has slope 4—(=4) =

— =-1.
04— 8 -8
Line segment AK joins (0,4) to (k, k), so has slope ’ — 0
—4

Therefore, =—lork—4=—kor2k=4andsok=2.
Solution 1
If a quadratic equation has the form az? + bz + ¢ = 0, then the sum of its roots is ——.

a
Here, the sum of the roots must be — <@) = 6.
Solution 2
Since x? — 6x — 7 =0, then (x — 7)(z + 1) = 0.
Thus, the roots are x =7 and v = —1.
The sum of these roots is 7+ (—1) = 6.
Solution 1
If a quadratic equation has the form az? + bx + ¢ = 0, then the product of its roots is <

a

Here, the product of the roots must be _Tm = —4.
Solution 2
Since 5z% — 20 = 0, then 22 —4 =0 or (z — 2)(z + 2) = 0.
Thus, the roots are z = 2 and x = —2.
The product of these roots is 2(—2) = —4.
Solution 1
If a cubic equation has the form a® + bx? + cx + d = 0, then the sum of its roots is ——.

a

Here, the sum of the three roots is — (’Tﬁ) = 6.
The average of three numbers is their sum divided by 3, so the average of the three roots

. 6_
183—2.
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Solution 2

Since 2% — 622 + 5z = 0, then z(2? — 62 +5) =0 or z(z — 5)(x — 1) = 0.
The three roots of this equation are x =0, x =1 and x = 5.

The average of these numbers is $(0+ 1 +5) = 3(6) = 2.

Since AB = AD = BD, then ABDA is equilateral.

Thus, ZABD = ZADB = ZDAB = 60°.

Also, ZDAE = 180° — ZADE — ZAED = 180° — 60° — 90° = 30°.

Since C'AFE is a straight line, then ZCAD = 180° — ZDAFE = 180° — 30° = 150°.
Now AC = AD so ACAD is isosceles, which gives Z/CDA = ZDCA.

Since the sum of the angles in ACAD is 180° and ZCDA = ZDC'A, then

LCDA = %(180O — ZLCAD) = %(1800 —150°) = 15°

Thus, ZCDB = ZCDA+ ZADB = 15° 4+ 60° = 75°.

Solution 1
Since ABCD is a rectangle, then AB = C'D = 40 and AD = BC = 30.
By the Pythagorean Theorem, BD? = AD? + AB? and since BD > 0, then

BD = v/30% + 402 = /900 + 1600 = v/2500 = 50

We calculate the area of AADB is two different ways.
First, using AB as base and AD as height, we obtain an area of 3(40)(30) = 600.

Next, using DB as base and AF as height, we obtain an area of %(50)x = 25z.
We must have 25z = 600 and so z = %2 = 24.

25
Solution 2

Since ABCD is a rectangle, then AB = CD = 40 and AD = BC = 30.

By the Pythagorean Theorem, BD? = AD? + AB? and since BD > 0, then

BD = /302 + 402 = v/900 + 1600 = v/2500 = 50

AB 4 4
Since ADAB is right-angled at A, then sin(ZADB) = BD = 5—8 =
But AADF is right-angled at F and ZADF = ZADB.

AF
Therefore, sin(ZADF) = D ;E] :

4
Thus, L andsox = 2(30) = 24.
30 5 5

Solution 3
Since ABCD is a rectangle, then AB = CD = 40 and AD = BC = 30.
By the Pythagorean Theorem, BD? = AD? + AB? and since BD > 0, then

BD = /302 + 402 = /900 + 1600 = v/2500 = 50

Note that ABF A is similar to ABAD, since each is right-angled and they share a com-
mon angle at B.
AF  AD x40 ~30(40)
AB  BD 30 50 50

= 24.
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4.

(a)

Solution 1

The sum of the terms in an arithmetic sequence is equal to the average of the first and
last terms times the number of terms.

If n is the number of terms in the sequence, then %(1 + 19)n = 70 or 10n = 70 and so
n=".

Solution 2

Let n be the number of terms in the sequence and d the common difference.

Since the first term is 1 and the nth term equals 19, then 1 4 (n — 1)d = 19 and so
(n—1)d = 18.

Since the sum of the terms in the sequence is 70, then in(1+ 1+ (n —1)d) = 70.
Thus, $n(2+ 18) =70 or 10n =70 and so n = T.

Solution 1

Since the given equation is true for all values of x, then it is true for any particular value
of x that we try.

If z = —3, the equation becomes a(—3 + b(0))
If z = 0, the equation becomes —2(0 + b(3)) =
Therefore, a = —2 and b = —2.

Solution 2
We expand both sides of the equation:

= ()or—3a—6andsoa——2.
2(6) or —6b =12 and so b = —

a(z+b(zx+3) = 2(z+6)

a(x +br+3b) = 2x+12
ar + abr + 3ab = 2x + 12
(a+ab)r +3ab = 22+ 12

Since this equation is true for all values of x, then the coefficients on the left side and right
side must be equal, so a + ab = 2 and 3ab = 12.

From the second equation, ab = 4 so the first equation becomes a +4 = 2 or a = —2.
Since ab = 4, then —2b =4 and so b = —2.

Thus, a = b= —2.

Solution 1
Drop a perpendicular from C' to P on AD.
C
7 7
M
A
A 5D B

Since ANACB is isosceles, then AP = PB.

Since ACDP is a 30°-60°-90° triangle, then PD = %(CD) ==
Thus, AP = AD — PD =8 — 3 = 13,

This tells us that DBzPB—PDzAP—PDz%—%:E).

Solution 2
Since AAC'B is symmetric about the vertical line through C, we can reflect C'D in this
vertical line, finding point £ on AD with CE = 3 and ZCED = 60°.
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A 60°  60°
A = 5 B

Then ACDE has two 60° angles, so must have a third, and so is equilateral.
Therefore, ED =CD =CE =3 and so DB=AF =AD — ED =8 -3 =5.

Solution 3
Since ZCDB = 180° — ZCDA = 180° — 60° = 120°, then using the cosine law in AC'DB,
we obtain

CB* = CD?+ DB?—2(CD)(DB)cos(£CDB)
7 = 3%+ DB*—2(3)(DB) cos(120°)
49 = 9+ DB*-6(DB)(—3)
0 = DB*+3DB—40
0 = (DB-5)(DB+38)

Since DB > 0, then DB = 5.

Solution 1
Since AABC' is right-angled at C, then sin B = cos A.

3sin A
Therefore, 2cos A = 3tan A = P2 or 2cos? A = 3sin A.
cos

Using the fact that cos? A = 1 — sin? A, this becomes 2 — 2sin? A = 3sin A
or 2sin? A+ 3sinA —2=0or (2sin A — 1)(sin A +2) = 0.
Since sin A is between —1 and 1, then sin A = 1.
Since A is an acute angle, then A = 30°.
Solution 2 ;
Since AABC' is right-angled at C, then sin B = - and tan A = %.
c

26 3
Thus, the given equation is — = % or 2b® = 3ac.
c

Using the Pythagorean Theorem, b = ¢ — a® and so we obtain 2¢?> — 2a®> = 3ac or
2¢? — 3ac — 2a® = 0.

Factoring, we obtain (¢ — 2a)(2c+ a) = 0.

Since a and ¢ must both be positive, then ¢ = 2a.

Since AABC' is right-angled, the relation ¢ = 2a means that AABC' is a 30°-60°-90°
triangle, with A = 30°.

The number of integers between 100 and 999 inclusive is 999 — 100 4+ 1 = 900.

An integer n in this range has three digits, say a, b and ¢, with the hundreds digit equal
to a.

Notethat 0 <b<9and 0<c¢<9and1<a<9.

To have a + b+ ¢ = 24, then the possible triples for a, b, ¢ in some order are 9,9,6; 9,8,7;
8,8,8. (There cannot be three 9’s. If there are two 9’s, the the other digit equals 6. If there
is one 9, the second and third digits add to 15 but are both less than 9, so must equal 8
and 7. If there are zero 9’s, the maximum for each digit is 8, and so each digt must be 8
in order for the sum of all three to equal 24.)

If the digits are 9, 9 and 6, there are 3 arrangements: 996, 969, 699.
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If the digits are 9, 8 and 7, there are 6 arrangements: 987, 978, 897, 879, 798, 789.

If the digits are 8, 8 and 8, there is only 1 arrangement: 888.

Therefore, there are 3+ 6 + 1 = 10 integers n in the range 100 to 999 with the sum of the

digits of n equal to 24.

The required probability equals the number of possible values of n with the sum of digits
10 1

equal to 24 divided by the total number of integers in the range, or 55 = o5-

Since Alice drives at 60 km/h, then she drives 1 km every minute.
Since Alice drove from G to F' in 45 minutes, then the distance from G to F' is 45 km.
Let the distance from E to G be d km and let Bob’s speed be B km/h.

d 1
Since Bob drove from G to E in 20 minutes (or 3 of an hour), then 53 Thus, d = §B.

The time that it took Bob to drive from F to G was % hours.
The time that it took Alice to drive from F to G was % hours.

d 45
Since the time that it took each of Alice and Bob to reach G was the same, then W0- B
and so Bd = 45(60) = 2700.
Thus, B (3B) = 2700 so B* = 8100 or B = 90 since B > 0.
Therefore, Bob’s speed was 90 km /h.

Completing the square on the original parabola, we obtain
y=1*-20+4=2"-2r+1—-1+4=(x—-172+3

Therefore, the vertex of the original parabola is (1, 3).

Since the new parabola is a translation of the original parabola and has z-intercepts 3 and
5, then its equation is y = 1(z — 3)(z — 5) = 2% — 8z + 15.

Completing the square here, we obtain

y=1>-8r+15=2>-8x+16—16+15= (v —4)> — 1

Therefore, the vertex of the new parabola is (4, —1).
Thus, the point (1,3) is translated p units to the right and ¢ units down to reach (4, —1),
sop=3andq=4.

First, we determine the coordinates of A.

The area of AABC'is 4. We can think of AC as its base, and its height being the distance
from B to the z-axis.

If the coordinates of A are (a,0), then the base has length 4 — a and the height is 4.
Thus, (4 —a)(4) =4,s04—a=2 and so a = 2.

Therefore, the coordinates of A are (2,0).

Next, we determine the equation of the parabola.

The parabola has z-intercepts 2 and 4, so has equation y = k(z — 2)(x — 4).

Since the parabola passes through (0, —4) as well, then —4 = k(—2)(—4) so k = —3.
Therefore, the parabola has equation y = —3(z — 2)(z — 4).

N[ =

Next, we determine the coordinates of D, the vertex of the parabola.
Since the z-intercepts are 2 and 4, then the z-coordinate of the vertex is the average of
these, or 3.
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The y-coordinate of D can be obtained from the equation of the parabola; we obtain

y= 13-~ 4= —1)(-1) =}
Thus, the coordinates of D are (3, 3).

Lastly, we determine the area of ABDC, whose vertices have coordinates B(0,—4),
D(3,1), and C(4,0).

Method 1
We proceed be “completing the rectangle”. That is, we draw the rectangle with horizontal
sides along the lines y = % and y = —4 and vertical sides along the lines x = 0 and x = 4.
We label this rectangle as BPQR.
P D Q
C
B R

The area of ABDC' equals the area of the rectangle minus the areas of ABPD, ADQC
and ACRB.

Rectangle BPQR has height 4 + 1 = 2 and width 4.

ABPD has height % and base 3.

ADQC has height % and base 1.
ACRB has height 4 and base 4.
Therefore, the area of ABDC'is 4(2) — (3)(3) — 3(3)(1) —3(4)(4) =18 = I — 1 —8 = 3.

Method 2
We determine the coordinates of E, the point where BD crosses the z-axis.

D
C

E

B

Once we have done this, then the area of ABDC equals the sum of the areas of AECB
and AECD.

Since B has coordinates (0,—4) and D has coordinates (3, 3), then the slope of BD is
1_ (—4) 2 3
2 _ 2 _

3-0 3 2
Since B is on the y-axis, then the equation of the line through B and D is y = %:): — 4.

To find the z-coordinate of E, we set y = 0 to obtain 0 = %:E —4 or %a: =4orx=
We think of EC' as the base of each of the two smaller triangles. Note that EC' = 4—
Thus, the area of AECD is £(3)(3) = 3.
Also, the area of AECB is 1(3)(4) = &.

Therefore, the area of ABDC' is % + % =3.

4

3

Wl ¢yj00
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8.

(a) Since P(Q is parallel to AB, then it is parallel to DC and is perpendicular to BC.
Drop perpendiculars from A to £ on PQ and from P to F' on DC.

A B
L
P
E Q
D C

F
Then ABQFE and PQCF are rectangles. Thus, FQ) = z, which means that PE =r — x

and F'C' = r, which means that DF =y —r.
Let BQ =0band QC = c¢. Thus, AE =b and PF = c.
The area of trapezoid ABQP is 3(z + r)b.

The area of trapezoid PQCD is (r + y)c.

Since these areas are equal, then 3 (z + )b = 5(r 4 y)c, which gives

Since AF is parallel to PF, then /PAE = ZDPF and ANAEP is similar to APFD.

AE PF b _
ThUS,ﬁ:ﬁWhiChgiVeSr_x:yirorg:g_;‘
Combiningx+r:Eandgzy_rgivesx+rzy_r

r+y b b r—=z r+y r—=x

From this, we get 2 — 2% = y? — r? or 2r? = 22 + 92, as required.

Join O to A, B and C.

@

AN
N\ g

A
Since AB is tangent to the circle at A, then ZOAB = 90°.

or (z+r)(r—z) = (r+y)(y—r).

By the Pythagorean Theorem in AOAB, we get OA? + AB? = OB? or r? + p* = OB?.

In AODC', we have OD = DC = q and OC =r.
By the cosine law,

OC? = OD?+ DC?—2(0OD)(DC) cos(£0DC)
r? = ¢+ ¢* —2¢°cos(£0DCO)

2q2 _ 7°2

2q¢?
In AODB, we have ZODB = Z0DC.
Thus, using the cosine law again,

cos(£Z0DC) =

OB* = OD?+ DB? - 2(0OD)(DB) cos(ZODB)
2q2 _ 7“2
2q¢?

2 (20— 200)(20) (

q2+4q2_2(2q2_r2)
—_ q2+2r2

So OB? = 7r? + p? = ¢* + 2r?, which gives p? = ¢® + 72, as required.
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9. (a) First, we convert each of the logarithms to a logarithm with base 2:

log,
141 =
+ log, x log, 4

logy4r  logy 4 +logy @

log,

=1+ 5 =1+ 3log,x

=§+§log2x

loggdx =
088 =% log, 8

Let y = log, . Then the three terms are y, 1 + %y, and % -+ %y Since these three are in

geometric sequence, then

3

1+ 3y
2 1
3173V

= (1+3y)?

= 1+y+3y’°
= 12+ 12y + 3y°
= 0

0

Therefore, y = log, 7 = 6 or y = log, v = —2, which gives 1 =26 =64 or v =272 = 1,

Solution 1
Rotate a copy of APSU by 90° counterclockwise around P, forming a new triangle PQV'.
Note that V' lies on the extension of R().

W~

V
P Q
-
S U R

Then PV = PU by rotation.

Also, ZVPT = ZVPQ+ ZQPT = ZUPS + ZQPT = 90° — ZUPT = 90° — 45°.
This tells us that APTU is congruent to APTV, by “side-angle-side”.

Thus, the perimeter of ARUT equals

UR+RT+UT = UR+RT+TV
= UR+RT+TQ+QV
UR+ RQ + SU
— SU+UR+ RQ
= SR+ RQ
— 8

That is, the perimeter of ARUT always equals 8, so the maximum possible perimeter is 8.
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Solution 2
Let ZSPU = 0. Note that 0° < § < 45°.
Then tanf = S—U, so SU = 4tané.

PS
Since SR =4, then UR = SR — SU =4 — 4tan#.

Since ZUPT = 45°, then ZQPT = 90° —45° — 0 = 45° — 6.
T
Thus, tan(45° —60) = g—Q and so QT = 4tan(45° — 6).

Since QR = 4, then RT = 4 — 4tan(45° — 0).
tan A — tan B tan(45°) — tan 6 1 —tan6
But tan(A — B) = tan(45° — 0) = = ,
ut tan( ) 1+ tanAtan B’ an( ) 1+ tan (45°) tan# 14 tané
since tan(45°) = 1.
1—tan9) _ 4+4tanf 4 —4tan6  Stand

This gives RT =4 — 4 = - — .
5 BIVeS <1+tan9 1+ tand 1 +tand 1+ tand
By the Pythagorean Theorem in AU RT, we obtain

UI' = VUR?+ RT?

Stand \2

= —_ 2 —_—
\/(4 4tan 6)* + (1+tan0)
2tanf >

= —_ 2 —_—
4\/(1 tand)* + (1+tan9)

1—tan20)\? 2tanf \>
= 4 P — + | —
1+tand 1+ tand

B 4\/1—2tan29+tan40+4tan20

(14 tan0)?

14 2tan?6 + tan*4
4
(1+ tan )2

(1 + tan?0)?
(1+ tan6)?

1+ tan26
= 4| —-
14 tanf
Therefore, the perimeter of AURT is

Stanf 1+ tan?4é
UR+RT+UT — 4—Adtanf+ —oon? o, (2ttan’?
1+tand 14 tané
1—tan29+ 2tanf +1+tan29
14 tané 1+ tand 1+ tand
2+ 2tanb
— 42T
1+ tand

= 8

Thus, the perimeter is always 8, regardless of the value of 0, so the maximum possible
perimeter is 8.
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10. Throughout this problem, we represent the states of the n plates as a string of 0’s and 1’s (called
a binary string) of length n of the form pyps - - - p,, with the rth digit from the left (namely p,)
equal to 1 if plate r contains a gift and equal to 0 if plate r does not. We call a binary string
of length n allowable if it satisfies the requirements — that is, if no two adjacent digits both
equal 1. Note that digit p, is also “adjacent” to digit p;, so we cannot have p; = p, = 1.

(a)

Suppose that p; = 1.

Then ps, = p; = 0, so the string is of the form 10pspspspe0.

Since k = 3, then 2 of ps3, p4, ps, pe equal 1, but in such a way that no two adjacent digits
are both 1.

The possible strings in this case are 1010100, 1010010 and 1001010.

Suppose that p; = 0. Then py can equal 1 or 0.

If po = 1, then p3 = 0 as well. This means that the string is of the form 010pspspsp7,
which is the same as the general string in the first case, but shifted by 1 position around
the circle, so there are again 3 possibilities.

If po = 0, then the string is of the form 00p3pspspspr and 3 of the digits ps3, ps, ps, Pe, P7
equal 1 in such a way that no 2 adjacent digits equal 1.

There is only 1 way in which this can happen: 0010101.

Overall, this gives 7 possible configurations, so f(7,3) = 7.

Solution 1

An allowable string pips - - - pn_1p» has (p1,pn) = (1,0), (0,1), or (0,0).

Define g(n, k, 1,0) to be the number of allowable strings of length n, containing k 1’s, and
with (plapn) = (170)'

We define g(n, k,0,1) and g(n, k,0,0) in a similar manner.

Note that f(n,k) = g(n,k,1,0) + g(n, k,0,1) + g(n, k,0,0).

Consider the strings counted by g(n, k,0,1).

Since p, = 1, then p,_; = 0. Since p; = 0, then ps can equal 0 or 1.

We remove the first and last digits of these strings.

We obtain strings pops - - - Pp_2pn—1 that is strings of length n — 2 containing £ — 1 1’s.
Since p,_1 = 0, then the first and last digits of these strings are not both 1. Also, since
the original strings did not contain two consecutive 1’s, then these new strings does not
either.

Therefore, pops - - - pp_opn_1 are allowable strings of length n — 2 containing k£ — 1 1’s, with
Pn—1 =0 and py =1 or ps = 0.

The number of such strings with p, = 1 and p,_; = 01is g(n—2,k—1,1,0) and the number
of such strings with p, = 0 and p,_1 = 01is g(n — 2,k — 1,0,0).

Thus, g(n,k,0,1) = g(n — 2,k —1,1,0) + g(n — 2,k — 1,0,0).

Consider the strings counted by g(n, k, 0, 0).

Since p; = 0 and p,, = 0, then we can remove p,, to obtain strings pips - - - p,_1 of length
n — 1 containing k 1’s. These strings are allowable since p; = 0 and the original strings
were allowable.

Note that we have p; = 0 and p,,_; is either 0 or 1.

So the strings p1ps - - - p,_1 are allowable strings of length n — 1 containing k 1’s, starting
with 0, and ending with 0 or 1.

The number of such strings with p; = 0 and p,_1 = 0 is g(n — 1, k,0,0) and the number
of such strings with p; =0 and p, 1 =11is g(n — 1,k,0,1).

Thus, g(n,k,0,0) = g(n —1,%k,0,0) + g(n — 1,%,0,1).
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Consider the strings counted by ¢g(n, k, 1,0).

Here, p; = 1 and p,, = 0. Thus, p,_1 can equal 0 or 1. We consider these two sets sepa-
rately.

If p,_1 = 0, then the string pips - - - p,_1 is an allowable string of length n — 1, containing
k 1’s, beginning with 1 and ending with 0.

Therefore, the number of strings counted by g¢(n,k,1,0) with p,_1 = 0 is equal to
gn—1,k,1,0).

If p,_1 = 1, then the string pops - - - p,_1 is of length n — 2, begins with 0 and ends with 1.
Also, it contains k — 1 1’s (having removed the original leading 1) and is allowable since
the original string was.

Therefore, the number of strings counted by g¢(n,k,1,0) with p,_1 = 1 is equal to
gn—2k—1,0,1).

Therefore,

f(n,k) = g(n,k,1,0)+ g(n,k,0,1) + g(n, k,0,0)
= (g(n—1,k1,0)+g(n—2,k—1,0,1))
+(g(n —2,k—1,1,0) + g(n — 2,k —1,0,0))
+(g(n —1,k,0,0) + g(n — 1,k,0,1))
= (g(n—1,k,1,0)+g(n —1,k,0,1) + g(n — 1,%,0,0))
gln =2,k —1,0,1) + g(n — 2,k — 1,1,0) + g(n — 2,k — 1,0,0))
= f(n—1k) +f(n—2,k—1)

as required.

Solution 2
We develop an explicit formula for f(n, k) by building these strings.
Consider the allowable strings of length n that include k£ 1’s. Either p, =0 or p,, = 1.

Consider first the case when p, = 0. (Here, p; can equal 0 or 1.)

These strings are all of the form pypops - - - pp_10.

In this case, since a 1 is always followed by a 0 and the strings end with 0, we can build
these strings using blocks of the form 10 and 0. Any combination of these blocks will be
an allowable string, as each 1 will always be both preceded and followed by a 0.

Thus, these strings can all be built using £ 10 blocks and n — 2k 0 blocks. This gives k
U's and k + (n — 2k) = n — k 0’s. Note that any string built with these blocks will be
allowable and will end with a 0, and any such allowable string can be built in this way.
The number of ways of arranging k blocks of one kind and n — 2k blocks of another kind

is (k * (72_ Qk)), which simplifies to (n ; k)

Consider next the case when p, = 1.

Here, we must have p,,_1 = p; = 0, since these are the two digits adjacent to p,.

Thus, these strings are all of the form Opgps - - - 01.

Consider the strings formed by removing the first and last digits.

These strings are allowable, are of length n — 2, include £ — 1 1’s, end with 0, and can
begin with 0 or 1.

Again, since a 1 is always followed by a 0 and the strings end with 0, we can build these
strings using blocks of the form 10 and 0. Any combination of these blocks will be an
allowable string, as each 1 will always be both preceded and followed by a 0.
(n—2)—(k:—1)) or

Translating our method of counting from the first case, there are ( E1
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n—k—1
E—1

—k —k—1
Thus, f(n,k) = (n i ) + (n P ) such strings.

such strings.

r r—

-1 -1
To prove the desired fact, we will use the fact that (m) = (m > + (m 1 ), which
r

we prove at the end.
Now

fn—1,k)+ f(n—2,k—1)

_ ((n—;)—k)+((n—i)_—f:—l)+<(n—2;:§k—1)>+<(n—(2]iigl;:i)—1>
RN

B k kE—1 kE—1 k—2

_ (";’“) n ("; f Il> (using the identity above)

= f(n,k)

as required.

To prove the identity, we expand the terms on the right side:

R ) R e )

(m—1!(m—r) N r(m —1)!
rim—r—1)m—r)  r(r—11(m—r)!
(m—1)(m —r) N r(m—1)!

ri(m —r)! rl(m —r)!
_ (m—1m—r+r)

rl(m —r)!
_ (m—=1)!m

m!
- rli(m —r)!

- (7)

as required.
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(c) We use the formula for f(n, k) developed in Solution 2 to (b). In order to look at divisi-
bility, we need to first simplify the formula:

fnk) — Cﬁf)+("251ﬁ

(k) (n—k—1)!
T Mok —R) =Dk =1) = (k=1
(n—k)! (n—k—1)!

El(n —2k)!  (k—1)/(n — 2k)!
m—k—-1(n—-k) nm—-—k-1)k

kl(n — 2k)! kl(n — 2k)!
 (n=k-Dln—k+k)
B kl(n — 2k)!
_ n(n—Fk—1)!
~ kl(n —2k)!
_onn—k-1n—-k-2)---(n—-2k+2)(n—2k+1)
k!

Now that we have written f(n,k) as a product, it is significantly easier to look at divisi-
bility.

Note that 2009 = 41 x 49 = 72 x 41, so we need f(n,k) to be divisible by 41 and by 7
twice. For this to be the case, the numerator of f(n, k) must have at least one more factor
of 41 and at least two more factors of 7 than the denominator.

Also, we want to minimize n + k, so we work to keep n and k as small as possible.
If n =49 and k = 5, then

1(49,5) = 49(43)(4;)(41)(40) _ 49(;1?4))((432))((24)1()1()40) _ 40(43)(14)(41)

which is divisible by 2009.
We show that this pair minimizes the value of n + k with a value of 54.

We consider the possible cases by looking separately at the factors of 41 and 7 that must
occur. We focus on the factor of 41 first.

For the numerator to contain a factor of 41, either n is divisible by 41 or one of the terms
in the product (n —k —1)(n — k —2)--- (n — 2k + 1) is divisible by 41.

Case 1: n is divisible by 41

We already know that n = 82 is too large, so we consider n = 41. From the original
interpretation of f(n, k), we see that k < 20, as there can be no more than 20 gifts placed
on 41 plates.

Here, the numerator becomes 41 times the product of k—1 consecutive integers, the largest
of which is 40 — k.

Now the numerator must also contain at least two factors of 7 more than the denominator.
But the denominator is the product of k£ consecutive integers. Since the numerator con-
tains the product of k — 1 consecutive integers and the denominator contains the product
of k consecutive integers, then the denominator will always include at least as many mul-
tiples of 7 as the numerator (since there are more consecutive integers in the product
in the denominator). Thus, it is impossible for the numerator to contain even one more
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additional factor of 7 than the denominator.
Therefore, if n = 41, then f(n, k) cannot be divisible by 2009.

Case 2: n is not divisible by 41
This means that the factor of 41 in the numerator must occur in the product

m—k—1)(n—-k—=2)---(n—2k+1)

In this case, the integer 41 must occur in this product, since an occurrence of 82 would
make n greater than 82, which does not minimize n + k.

So we try to find values of n and k that include the integer 41 in this list.

Note that n — k — 1 is the largest factor in the product and n — 2k + 1 is the smallest.
Since 41 is contained somewhere in the product, then n—2k+1 < 41 (giving n < 40+ 2k)
and 41 <n —k —1 (giving n > 42 + k).

Combining these restrictions, we get 42 + k < n < 40 + 2k.

Now, we focus on the factors of 7.
Either n is not divisible by 7 or n is divisible by 7.

x If n is not divisible by 7, then at least two factors of 7 must be included in the product
m—k—1n—-k—=2)---(n—2k+1)

which means that either & > 8 (to give two multiples of 7 in this list of k—1 consecutive
integers) or one of the factors is divisible by 49.

- If k> 8, thenn > 42+ k > 50 so n + k > 58, which is not minimal.

- If one of the factors is a multiple of 49, then 49 must be included in the list so
n—2k+1<49 (giving n < 48 4+ 2k) and 49 <n — k — 1 (giving n > 50 + k).
In this case, we already know that 42 + k < n < 40 + 2k and now we also have
50+ k < n <48 + 2k.

For these ranges to overlap, we need 50+ k < 40+ 2k and so k£ > 10, which means
that n > 50 + k > 60, and so n + k > 70, which is not minimal.

x Next, we consider the case where n is a multiple of 7.
Here, 42 + k < n < 40 + 2k (to include 41 in the product) and n is a multiple of 7.
Since k is at least 2 by definition, then n > 42 + k > 44, so n is at least 49.
If n was 56 or more, we do not get a minimal value for n + k.
Thus, we need to have n = 49. In this case, we do not need to look for another factor
of 7 in the list.
To complete this case, we need to find the smallest value of k£ for which 49 is in the
range from 42 + k to 40 + 2k because we need to have 42 + k < n < 40 + 2k.
This value of k is k = 5, which gives n +k =49 + 5 = 4.

Since f(49, 5) is divisible by 2009, as determined above, then this is the case that minimizes
n + k, giving a value of 54.
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1. (a)

Solution 1
By the Pythagorean Theorem in AADB,

AB? = BD? + DA? = 9% + 122 = 81 + 144 = 225

so AB = /225 = 15 since AB > 0.
By the Pythagorean Theorem in AADC,

DC? = CA? — AD? = 20% — 122 = 400 — 144 = 256

so DC = /256 = 16 since AD > 0.
The perimeter of AABC' is

AB+ BC+CA=AB+ (BD+DC)+CA=15+(9+16) + 20 =60

Solution 2

Since BD : DA=9:12=3:4 and ABDA is right-angled at B, then AADB is similar
to a 3-4-5 triangle. Thus, AB = gBD = 15.

Since CA: DA =20:12=5:3 and AADC is right-angled at D, then AADC' is similar
to a 3-4-5 triangle. Thus, DC = %C’A = 16.

Therefore, the perimeter of AABC' is

AB+ BC+CA=AB+ (BD+DC)+CA=15+ (9+16) + 20 =60

Solution 1

Since P(5,4) is the midpoint of A(a,0) and B(8,b), then 5 is the average of the
x-coordinates of A and B and 4 is the average of the y-coordinates of A and B.
Therefore, 5=1(a+8) so 10 =a+8 or a = 2.

Also, 4= 3(04b) s08=0+bor b =8.

Thus, a =2 and b = 8.

Solution 2

P(5,4) is the midpoint of A(a,0) and B(8,b).

To get from A to P, we move 4 units up, so to get from P to B we move 4 units up.
Therefore, the y-coordinate of B is 4 +4 =8, so b = 8.

To get from P to B, we move 3 units to the right, so to get from P to A, we move 3 units
to the left. Therefore, the x-coordinate of A is 5 —3 =2, s0 a = 2.

Thus, a =2 and b = 8.

The line ax 4+ y = 30 passes through the point (6, 12), so 6a+ 12 = 30 or 6a = 18 or a = 3.
This tells us that the line x 4+ 3y = k also passes through the point (6,12), so 6+3(12) = k
or k = 42. Therefore, k = 42.
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2.

(a)

Solution 1
Since (¢, 7) lies on the parabola, then 7 = (¢ — 2)(¢c — 8) + 7 so (¢ — 2)(c — 8) = 0.
Thus, ¢ =2 or ¢ = 8. Since ¢ # 2, then ¢ = 8.

Solution 2
The parabola has equation y = (v — 2)(x — 8) + 7 =z% — 10z + 16 + 7 = z* — 10z + 23.
Completing the square,

y=2"—100+25—-25+23 = (v —5)* -2

so the axis of symmetry of the parabola is z = 5.

Since (2,7) lies on the parabola and is 3 units to the left of the axis of symmetry, then
(54 3,7) = (8,7) is also on the parabola.

Thus, ¢ = 8.

Solution 1

Since (2,7) and (8, 7) lie on the parabola, the axis of symmetry lies halfway between these
two points, so has equation x = 5.

The vertex lies on the axis of symmetry, so has xz-coordinate equal to 5.

The y-coordinate of the vertex is thusy = (5 —2)(5—8) +7= -9+ 7= —2.

Therefore, the vertex has coordinates (5, —2).

Solution 2
The parabola has equation y = (r — 2)(z —8) + 7 = 2% — 10z + 16 + 7 = 2> — 10z + 23.
Completing the square,

y=2°—1004+25—-25+23 = (r —5)* -2

so the vertex has coordinates (5, —2).

0—(—1 1
Since the line passes through A(5,0) and B(4, —1), it has slope m = # ol 1.
Thus, the equation of the line is y = x 4+ b for some number b.
Since A(5,0) lies on the line, then 0 = 5+ b so b = —5, so the line has equation y = x — 5.

To find the intersection of the line with parabola, we use the two equations and equate:

(x—=2)(x—8) +7 = x—5
2*—10z+16+7 = z-5
2> =11z +28 = 0
(x—4)(x=T7) = 0
Therefore, x =4 or x = 7.

However, we already have the point where x = 4, so we consider x = 7.

We need to find the y-coordinate of this point. To do so, it is easier to use the equation
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of the line than the equation of the parabola. Thus, y =7 —5 = 2.
Therefore, the other point is (7, 2).

Solution 1

Suppose that the middle number inside the square frame is x.

Then the other numbers in the middle row inside the frame are z — 1 and = + 1.

Also, the other numbers in the left column are (r—1)—7=2z—8 and (zr—1)+7 = 2 +6,
since there are 7 numbers in each row of the large grid. This tells us that the other num-
bers in the first and third rows are x — 7, x — 6, x + 7, and x + 8.

Therefore, the sum of the numbers in the frame is
r+r—-1+zr+14+2-8+2—-T+2—-6+2+6+2+T+2+8=9

Thus, the sum of numbers in the frame is 9 times the middle number.

(We can check this using the given example. We might also have been able to see initially
that the average of the numbers inside the square frame is always the middle number.)
For the sum of the numbers inside the frame to be 279, the middle number in the frame
must be $(279) = 31.

(We can check that this is correct by placing the frame in this position and adding.)

Solution 2

If we start the frame in a given position and slide it one column to the left, the sum of
the numbers inside the frame decreases by 9 because the original first and second columns
stay inside the frame and the original third column is replaced by a column 3 to the left.
In this case, the three numbers entering the frame are each 3 less than the three numbers
leaving the frame, so the overall sum decreases by 3 x 3 = 9.

Similarly, if the frame slides one column to the right, the sum inside the frame increases
by 9.

Also, if the frame slides one row down, the sum inside the frame increases by 63, as the
three numbers entering the frame are each 21 larger than the three numbers leaving the
frame.

Similarly, if the frame slides one row up, the sum inside the frame decreases by 63.

The original sum inside the frame is 108. We want the new sum to be 279, so we want
the sum to increase by 279 — 108 = 171.

Now 171 = 3(63) — 2(9), so if we slide the frame 3 rows down and then 2 columns to the
left, the sum will increase by 171 and become 279.

In this case, the new middle number is 12 + 3(7) — 2 = 31.

In Figure A, the circle has diameter of length 2, so has radius 1, and thus area 7r? which

is 712 = 7 ~ 3.14.

In Figure B, the figure has area equal to twice the area of an equilateral triangle of side
length 2.
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Consider a single equilateral triangle, APQR, with side length 2.
Drop a perpendicular from P to X on QR.
Since APQR is equilateral, then QX = XR = ;QR = 1.

p

Since ZPQR = 60°, then APQX is 30°-60°-90° triangle, so PX = v/3QX = v/3(1) = /3.
Therefore, the area of APQR is 1(2)(v/3) = V3.
Thus, the area of Figure B is 2v/3 = 3.46.

In Figure C, the figure has area equal to twice the area of an isosceles right-angled triangle

with hypotenuse of length 2.

E
xéx
D > F

Suppose that DE = EF = .

Since the triangle is isosceles right-angled, then = = \%(2) =2.
Thus, the area of this triangle is $(v/2)(v2) = 1(2) = 1.

Thus, the area of Figure C is 2.

Since 2 < m < 2v/3 (because 2 < 3.14 < 3.46), then the figure with the smallest area is
Figure C and the figure with the largest area is Figure B.

PF 20
Since PF =20 m and ZPAF = 40°, then A= tan(40°) so AF = %.
Since B is halfway from A to F', then
10
BF = LAF = _um
tan(40°)
and so P 50
m oy
tan(£LFBP) = BF = ( . ) = 2tan(40°) ~ 1.678
tan(40°)

Thus, ZFBP ~ 59.21°, and so ZF BP is 59°, to the nearest degree.
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(b) By the cosine law in ACBA,

CA®> = CB?+ BA®>-2(CB)(BA)cos(£/CBA)
CA? = 16+ 21% — 2(16)(21) cos(60°)

CA® = 256+ 441 —2(16)(21)(3)

CA? = 256+ 441 — (16)(21)

CA* = 361

CA = V361=19  (since CA > 0)

In ACAD, /CDA =180° — ZDCA — ZDAC = 180° — 45° — 30° = 105°.
By the sine law in ACDA,

CD B CA
sin(/DAC) — sin(£ZCDA)
oD — 19 sin(30°)
sin(105°)
19(3)
D = 2
¢ sin(105°)
19
D = —
¢ 2sin(105°)
CD =~ 93835

s0, to the nearest tenth, C'D equals 9.8.

(Note that we could have used

sin(105°) = sin(60° 4 45°) = sin(60°) cos(45°) + cos(60°) sin(45°)

V3 1 1 1 V341

PR
to say that C'D = 19 = 19v2 exactly, and then evaluated this expression.)

D) (%) V341

5. (a) Consider P on AB with C'P perpendicular to AB. Note that C'P = 12.
Since the small circle with centre A is tangent to the large circle with centre C', then AC'
equals the sum of the radii of these circles, or AC' =4 + 9 = 13. Similarly, BC' = 13.
This tells us that AAPC' is congruent to ABPC' (they have equal hypotenuses and each
is right-angled and has a common side), so BP = AP.
By the Pythagorean Theorem in AAPC,

AP? = AC? — PC? =132 —-122 =169 — 144 = 25

so AP =5 (since AP > 0).
Therefore, BP = AP =5 and so AB = 10.
Since it takes the bug 5 seconds to walk this distance, then in 1 second, the bug walks a

distance of % = 2.
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(b)

For the parabola to have its vertex on the z-axis, the equation
y = kx* + (5k + 3)z + (6k +5) =0

must have two equal real roots.

That is, its discriminant must equal 0, and so

(5k + 3)* — 4k(6k +5) =
25k% 4+ 30k + 9 — 24k? — 20k =
K4+ 10k+9 =

(k+1)(k+9) =

o o o O

Therefore, k = —1 or k = —9.

Since f(z) = f(x — 1) + f(z + 1), then f(z +1) = f(z) — f(z — 1), and so

f) =1

f2) =3

fB) = f2)—f1)=3-1=2

f4) = fB)-f2)=2-3=-1

fG) = f4)-fB)=-1-2=-3

f6) = f(5)—f(4)=-3-(-1)=-2
(1) = f6)=f()=-2-(=3)=1=f(1)
f@®) = J(1)=f(6) =1-(=2)=3=f(2)

Since the value of f at an integer depends only on the values of f at the two previous
integers, then the fact that the first several values form a cycle with f(7) = f(1) and
f(8) = f(2) tells us that the values of f will always repeat in sets of 6.

Since 2008 is 4 more than a multiple of 6 (as 2008 = 4 + 2004 = 4 + 6(334)), then
£(2008) = £(2008 — 6(334)) = f(4) = —1.

Solution 1

Since a, b, ¢ form an arithmetic sequence, then we can write a = b — d and ¢ = b+ d for
some real number d.

Since a + b+ ¢ = 60, then (b —d) + b+ (b+ d) = 60 or 3b = 60 or b = 20.

Therefore, we can write a, b, ¢ as 20 — d, 20, 20 + d.

(We could have written a, b, ¢ instead as a,a + d, a + 2d and arrived at the same result.)
Thus,a —2=20—d—2=18—-d and c+3 =20+ d+ 3 = 23 + d, so we can write
a—2,b,c+ 3 as 18 —d, 20,23 4+ d.
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Since these three numbers form a geometric sequence, then

20 23+d
18—d 20
20° = (23 +d)(18 —d)
400 = —d?>—5d+414

> +5d—14 = 0
(d+T)(d—-2) = 0

Therefore, d = —7 or d = 2.
If d= -7, then a =27, b = 20 and ¢ = 13.
If d =2, then a = 18, b = 20 and ¢ = 22.

(We can check that, in each case, a — 2,b, ¢ + 3 is a geometric sequence.)

Solution 2

Since a, b, ¢ form an arithmetic sequence, then ¢ —b=5b—a or a + ¢ = 2b.

Since a + b + ¢ = 60, then 20+ b = 60 or 3b = 60 or b = 20.

Thus, a + ¢ =40, so a =40 — c.

Therefore, we can write a, b, ¢ as 40 — ¢, 20, c.

Also, a —2 =40 — ¢ — 2 = 38 — ¢, so we can write a — 2,b,c+ 3 as 38 — ¢, 20, ¢ + 3.

Since these three numbers form a geometric sequence, then

20 B c+3

38—¢c 20

20> = (38 —¢)(c+3)
400 = —c®>+35c+ 114

?—35d+28 = 0
(c—13)(c—22) = 0

Therefore, ¢ = 13 or ¢ = 22.
If c =13, then a =27, s0 a =27, b= 20 and ¢ = 13.
If ¢ =22, then a = 18, s0 a = 18, b = 20 and ¢ = 22.

(We can check that, in each case, a — 2,b, ¢ + 3 is a geometric sequence.)

Since the average of three consecutive multiples of 3 is a, then a is the middle of these
three integers, so the integers are a — 3, a,a + 3.

Since the average of four consecutive multiples of 4 is a + 27, then a + 27 is halfway in
between the second and third of these multiples (which differ by 4), so the second and
third of the multiples are (@ +27) — 2 = a + 25 and (a + 27) + 2 = a + 29, so the four
integers are a + 21,a + 25,a 4+ 29, a + 33.

(We have used in these two statements the fact that if a list contains an odd number of

integers, then there is a middle integer in the list, and if the list contains an even number
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of integers, then the “middle” integer is between two integers from the list.)
The smallest of these seven integers is a — 3 and the largest is a + 33.

The average of these two integers is 1(a — 3 + a + 33) = 1(2a + 30) = a + 15.
Since a + 15 = 42, then a = 27.

Suppose that Billy removes the ball numbered x from his bag and that Crystal removes
the ball numbered y from her bag.
Thenb=14+24+34+4+54+64+74+8+9—2z=45—=z.
Also,c=14+2+3+4+54+64+74+84+9—y=45—y.
Hence, b—c=(45—2)— (45 —y) =y — .
Since l <zx<9and 1<y <9, then -8 <y—z <8
(This is because y — x is maximized when y is largest (that is, y = 9) and x is smallest
(that is, z = 1), s0 y —x <9 — 1 = 8. Similarly, y —z > —8.)
Since b — ¢ = y — x is between —8 and 8, then for it to be a multiple of 4, b —c=y —x
can be —8, —4, 0, 4, or 8.
Since each of Billy and Crystal chooses 1 ball from 9 balls and each ball is equally likely
to be chosen, then the probability of any specific ball being chosen from one of their bags
is %. Thus, the probability of any specific pair of balls being chosen (one from each bag)
is 1 x1=1

979~ 81
Therefore, to compute the desired probability, we must count the number of pairs (z,y)

where y — x is —8, —4, 0, 4, 8, and multiply this result by 8—11.

Method 1

If y — x = =8, then (z,y) must be (9, 1).

If y —x =8, then (z,y) must be (1,9).

If y — x = —4, then (x,y) can be (5,1),(6,2),(7,3),(8,4),(9,5).

If y —x =4, then (z,y) can be (1,5),(2,6),(3,7),(4,8),(5,9).

If y — 2 =0, then (z,y) can be (1,1),(2,2),(3,3),(4,4),(5,5),(6,6),(7,7),(8,8),(9,9).
There are thus 21 pairs (x,y) that work, so the desired probability is g—} = 2—77
Method 2

If x =9, then for y — x to be a multiple of 4, y could be 9, 5 or 1.

If x = 8, then for y — x to be a multiple of 4, y could be 8 or 4.

If x =7, then for y — x to be a multiple of 4, y could be 7 or 3.

If x = 6, then for y — x to be a multiple of 4, y could be 6 or 2.

If x =5, then for y — x to be a multiple of 4, y could be 9, 5 or 1.

If x =4, then for y — x to be a multiple of 4, y could be 8 or 4.

If x = 3, then for y — x to be a multiple of 4, y could be 7 or 3.

If x = 2, then for y — x to be a multiple of 4, y could be 6 or 2.

If x =1, then for y — x to be a multiple of 4, y could be 9, 5 or 1.
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There are thus 21 pairs (x,y) that work, so the desired probability is g—} = 2—77

8. (a) Since AC = CB, then AACB is isosceles and right-angled, so ZCAB = ZCBA = 45°.
Drop perpendiculars from C' and D to X and Y on AB.
D C

/|

AY X B

Since AACB is isosceles, then AX = XB = %AB =1

Since ZC'AX = 45°, then AAXC is isosceles and right-angled, so CX = AX = 1.

Since AB is parallel to DC, then DY = CX = 1.

Consider ABDY . We know that /DY B =90°, DB =2 and DY = 1.

This tells us that ABDY is a 30°-60°-90° triangle, as one of its legs and its hypotenuse

are in the ratio 1 : 2.
Therefore, Z/DBY = 30°, and so /ZDBC = ZCBA — ZDBY = 45° — 30° = 15°.
(b) Solution 1
Let AP =z and QP = h.
Since QP is parallel to C'B, then QP is perpendicular to BA.
Consider trapezoid C BP(@). We can think of this as having parallel bases of lengths 4 and
h and height 5. Thus, its area is 3(4 + h)(5).
However, we can also compute its area by adding the areas of ACBR (which is 3(4)(3)),
ACRQ (which is given as 5), and ARPQ (which is $(2)(h)).
Thus,

;4 +h)06B) = (4)B)+5+5(2)(h)
20+5h = 124104+ 2h
3h = 2
J—

Wi

Now, AAPQ is similar to AABC', as each has a right angle and they share a common
angle at A. Thus,

AP AB

PQ BC
(AP)(BC) = (PQ)(ADB)

4z = 2(z+5)

_ 2., 10
dr = ST+ 3
10, _ 10
3L = 3
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Therefore, AP = x = 1.

Solution 2

Let AP =z and QP = h.

Since Q)P is parallel to C'B, then QP is perpendicular to BA.

Since AABC is right-angled at B, its area is $(4)(5 + z) = 10 + 2z.

However, we can look at the area of the AABC in terms of its four triangular pieces:

ACBR (which has area 3(4)(3)), ACRQ (which has area 5), AQPR (which has area
1h(2)), and AQPA (which has area zh).

Therefore, 10+2x:6+5+h+%xhsoxh—4x+2h+2:0.

Now, AAPQ is similar to AABC, as each has a right angle and they share a common
angle at A. Thus,

AP AB

PQ BC

(AP)(BC) = (PQ)(AB)
x(4) = h(z+5)
dr = hx + 5h
—5h = hx —4x

Substituting this into the equation above, xh +2h —4x 42 = 0 becomes —5h +2h+2 =0
or 3h=2or h = %

Lastly, we solve for x by subsituting our value for h: —5(%) = %x —4x or —% = —%O:U and
sox = 1.

Therefore, AP = x = 1.

Solution 1

Rewriting the equation, we obtain

21’+2567x — 2:E2 5362

1 — 2x22—2—m5x25x—6

1 — 2m2—r—25m2+r—6

0 = (2> —a—2)log;u2+ (2> + 2 —6)log;y 5

0 = (z—2)(x+1)log;p2+ (z —2)(x +3)log,, 5

0 = (z—2)[(z+1)logyp2+ (x4 3) logy, 5]

0 = (z—2)[(log;p2+log;,5)x + (logyy2 + 3log 105)]
0 = (z—2)[(logyy10)x + log;y(2 - 5%)]

0 = (z—2)(x+ logy250)

Therefore, x = 2 or x = —log;, 250.
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Solution 2
We take base 10 logarithms of both sides:

10g10(2x+256—z) = 108;10(10z2)
10g10(2x+2) + 10g10(56_x) =
(z+2)log,y 2+ (6 —x)log,, 5 = 2°
z(logyn2 —logyy 5) + (2logy 2 + 6log,,5) = «
2? — 2(log;y 2 — log;y5) — (21logyy 2 + 6log,, 5) = 0

Now, log,, 2+log;, 5 = log;, 10 = 1 so log,, 5 = 1—log,, 2, so we can simplify the equation
to
2% — x(2log;p2 — 1) — (6 — 4log;y2) = 0

This is a quadratic equation in x, so should have at most 2 real solutions.

By the quadratic formula,

(2log;p2 —1) & \/(21()%10 2—1)? = 4(1)(—(6 — 4logy, 2))

v 2(1)
_ (2logyp2 — 1) £ 1/4(logy 2)? — 4(log, 2) + 1 + 24 — 1610g,, 2
B 2
_ (2logyp2 — 1) £ /4(log, 2)? — 20(log,4 2) + 25
B 2
~ (2logy2—1) £ /(2logy 2 — 5)?
B 2
B 2
since 5 — 2log;42 > 0.
Therefore,
— : =5=
or

2 B 2
(Note that at any point, we could have used a calculator to convert to decimal approxi-

xr =

mations and solve.)

First, we rewrite the system as

x + log,, = y—1
(y=1) + logply—1) = 2-2
(2=2) + logy(z—2) =

Second, we make the substitution a = x, b =y — 1 and ¢ = z — 2, allowing us to rewrite
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the system as

a+logipa = b (1)
b+log,nb = ¢ (2)
c+log e = a (3)

Third, we observe that (a,b,c) = (1,1,1) is a solution, since 1 + log,,1 =1+0=1.
Next, if a > 1, then log,,a > 0, so from (1),

b=a+logya>a+0=a>1
so log;, b > 0, so from (2),
c=b+logyb>b+0=0>a>1
so log;, ¢ > 0, so from (3),
a=c+logc>c+0=c>b>a>1

But this says that a > ¢ > b > a, which is a contradiction.
Therefore, a cannot be larger than 1.

Lastly, if 0 < a < 1 (a cannot be negative), then log;,a < 0, so from (1),
b=a+loga<a+0=a<1
so log;, b < 0, so from (2),
c=b+logb<b+0=0b<a<l1
so log;, ¢ < 0, so from (3),
a=c+logc>c+0=c<b<ax<l

But this says that a < ¢ < b < a, which is a contradiction.

Therefore, a cannot be smaller than 1 either.

Thus, a must equal 1.

Ifa=1,then b=a+log,a=1+1log;;1 =1+4+0=1 from (1), which will similarly give
¢ =1 from (2).

Thus, the only solution to the system is (a,b,¢) = (1,1,1) = (z,y—1, 2—2) since a cannot

be either larger than or smaller than 1, so (z,y, 2) = (1,2, 3).

10. (a) If n = 5, there are 10 downward-pointing triangles with side length 1 and 3 downward-
pointing triangles with side length 2, so f(5) = 10 + 3 = 13.
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If n = 6, there are 15 downward-pointing triangles with side length 1, 6 downward-pointing
triangles with side length 2, and 1 downward-pointing triangle with side length 3, so
f(6)=15+6+1=22.

Solution 1

We determine explicit formulas for f(2k) and f(2k—1) in terms of k£ and use these formulas
to show that f(2k) — f(2k — 1) = k%

Start with a large triangle of side length n. (We will split into cases with n even and odd
later.)

We call the ¢th horizontal line from the top “row ¢”. Note that row i has length . We
label the unit points along the row, starting with 0 at the left-hand end and ending with ¢
at the right-hand end. (These are the points where the diagonal lines intersect row i. We
will refer to a generic such point with the variable j.)

Consider first downward-pointing triangles with side length m = 1. We count these by
counting the possible locations for their bottom vertex.

There are no such bottom vertices in row 1.

There is one such bottom vertex in row 2, at j = 1.

There are two such bottom vertices in row 3, at j =1 and j = 2.

This continues, with n — 1 such bottom vertices in row n, at j =1to j =n — 1.

In general, there are ¢ — 1 such bottom vertices in row ¢:

To see this, we show that the leftmost such vertex is at j = 1 and the rightmost is
at j =1 — 1. We obtain the other bottom vertices by translating the downward-
pointing triangle.

The leftmost such vertex is at 7 = 1 because the downward-pointing triangle can
be completed to form a parallelogram starting at this leftmost vertex and drawing

a 1 unit horizontal line segment to the left.

ANND

N 7N N NN
S VAV A VA VA Y

Since the downward-pointing triangle is inside the large triangle, this parallelo-

gram must also be, so j = 1. (This tells us that we cannot go any further to the
left.)
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Similarly, the rightmost such vertex is at j = ¢ — 1, which we can see by drawing

a parallelogram to the right.

Therefore, there are 1 4+2+---+ (n —2) + (n — 1) = 3(n — 1)(n) downward-pointing tri-

angles of side length m = 1, as there are i—1 such triangles for each row from i = 2 toi = n.

For a general side length m of a downward-pointing triangle, we can argue as above that
in row ¢, the leftmost bottom vertex will occur at j = m and the rightmost at j =i — m.
For there to be any such triangles, we need m < i —m (or 2m < i) so the leftmost vertex
is not to the right of the rightmost vertex.

At row i, there are thus (i —m) —m+ 1 =i + 1 — 2m possible locations for the bottom
vertex.

(When i = 2m (the smallest possible value of i), there is 2m + 1 — 2m = 1 location for
the vertex.

When i = n (the largest possible value of i), there are n+ 1 —2m locations for the vertex.)

For a fixed positive integer n, what are the permissible values of m? Certainly, m > 1.
If n = 2k for some positive integer k, then 2m < n = 2k since the largest possible
downward-triangle that can be fit has its bottom vertex on the bottom row, so m < k.

If n = 2k — 1 for some positive integer k, then 2m <n =2k —1som < k — 1.

Thus, for a fixed permissible value of m, the total number of downward-pointing triangles

of side length m is
1+2+-+(n+1-2m)=2L1n+1-2m)(n+2—2m) (%)

which is the sum of ¢ + 1 — 2m from ¢ = 2m to i = n, because we look at all possible

locations for the bottom vertex.

For n = 2k, the permissible values of m are m = 1 to m = k, so we add up the for-
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mula in (x) for m =1 to m = k:

fQ2k) =

WE

T2k + 1 —2m)(2k + 2 — 2m)

Z (20— 1)(20) (letting l =k +1—m)
:1

> o=

=1

> @ -1

k k
2212 - Zz
=1 =1

2(2k(k+1)(2k+ 1)) — Lk(k+1)

k(k+1) (32k+1) — 1)
k(k+1) (3k—3)
k(k + 1)(4k — 1)

6

For n = 2k — 1, the permissible values of m are m =1 to m = k — 1, so we add up the

formula in (%) form =1tom =k — 1:

f(2k —1)

k—1
- Z 1(2k — 2m)(2k + 1 — 2m)
=
- Z %(21)(2[ +1) (letting [ = k —m)
=1
= il(m +1)
=1
= Yer+
l=k1_1 .
= 2) P4
=1 =1
= 2(gk = D(*)(2k — 1)) + 5(k — 1)(k)
= k(k—=1) (3(2k = 1) +3)
= k(k—1)(3k+3)
k(k —1)(4k + 1)
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Therefore,

k)~ fok—1) = FET 1)6(4/f —1)  k(k- 1)6(4k +1)
E((k+1)(4k —1) — (k—1)(4k + 1))
k((4K% + 3k — 1) — (4k* — 3k — 1))
k

(6F)

1
6
1
6
1
6

= k2

as required.

Solution 2

As in Solution 1, we can show that if n = 2k, we can fit in downward-pointing triangles
of sizes m = 1 to m = k and if n = 2k — 1, we can fit in downward-pointing triangles of
sizesm=1tom=Fk— 1.

Consider f(2k) — f(2k — 1). To calculate this quantity, we must determine how many
additional downward-pointing triangles can be put into the large triangle of size n = 2k
instead of that of size n = 2k — 1.

Since the triangle of size 2k — 1 can be put inside the triangle of size 2k with their top
vertices coinciding, then any new downward-pointing triangles inside the triangle of size
n = 2k all have their bottom vertices in row n = 2k.

We count the number of such triangles by considering the possible values of m.

If m = 1, Solution 1 tells us that there are 2k + 1 — 2(1) = 2k — 1 such triangles.

If m = 2, there are 2k + 1 — 2(2) = 2k — 3 such triangles.

For a general m, there are 2k + 1 — 2m such triangles.

The value of f(2k) — f(2k — 1) is equal to the sum of 2k 4+ 1 — 2m over all possible values
of m.

Therefore,

k

f2k)— f2k—1) = > (2k+1—2m)

m=1
k k
= > (2k+1)-2) m
m=1 m=1

= k(2k+1) =2 (3k(k+1))
= 22+ k— (K +k)
= k2

as required.

(¢) From Solution 1 to (b), we know that

k(k + 1) (4k — 1)
6

k(k — 1)(4k + 1)

f(2k) = and fk—-1) =
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We rewrite each of these in terms of n.

In the case of n even, since n = 2k, then k = %n, SO

F(n) = f(2k) = sn(gn + 1)6(4(571) —1) _ sn(zn + é)(Qn —1) _ n(n + 22)fl2n - 1)

In the case of n odd, since n = 2k — 1, then k = $(n + 1), so

o) = sk 1) = HOFVGOED = DG )+

tn+1)En+1)-1)@2n+3)  (n+1)(n—1)(2n+3)

6 24

Case 1: n is even

If f(n) is divisible by n, then f(n) = ng for some integer q.
Thus,
n(n+2)(2n —1)
24
2dng = n(n+2)(2n—1)
24¢ = (n+2)2n-1) (since n # 0)

nqg =

Thus, we need (n + 2)(2n — 1) to be a multiple of 24.
Since 2n — 1 is odd, then n + 2 must be a multiple of 8, so n + 2 = 8a for some integer a,
son = 8a — 2.
Therefore, 24q = 8a(2(8a — 2) — 1) or 3¢ = a(16a — 5).
Therefore, we still need a(16a — 5) to be a multiple of 3.
Since 3 is a prime number, then either a is divisible by 3 or 16a — 5 = 3(5a — 2) + (a + 1)
is divisible by 3.
If a is divisible by 3, then a = 3b for some integer b.
If 16a — 5 is divisible by 3, then since 16a — 5 = 3(5a — 2) + (a + 1), we have that
a+ 1= (16a — 5) — 3(ba — 2) is divisible by 3, as it is the difference of two multiples
of 3. Therefore, a + 1 = 3b for some integer b. Therefore, n = 8(3b) — 2 = 24b — 2 or
n=38(3b—1) — 2 =24b — 10 for some integer b.
We have proven that if f(n) is divisible by n, then n = 24b — 2 or n = 24b — 10. We need
to verify that each of these forms for n works for all b.
If n = 24b — 2, then

(24b — 2)(24b)(48b — 5)

f(n) = f(24b—2) = o = b(24b — 2)(48b — 5)

which is divisible by 24b — 2, and so f(n) is always divisible by n in this case.
If n = 24b — 10, then

(24b — 10)(24b — 8)(48b — 21)
24

f(n) = f(24b — 10) = = (24b — 10)(3b — 1)(16b — 7)



2008 Euclid Contest Solutions Page 19

which is divisible by 24b — 10, and so f(n) is always divisible by n in this case.

Thus, each of these forms for n works for all positive integers b.

Case 2: n is odd
If f(n) is divisible by n, then f(n) = ng for some integer q.
Thus,

(n+1)(n—1)(2n+ 3)
24
2dng = (n+1)(n—1)(2n+3)

24nqg = (n*—1)(2n+3)

24nqg = 2n® +3n? —2n -3
3 = 2n%+3n%—2n —24ng
3 = n(2n*+3n—2—24q)

Since the right side is divisible by n, then the left side must be as well, so n divides into
3 which gives us that n =1 or n = 3.
(Note that f(1) = 0 which is divisible by 1 and f(3) = 3 which is divisible by 3, so both

of these cases do work.)

Therefore, f(n) is divisible by n when n = 1, n = 3, n = 24b — 10 for all positive

integers b or n = 24b — 2 for all positive integers b.
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1. (a)

(b)

Since (a —1,a+ 1) lies on the line y = 2z — 3, thena+1=2(a—1) -3 ora+1=2a—5

or a = 6.

Solution 1

To get from P to (), we move 3 units right and 4 units up.

Since PQ) = QR and R lies on the line through (), then we must use the same motion to
get from @ to R.

Therefore, to get from Q(0,4) to R, we move 3 units right and 4 units up, so the coordi-
nates of R are (3,8).

Solution 2 40 A

The line through P(—3,0) and Q(0,4) has slope 0;(3) =3 and y-intercept 4, so has
equation y = %x + 4.

Thus, R has coordinates (a, %a + 4) for some a > 0.

Since PQ = QR, then PQ? = QR?, so

(-3)2+42 = a®+ (da+4-4)°

25 = d’+Pa?
%5(12 = 25
a®> = 9

so a = 3 since a > 0.
Thus, R has coordinates (3, 3(3) 4+ 4) = (3,8).

Since OP =9, then the coordinates of P are (9,0).
Since OP =9 and OA = 15, then by the Pythagorean Theorem,

AP? =0A?> —0P?> =152 -9 =144

so AP = 12.

Since P has coordinates (9,0) and A is 12 units directly above P, then A has coordinates
(9,12).

Since PB = 4, then B has coordinates (13,0).

The line through A(9,12) and B(13,0) has slope ;2__12 = —3 so, using the point-slope

form, has equation y — 0 = —3(z — 13) or y = —3x + 39.

AB
Since cos(£LBAC) = e and cos(£LBAC) = & and AB = 10, then AC = 2AB = 26.
Since AABC' is right-angled at B, then by the Pythagorean Theorem,
BC? = AC? — AB? = 262 — 10? = 576 so BC' = 24 since BC > 0.

AB 1
Therefore, tan(ZACB) = BC =~ % = %
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(b)

Since 2sin®z + cos?x = % and sin®z + cos?x = 1 (so cos?x = 1 — sin® x), then we get
.2 .2 _ 2
2sin“z + (1 —sinx) = 3
2. 2
sin“z = fF—1
.92 _ 9
sin“x = ¢
- _ 43
sinx = =+

3
4

Since AABC' is isosceles and right-angled, then ZBAC = 45°.

Also, AC = 2AB = \/5(2\/5) = 4.

Since ZEAB = 75° and ZBAC = 45°, then ZCAE = /ZEAB — Z/BAC = 30°.

Since AAFEC is right-angled and has a 30° angle, then AAFEC' is a 30°-60°-90° triangle.
Thus, EC = %AC’ = 2 (since EC' is opposite the 30° angle) and AE = ‘/7§AC’ = 2V/3
(since AF is opposite the 60° angle).

In ACDE, ED = DC and ZEDC = 60°, so ACDE is equilateral.

Therefore, ED = CD = EC = 2.

Overall, the perimeter of ABCDE is

so sinx = 2 since sinx > 0 because 0° < 2 < 90°.

AB4+ BCO+CD+DE+EA=2V24+2V24+24+24+2V3 =4+ 4V2+2V3

From the given information, the first term in the sequence is 2007 and each term starting
with the second can be determined from the previous term.

The second term is 23 +03 4+ 0% + 73 =8 + 0+ 0 + 343 = 351.

The third term is 3% 4+ 5% + 13 = 27 + 125 + 1 = 153.

The fourth term is 13 + 5% 4+ 3% = 27 + 125 + 1 = 153.

Since two consecutive terms are equal, then every term thereafter will be equal, because
each term depends only on the previous term and a term of 153 always makes the next
term 153.

Thus, the 2007th term will be 153.

The nth term of sequence A is n? — 10n + 70.

Since sequence B is arithmetic with first term 5 and common difference 10, then the nth
term of sequence B is equal to 5+ 10(n — 1) = 10n — 5. (Note that this formula agrees
with the first few terms.)

For the nth term of sequence A to be equal to the nth term of sequence B, we must have
n*—10n+70 = 10n—5
n*—20n+7 = 0
(n—=5)(n—15) = 0

Therefore, n = 5 or n = 15. That is, 5th and 15th terms of sequence A and sequence B

are equal to each other.
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4.

(a)

Solution 1

Rearranging and then squaring both sides,

24+Vr—2 = -2
Ve—2 = z—4
r—2 = (x—4)>
r—2 = 2°—8x+16
0 = 2°—92+18
0 = (z—3)(x—6)
sox =3 orz=6.
We should check both solutions, because we may have introduced extraneous solutions by
squaring.
If © = 3, the left side equals 2 + /1 = 3 and the right side equals 1, so = 3 must be
rejected.

If = 6, the left side equals 2 + /4 = 4 and the right side equals 4, so z = 6 is the only

solution.

Solution 2

Suppose u = \/x — 2.

The equation becomes 2 +u = u? or u? —u—2=0or (u—2)(u+1) = 0.

Therefore, u =2 or u = —1.
But we cannot have /& —2 = —1 (as square roots are always non-negative).

Therefore, v/Jx —2=2o0orx—2=4or x =6.

We can check as in Solution 1 that z = 6 is indeed a solution.

Solution 1

From the diagram, the parabola has x-intercepts * = 3 and z = —3.

Therefore, the equation of the parabola is of the form y = a(z — 3)(x + 3) for some real
number a.

Triangle ABC' can be considered as having base AB (of length 3 — (—3) = 6) and height
OC' (where O is the origin).

Suppose C' has coordinates (0, —¢). Then OC = c.

Thus, the area of AABC'is $(AB)(OC) = 3c. But we know that the area of AABC is 54,
so 3¢ = 54 or ¢ = 18.

Since the parabola passes through C(0, —18), then this point must satisfy the equation of
the parabola.

Therefore, —18 = a(0 — 3)(0 4+ 3) or —18 = —9a or a = 2.

Thus, the equation of the parabola is y = 2(z — 3)(x + 3) = 22% — 18.
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Solution 2

Triangle ABC' can be considered as having base AB (of length 3 — (—3) = 6) and height
OC' (where O is the origin).

Suppose C' has coordinates (0, —c). Then OC = c.

Thus, the area of AABC'is 3(AB)(OC) = 3c. But we know that the area of AABC is 54,
so 3c =54 or ¢ = 18.

Therefore, the parabola has vertex C'(0, —18), so has equation y = a(x — 0)* — 18.

(The vertex of the parabola must lie on the y-axis since its roots are equally distant from
the y-axis, so C' must be the vertex.)

Since the parabola passes through B(3,0), then these coordinates satisfy the equation, so
0=23%—18 or 9a = 18 or a = 2.

Therefore, the equation of the parabola is y = 22% — 18.

The perimeter of the sector is made up of two line segments (of total length 5+ 5 = 10)
and one arc of a circle. .

Since 360° 5 then the length of the arc is R of the total circumference of a circle of
radius 5.

Thus, the length of the arc is £ (27(5)) = 2.

Therefore, the perimeter of the sector is 10 + 27.

AAOB is right-angled at O, so has area £(A0)(OB) = 3a(1) = 1a.
We next need to calculate the area of ABCD.

Method 1: Completing the trapezoid
Drop a perpendicular from C to P(3,0) on the z-axis.

y
A(0,a)
C(3,2)
D(0,1)
O B(1,0) P

Then DOPC'is a trapezoid with parallel sides DO of length 1 and PC' of length 2 and
height OP (which is indeed perpendicular to the parallel sides) of length 3.

The area of the trapezoid is thus (DO + PC)(OP) = (1 +2)(3) = 2.
But the area of ABCD equals the area of trapezoid DOPC minus the areas of ADOB
and ABPC.

ADOB is right-angled at O, so has area 1(DO)(OB) =
ABPC is right-angled at P, so has arca 1(BP)(PC) =

Thus, the area of ADBC'is § — 3 —2 = 2.

(M) =4,
(2)(2) =2

Sl NI
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(A similar method for calculating the area of ADBC would be to drop a perpendicular
to @ on the y-axis, creating a rectangle QOPC'.)

Method 2: ADBC is right-angled

The slope of line segment DB is 5 — (i =—1
) . 2-0
The slope of line segment BC' is 5 1= 1.

Since the product of these slopes is —1 (that is, their slopes are negative reciprocals), then
DB and BC' are perpendicular.

Therefore, the area of ADBC'is 3(DB)(BC).

Now DB=+/(1-02+(0—-1)2=+2and BC =/(3—-1)2+ (2 —0)2 = V8.

Thus, the area of ADBC' is %\/ﬁx/g = 2.

Since the area of AAOB equals the area of ADBC, then %a =2ora=4.

Suppose that O is the centre of the planet, H is the place where His Highness hovers in
the helicopter, and P is the furthest point on the surface of the planet that he can see.

H

Then H P must be a tangent to the surface of the planet (otherwise he could see further),
so OP (a radius) is perpendicular to HP (a tangent).

We are told that OP = 24 km.

Since the helicopter hovers at a height of 2 km, then OH = 24 4+ 2 = 26 km.

Therefore, HP? = OH? — OP? = 26% — 24> = 100, so HP = 10 km.

Therefore, the distance to the furthest point that he can see is 10 km.

Since we know the measure of ZADB, then to find the distance AB, it is enough to find
the distances AD and BD and then apply the cosine law.

In ADBE, we have ZDBFE = 180° — 20° — 70° = 90°, so ADBE is right-angled, giving
BD = 100 cos(20°) ~ 93.969.

In ADAC, we have ZDAC = 180° — 50° — 45° = 85°.

.AD = _OD ,80 AD = M ~~ 115.346.
sin(50°)  sin(85°) sin(85°)

Using the sine law,
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Finally, using the cosine law in AABD, we get

AB?> = AD?+ BD?—2(AD)(BD)cos(£/ADB)

AB?* =~ (115.346)% + (93.969)% — 2(115.346)(93.969) cos(35°)
AB? ~ 4377.379

AB =~ 66.16

Therefore, the distance from A to B is approximately 66 m.

7. (a) Using rules for manipulating logarithms,

(V)50 = 100
logyg ((\/E)logmx) = logy, 100
(logyo ) (logyo V) = 2
(logyg ) (logyg 33%) = 2
(logyg x)(% logygz) = 2
(logjgz)? = 4
log,px = +£2

r = 1072

1
100"

(We can check by substitution that each is indeed a solution.)

(b) Solution 1
Without loss of generality, suppose that square ABCD has side length 1.
Suppose next that BF' = a and ZCFB = 0.
Since ACBF is right-angled at B, then ZBCF = 90° — 6.
Since GC'F' is a straight line, then ZGC'D = 180° — 90° — (90° — 0) = 6.
Therefore, AGDC' is similar to ACBF, since AGDC' is right-angled at D.

Therefore, x = 100 or z =

GD BC GD 1 1
ThuS,DC—BFor 1 —aorGD—a. 1 1
So AF = AB+BF =1+aand AG=AD+DG =1+ = 21~
a a
1 1 1 a a+1 1
us, AF+AG’ 1—|—a+a—|—1 Y AB,asrequn"ed
Solution 2

We attach a set of coordinate axes to the diagram, with A at the origin, AG lying along
the positive y-axis and AF' lying along the positive x-axis.

Without loss of generality, suppose that square ABC D has side length 1, so that C has
coordinates (1,1). (We can make this assumption without loss of generality, because if
the square had a different side length, then each of the lengths in the problem would be

scaled by the same factor.)
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Suppose that the line through G and F' has slope m.
Since this line passes through (1, 1), its equation is y — 1 = m(x — 1) or y = ma + (1 —m).

The y-intercept of this line is 1 — m, so G has coordinates (0,1 —m).

-1 —1
, so I has coordinates (m—, 0). (Note that m # 0
m

m
The x-intercept of this line is

as the line cannot be horizontal.)

Therefore,
1 1 m 1 m —1 m—1 1
AF+AG:m—1+1—m:m—1+m—1:m—1:1:E
as required.
Solution 3
Join A to C.

We know that the sum of the areas of AGCA and AFC A equals the area of AGAF.
The area of AGCA (thinking of AG as the base) is 3(AG)(DC), since DC is perpendic-
ular to AG.

Similarly, the area of AFCAis 3(AF)(CB).

Also, the area of AGAF is 1(AG)(AF).

Therefore,
L(AG)(DC) + H(AF)(CB) = L(AG)(AF)
(AG)(DC) (AF)(CB) B (AG)(AF)
(AG)(AF)(AB) * (AG)(AF)(AB) — (AG)(AF)(AB)
1 1 1

AF TAG T AB
as required, since AB = DC = CB.

We consider placing the three coins individually.

Place one coin randomly on the grid.

When the second coin is placed (in any one of 15 squares), 6 of the 15 squares will leave
two coins in the same row or column and 9 of the 15 squares will leave the two coins in

different rows and different columns.

O

Therefore, the probability that the two coins are in different rows and different columns

(9 3
1815—5.

There are 14 possible squares in which the third coin can be placed.
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9.

(a) The vertex of the first parabola has x-coordinate r = —:b.

Of these 14 squares, 6 lie in the same row or column as the first coin and an additional 4
lie the same row or column as the second coin. Therefore, the probability that the third

coin is placed in a different row and a different column than each of the first two coins

o4 2
ISﬁ—,?.

Therefore, the probability that all three coins are placed in different rows and different

3.2 _ 6
columns is 2 X 2=

(b) Suppose that AB = ¢, AC = b and BC = a.

Since DG is parallel to AC', /BDG = ZBAC and ZDGB = ZACB, so ADGB is similar
to NACB.

(Similarly, AAED and AECF are also both similar to AABC')

Suppose next that DB = kc, with 0 < k£ < 1.

Then the ratio of the side lengths of ADGB to those of AACB will be k : 1, so BG = ka
and DG = kb.

Since the ratio of the side lengths of ADGB to AACB is k : 1, then the ratio of their
areas will be k% : 1, so the area of ADGB is k? (since the area of AACB is 1).

Since AB = ¢ and DB = ke, then AD = (1 — k)¢, so using similar triangles as before,
DE = (1 —k)a and AE = (1 — k)b. Also, the area of AADE is (1 — k)%

Since AC' = band AE = (1—k)b, then EC' = kb, so again using similar triangles, FF' = ke,
FC = ka and the area of AECF is k2.

Now the area of trapezoid DEFG is the area of the large triangle minus the combined
areas of the small triangles, or 1 — k? — k? — (1 — k)% = 2k — 3k

We know that k£ > 0 by its definition. Also, since G is to the left of F', then BG+FC < BC
orka+ka§a0r2ka§a0rk§%.

Let f(k) = 2k — 3k2.

Since f(k) = —3k* + 2k + 0 is a parabola opening downwards, its maximum occurs at its
vertex, whose k-coordinate is k = —ﬁ = % (which lies in the admissible range for k).

Note that f(3) =2 —3(3) = 3.

Therefore, the maximum area of the trapezoid is =.

3

1
2

Since each parabola passes through P, then

f(=30) = g(=3?)

T2+ b(—3b)+c = —1? +d(—3b) +e
0P =3P +c = —3b —Libd+e
%bd = e—c
bd = 2(e—c)

as required. (The same result can be obtained by using the vertex of the second parabola.)
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(b) Solution 1
The vertex, P, of the first parabola has z-coordinate x = —%b so has y-coordinate
f(=3b) =30 =30 +c=—3b* +c
The vertex, ), of the second parabola has z-coordinate = = %d so has y-coordinate

g(3d) = =3 + & + c = 1d* +e.

Therefore, the slope of the line through P and @ is

(=i +o) -G +e) =P+ d) —(e—0)
- 14 - 14
=3P+ d?) — 3bd
_ =
=1 (0 + 2bd + &?)
—3(b+d)
= 30b+d)

Using the point-slope form of the line, the line thus has equation

y = 3b+d)@—(=30)+ (=30*+¢)
= s(b+d)x+ 10+ 1bd — 10> + ¢
= Lb+d)z+ibd+c
= tb+d)z+3(e—c)+c
= Lb+d)z+3(e+c)

so the y-intercept of the line is 3 (e + ¢).

Solution 2

The equations of the two parabolas are y = 22 + bx +c and y = —2% + dx + e.

Adding the two equations, we obtain 2y = (b+d)z + (c+e¢) or y = (b + d)z + 3(c+e).
This last equation is the equation of a line.

Points P and (), whose coordinates satisfy the equation of each parabola, must satisfy the
equation of the line, and so lie on the line.

But the line through P and @) is unique, so this is the equation of the line through P
and Q.

Therefore, the line through P and @ has slope £ (b+ d) and y-intercept 3(c + e).

10. (a) First, we note that since the circle and lines XY and XZ are fixed, then the quantity
XY + X7 is fixed.
Since VT and VY are tangents from the same point V' to the circle, then V' = VY.
Since WT and W Z are tangents from the same point W to the circle, then WT =W Z.
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Therefore, the perimeter of AVXW is

XV+XWH+VW = XV+XWH+VT+WT
= XV+XWH+ VY +WZ
= XV+VY 4+ XW+WZ
= XY +XZ

which is constant, by our earlier comment.
Therefore, the perimeter of AV XW always equals XY + X Z, which does not depend on
the position of T

Solution 1

A circle can be drawn that is tangent to the lines AB extended and AC' extended, that
passes through M, and that has M on the left side of the circle. (The fact that such a
circle can be drawn and that this circle is unique can be seen by starting with a small
circle tangent to the two lines and expanding the circle, keeping it tangent to the two lines,
until it has M on the left side of its circumference.) Suppose that this circle is tangent to
AB and AC extended at Y and Z, respectively.

Draw a line tangent to the circle at M that cuts AB (extended) at V' and AC' (extended)
at W.

We prove that AAVW has the minimum perimeter of all triangles that can be drawn with
their third side passing through M.

From (a), we know that the perimeter of AAVW equals AY + AZ.

Consider a different triangle APQ formed by drawing another line through M. Note that
this line PM @ cannot be tangent to the circle, so must cut the circle in two places (at M

and at another point).




2007 Euclid Contest Solutions Page 12

This line, however, will be tangent to a new circle that is tangent to AB and AC at Y’
and Z'. But PMQ cuts the original circle at two points, then this new circle must be
formed by shifting the original circle to the right. In other words, Y’ and Z’ will be further
along AB and AC than Y and Z.

But the perimeter of AAPQ will equal AY'+ AZ’ by (a) and AY'+ AZ" > AY + AZ, so
the perimeter of AAP(Q) is greater than that of AAVIV.

Therefore, the perimeter is minimized when the line through M is tangent to the circle.

We now must determine the perimeter of AAVW. Note that it is sufficient to deter-
mine the length of AZ, since the perimeter of AAVW equals AY + AZ and AY = AZ,
so the perimeter of AAVW is twice the length of AZ.

First, we calculate /VAW = ZBAC using the cosine law:

BC? = AB?+ AC? — 2(AB)(AC) cos(£BAC)
14> = 10%+16* — 2(10)(16) cos(LBAC)
196 = 356 — 320 cos(ZBAC)
320 cos(£LBAC) = 160
cos(ZBAC) =
/ZBAC = 60°

N =

Next, we add coordinates to the diagram by placing A at the origin (0,0) and AC' along
the positive z-axis. Thus, C has coordinates (16, 0).

Since ZBAC = 60° and AB = 10, then B has coordinates (10 cos(60°), 10sin(60°)) or
(5,5v/3).

Since M is the midpoint of BC, then M has coordinates (1(5+ 16),3(5v/3+0)) or
(%:3v3).

Suppose the centre of the circle is O and the circle has radius r.

Since the circle is tangent to the two lines AY and AZ, then the centre of the circle lies

on the angle bisector of ZBAC, so lies on the line through the origin that makes an angle
- \/Lg

The centre O will have y-coordinate r, since a radius from the centre to AZ is perpendic-
ular to the z-axis. Thus, O has coordinates (v/3r,7) and Z has coordinates (v/3r,0).
Thus, the perimeter of the desired triangle is 247 = 2+/3r-.

Since the circle has centre (v/3r,r) and radius 7, then its equation is

(x —V3r)2 4 (y —r)> =712

Since M lies on the circle, then when we substitute the coordinates of M, we obtain an

of 30° with the positive z-axis. The slope of this line is thus tan(30°)
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equation for 7:
(5 - Va) + (3VE-n)" =
M 2VBr+3r2 + B —53r+1% = o?
3r2 —26v3r+129 = 0
(V3r)2 —2(13)(V/3r) + 169 —40 = 0
(V3r —13)2 = 40
V3r—13 = +2V10
13+ 210
V3
13v/3 + 2v/30

3
(Alternatively, we could have used the quadratic formula instead of completing the square.)

13v3 +2V30 .

since we want the circle with the larger radius that passes

T =

T =

Therefore, r =
through M and is tangent to the two lines. (Note that there is a smaller circle “inside”

M and a larger circle “outside” M.)

26(3) + 4/90

Therefore, the minimum perimeter is 2v/3r = — 3 = 26 + 4v10.

Solution 2

As in Solution 1, we prove that the triangle with minimum perimeter has perimeter equal
to AY + AZ.

Next, we must determine the length of AY".

As in Solution 1, we can show that /Y AZ = 60°.

Suppose the centre of the circle is O and the circle has radius 7.

Since the circle is tangent to AY and to AZ at Y and Z, respectively, then OY and OZ
are perpendicular to AY and AZ.

Also, joining O to A bisects LY AZ (since the circle is tangent to AY and AZ), so
LY AO = 30°.

Thus, AY = /3YO0 = /3r. Also, AZ = AY =+/3r.

Next, join O to B and to C.

A

Since AB = 10, then BY = AY — AB = v/3r — 10.
Since AC = 10, then CZ = AZ — AC = /3r — 16.
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Since AOBY is right-angled at Y, then
OB? = BY? + OY? = (V3r — 10)* + 1
Since AOC'Z is right-angled at Z, then
0C?* = CZ% +07* = (V3r —16)* + 12
In AOBC, since BM = MC, then OB? + OC? = 2BM?* + 20M?. (See the end for a
proof of this.)
Therefore,
(V3r — 102 + 72 + (V3r —16)* + 1% = 2(7%) + 277
3r? — 20V/3r + 100 + r2 + 3r% — 32v3r + 256 + 12 = 98 + 21
6r2 —52v/3r +258 = 0
3r? —26V3r +129 = 0

13v3 +2v/30
As in Solution 1, r = f%, and so the minimum perimeter is
26(3) + 490
2v/3r = BTV o6 L 4o

3
We could have noted, though, that since we want to find 2v/3r, then setting z = v/3r, the
equation 372 — 26v/3r + 129 = 0 becomes 2> — 26z + 129 = 0. Completing the square,
we get (z—13)% = 40, so z = 1342+/10, whence the perimeter is 26 +4+/10 in similar way.

We must still justify that, in AOBC, we have OB? + 0C? = 2BM? + 20M?.
@)

By the cosine law in AOBM,
OB? = OM?* + BM? — 2(OM)(BM) cos(ZOM B)
By the cosine law in AOCM,
OC? = OM?* + CM? —2(OM)(CM) cos(LOMC)
But BM = CM and ZOMC = 180° — ZOM B, so cos(ZOMC') = — cos(£LOM B).
Therefore, our two equations become
OB*> = OM?+ BM?* —2(OM)(BM) cos(ZOMB)
OC? = OM?+ BM? +2(OM)(BM) cos(Z/OMB)
Adding, we obtain OB?% + OC? = 20M? + 2BM?, as required.

(Notice that this result holds in any triangle with a median drawn in.)
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1.

(a)

ANSWER: 0

Solution 1

Since 3x — 3y = 24, then © —y = 8.

To determine the z-intercept we set y = 0 and obtain z = 8.
To determine the y-intercept we set x = 0 and obtain y = —8.
Thus, the sum of the intercepts is 8 + (—8) = 0.

Solution 2

To determine the z-intercept we set y = 0 and obtain 3z = 24 or x = 8.

To determine the y-intercept we set x = 0 and obtain —3y = 24 or y = —8.
Thus, the sum of the intercepts is 8 + (—8) = 0.

Solution 3

Since 3r — 3y =24, then x —y =8 or y = o — 8.

This tells us immediately that the y-intercept of the line is y = —8 and that the xz-intercept
(obtained by setting y = 0) is x = 8.

Thus, the sum of the intercepts is 8 + (—8) = 0.

ANSWER: 20

Since (1, 1) is the point of intersection of the two lines, then it must satisfy the equation
of each line.

From the first line, p(1) = 12 or p = 12.

From the second line, 2(1) 4+ ¢(1) = 10 or ¢ = 8.

Therefore, p + ¢ = 20.

Solution 1
To determine B, the point of intersection of the lines y = x and z + 2y = 12, we set y = x
in the second equation to obtain z + 2x = 12 or 3z = 12 or x = 4.

y
y=-X y=X
A
B
X+ 2y=12
X

Since y = x, B has coordinates (4,4).
To determine A, the point of intersection of the lines y = —x and = + 2y = 12, we set
y = —x in the second equation to obtain x — 2z = 12 or —z = 12 or x = —12.

Since y = —z, A has coordinates (—12,12).
The length of AB equals the distance between A and B, or

VA= (12))2 + (4 —12)2 = /16% + (=8)2 = /320 = 85

Solution 2
We determine the coordinates of A and B as in Solution 1.
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Since the slopes of y = z (slope of 1) and y = —x (slope of —1) are negative reciprocals,
then these lines are perpendicular, so ZAOB = 90°.
Since B has coordinates (4,4), then OB has length /42 4 42 = /32 = 44/2.

Since A has coordinates (—12,12), then OA has length /(—12)2 + 122 = /288 = 121/2.
Using the Pythagorean Theorem on triangle AOB,

AB = VOB? + OA? = /32 + 288 = v/320 = 8V/5

ANSWER: 9

For the average of two digits to be 5, their sum must be 10.

The two-digit positive integers whose digits sum to 10 are 19, 28, 37, 46, 55, 64, 73, 82,
91, of which there are 9.

ANSWER: n = 45
Solution 1

Suppose that n has digits AB. Then n = 10A + B.

A+ B
The average of the digits of n is ;L .

Putting a decimal point between the digits of n is equivalent to dividing n by 10, so the
10A+ B

resulting number is

So we want to determine A and B so that
10A+ B A+ B

10 2
10A+B = 5(A+B)

bA = 4B

Since A and B are digits such that 5A = 4B, then A = 4 and B = 5 is the only possibility.
Therefore, n = 45.

(We can quickly check that the average of the digits of n is 4.5, the number obtained by
putting a decimal point between the digits of n.)

Solution 2

When we compute the average of two digits, the result is either an integer or a half-integer
(ie. a decimal number of the form a.5).

Therefore, the possible averages are 0.5, 1.0, 1.5, 2.0, 2.5, 3.0, 3.5, 4.0, 4.5, 5.0, 5.5, 6.0,
6.5, 7.0, 7.5, 8.0, 8.5, 9.0. (0.0 is not possible as an two-digit integer cannot start with 0.)
From this list, the only one equal to the average of the two digits forming it is 4.5.
Therefore, n = 45 (formed by removing the decimal point from 4.5).

Solution 1

When the average of three integers is 28, their sum is 3(28) = 84.

When the average of five integers is 34, their sum is 5(34) = 170.

In this case, the difference between the sum of the five integers and the sum of the three

integers is s + ¢ which must equal 170 — 84 = 86.

t
St y3

Therefore, s +t = 86 and so the average of s and ¢ is

Solution 2
Suppose the first three integers are a, b and c.
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a+b+c

ThenT:280ra+b+c:84.
b t
Also,a+ +§+S+ =34dora+b+c+s+t=170.
Thus, s+t = (a+b+c+s+t)—(a+b+c) =170 — 84 = 86 and so the average of s and
. S+1
tis =43.
Solution 3

Suppose that the average of s and t is A.

Since the average of the initial three numbers is 28, the average of s and t is A, and the
average of all five numbers is 34, then 34 must be % of the way from 28 to A. The difference
between 34 and 28 is 6, so the total difference between A and 28 must be 3(6) = 15.
Thus, A, the average of s and ¢, is 28 + 15 = 43.

3. (a) ANSWER: (21,—1)
Solution 1
The z-intercepts of the given parabola are x = 20 and x = 22.
The z-coordinate of the vertex of the parabola is the average of the z-intercepts, or
(20 4 22) = 21.
When z = 21, y = (21 — 20)(21 — 22) = —1.
Thus, the coordinates of the vertex are (21, —1).

Solution 2
We expand the right side of the equation of the parabola to obtain y = 22 — 42z + 440.
Next we complete the square to obtain

y =22 —2(21)2+217—212+440 = (v —21)*—21°+440 = (z—21)*—441+440 = (z—21)*—1

From this form, we immediately see that the coordinates of the vertex are (21, —1).

(b) Consider the parabola y = 2? + 2 = (z — 0)? + 2.
The coordinates of its vertex are A(0, 2).
Consider the parabola y = 22 — 62 + 7.
Completing the square, we obtain y = (x —3)? —=9+7 = (v — 3)* — 2.
The coordinates of its vertex are B(3, —2).
Therefore, the vertices of AOAB are 0(0,0), A(0,2), B(3,—2).
Sketching this triangle, we obtain y

A0,2)
\ |

B(S, _2)

We can consider this triangle as having base OA (of length 2) and height, equal to the
distance from B to the y-axis, of 3.
Thus, AOAB has area 2(2)(3) = 3.

2
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4. (a) ANSWER: R =12

Solution 1
We label some of the points in the diagram.
A X Y Z
3 1
B
2 R
C
5 10
D

Looking at the middle column of rectangles, each has the same width, so the ratio of their
areas equals the ratio of their heights. Thus, AB: BC =1 : 2.

Looking at the rectangles in the first column, the area of the middle rectangle must be
twice the area of the top rectangle, or 6.

Thus, BC : CD = 6 : 5 by the reasoning above.

So, looking at the third column, R:10=6:5 or R = 12.

Solution 2
Let the width of the first column be z.

3
Since the area of the top left rectangle is 3, the height of the first row is —.
x

5
Since the area of the bottom left rectangle is 5, the height of the third row is —.
x

3
Since the height of the first row is — and the area of the top middle rectangle is 1, the
x

width of the middle column is ~.
6

Thus, the height of the middle row is —, since the area of the middle rectangle is 2.
x

5
Since the height of the third row is — and the area of the bottom right rectangle is 10,
x
then the width of the third column is 2. 6
Since the rectangle labelled R has height — and width 2z, then it has area 12.
x

Solution 3
We label some of the lengths in the diagram.
X Yy V4
a 3 1
b 2 R
¢ 5 10

From the given information, ax = 3, ay = 1, by = 2, bz = R, cx = 5 and cz = 10.

We want to determine bz.
But bz = (az)(by)(cz) _ (3)§2>(10)

(ay)(cz) — (1)(5)

=12,s0 R =12.
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(b) Solution 1
Since ZAOB = 90°, AB is a diameter of the circle.
Join AB.

C(1,1)

O B(2,0)

Since C' is the centre of the circle and AB is a diameter, then C' is the midpoint of AB,
so A has coordinates (0, 2).

Therefore, the area of the part of the circle inside the first quadrant is equal to the area
of AAOB plus the area of the semi-circle above AB.

The radius of the circle is equal to the distance from C to B, or 1/(1 — 2)2 + (1 — 0)2 = V/2,
so the area of the semi-circle is $7(v/2)? = 7.

The area of AAOB is 3(OB)(AO) = £(2)(2) = 2.

Thus, the area of the part of the circle inside the first quadrant is = + 2.

Solution 2
Since ZAOB = 90°, AB is a diameter of the circle.
Join AB.
y
A
C@1,D
O B(2,0)

Since C' is the centre of the circle and AB is a diameter, then C' is the midpoint of AB,
so A has coordinates (0, 2).

Thus, AO = BO.

We “complete the square” by adding point D(2,2), which is on the circle, by symmetry.
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A D(2,2)

C(L,1

O B(2,0)

The area of the square is 4.

The radius of the circle is equal to the distance from C to B, or /(1 — 2)2 + (1 — 0)2 = /2,
so the area of the circle is 7(v/2)? = 2.

The area of the portion of the circle outside the square is thus 2w — 4. This area is divided
into four equal sections (each of area (2r — 4) = 17 — 1), two of which are the only
portions of the circle outside the first quadrant.

Therefore, the area of the part of the circle inside the the first quadrant is 2r —2(37—1) =

T+ 2.

Two additional ways to find the coordinates of A:
% The length of OC is V12 + 12 = /2.

Since C' is the centre of the circle and O lies on the circle, then the circle has radius

V2.

Since the circle has centre (1,1) and radius v/2, its equation is (z —1)2 + (y — 1) = 2.

To find the coordinates of A, we substitute z = 0 to obtain (0 — 1)+ (y —1)? =2 or

(y—1)2=1,andsoy=0ory=2.

Since y = 0 gives us the point O, then y = 2 gives us A, ie. A has coordinates (0, 2).
x Since O and A are both on the circle and each has a horizontal distance of 1 from C,

then their vertical distances from C' must be same, ie. must each be 1.
Thus, A has coordinates (0, 2).

ANSWER: 2

Since there are 5 choices for a and 3 choices for b, there are fifteen possible ways of choosing
a and b.

If a is even, a’ is even; if a is odd, a® is odd.

So the choices of @ and b which give an even value for a® are those where a is even, or 6 of
the choices (since there are two even choices for a and three ways of choosing b for each
of these). (Notice that in fact the value of b does not affect whether a® is even or odd, so
the probability depends only on the choice of a.)

Thus, the probability is 1% = %

b

Starting with 4 blue hats and 2 green hats, the probability that Julia removes a blue hat

is % = % The result would be 3 blue hats and 3 green hats, since a blue hat is replaced

with a green hat.
In order to return to 4 blue hats and 2 green hats from 3 blue and 3 green, Julia would

need remove a green hat (which would be replaced by a blue hat). The probability of her
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. 3 _ 1
removing a green hat from 3 blue and 3 green is ¢ = 3.

o . e . . 2 1 _
Summarizing, the probability of choosing a blue hat and then a green hat is £ x 5 =

W=

Starting with 4 blue hats and 2 green hats, the probability that Julia removes a green
hat is % = % The result would be 5 blue hats and 1 green hat, since a green hat is

replaced with a blue hat.

In order to return to 4 blue hats and 2 green hats from 5 blue and 1 green, Julia would
need remove a blue hat (which would be replaced by a green hat). The probability of her
removing a green hat from 5 blue and 1 green is g.

Summarizing, the probability of choosing a green hat and then a blue hat is 5

5—_
><6_18'

1
3
These are the only two ways to return to 4 blue hats and 2 green hats after two turns —
removing a blue hat then a green, or removing a green then a blue.

Therefore, the total probability of returning to 4 blue hats and 2 green hats after two

1 5 _ 11
turns 1s 3+18— 18"

ANSWER: a =1
Adding the two equations, we obtain
.2 2 .2 2 3 L,
SIn“xr +cos”"x +smm"y +cosTy = Ea—l—Ea
3 1
2 = —a+ -ad’
PR
4 = 3a+d
0 = a*+3a—4
0 = (a+4)(a—1)
and soa=—4ora=1.
However, a = —4 is impossible, since this would give sin® z + cos? y = —6, whose left side

is non-negative and whose right side is negative.
Therefore, the only possible value for a is a = 1.

(We can check that angles z = 90° and y = 45° give sin® v +cos?y = % and cos? x+sin’y =
%, so a = 1 is indeed possible.)

From the given information, PC' = PB.
If we can calculate the length of PC', we can calculate the value of h, since we already
know the length of AC.

Now ACPB is isosceles with PC' = PB, BC' =2 and ZBPC = 120°.
Since ACPB is isosceles, /ZPCB = ZPBC = 30°.

FL
C M B

Join P to the midpoint, M, of BC.
Then PM is perpendicular to BC, since APCB is isosceles.
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Therefore, APMC' is right-angled, has ZPCM = 30° and has CM = 1.
Thus, PC = \/lg
(There are many other techniques that we can use to calculate the length of PC')

wloo

Y

2
Returning to AAPC, we see AP? = AC? — PC? or h? = 2% — (\%) =4 — % =
andsoh:\/§:2\/g:%g%1.630.

Therefore, the height is approximately 1.63 m or 163 cm.

ANSWER: k = 233
Solution 1
We calculate the first 15 terms, writing each as an integer times a power of 10:

2,5,10,5 x 10,5 x 102,52 x 10, 5% x 10°,5° x 10%, 5% x 10'3, 513 x 10%!, 52 x 1034,

534 % ]_0557 555 % 10897589 % ]_01447 5144 % 10233

Since the 15th term equals an odd integer times 10?33, then the 15th term ends with 233
Zeroes.

Solution 2
To obtain the 6th term, we calculate 50 x 500 = 25 x 1000.
Each of the 4th and 5th terms equals an odd integer followed by a number of zeroes, so
the 6th term also equals an odd integer followed by a number of zeroes, where the number
of zeroes is the sum of the numbers of zeroes at the ends of the 4th and 5th terms.
This pattern will continue. Thus, starting with the 6th term, the number of zeroes at the
end of the term will be the sum of the number of zeroes at the ends of the two previous
terms.
This tells us that, starting with the 4th term, the number of zeroes at the ends of the
terms is

1,2,3,5,8,13,21,34,55,89, 144, 233

Therefore, the 15th term ends with 233 zeroes.

Solution 1

Since a, b and ¢ are consecutive terms in an arithmetic sequence, then b = a + d and
¢ = a + 2d for some number d.

Therefore,

a*—bc = a®—(a+d)(a+2d) =a®—a*— 3ad — 2d* = —3ad — 2d°

(a+d)? —a(a+2d) = a* + 2ad + d* — a* — 2ad = d*
& —ab = (a+2d)*—ala+d)=a®+4ad + 4d* — a* — ad = 3ad + 4d*

b2 — ac

Thus,
(b — ac) — (a® — be) = d* — (—3ad — 2d*) = 3d* + 3ad

and
(c* — ab) — (b* — ac) = (3ad + 4d®) — d* = 3d® + 3ad

Therefore, (b*> — ac) — (a? — be) = (¢? — ab) — (b* — ac), so the sequence a® — be, b* — ac
and ¢ — ab is arithmetic.
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Solution 2
Since a, b and ¢ are consecutive terms in an arithmetic sequence, then ¢ = b — d and
¢ = b+ d for some number d.

Therefore,
a’®—be = ( d)? —b(b+d) = b* — 2bd + d*> — b* — bd = —3bd + d*
V¥ —ac = B~ (b—d)(b+d) =0 -b+d =d°
A —ab = (b+d) (b—d)b=0b*+2bd + d* — b* + bd = 3bd + d*
Thus,
(b* — ac) — (a® — bc) = d*> — (—3bd + d*) = 3bd
and

(> —ab) — (b* — ac) = (3bd + d*) — d* = 3bd

Therefore, (b*> — ac) — (a® — be) = (¢® — ab) — (b* — ac), so the sequence a® — be, b* — ac
and ¢? — ab is arithmetic.

Solution 3

To show that a? — be, b*> — ac and ¢ — ab form an arithmetic sequence, we can show that
(2 — ab) + (a® — be) = 2(b* — ac).

Since a, b and ¢ form an arithmetic sequence, then a + ¢ = 2b.

Now

(¢ —ab) + (a®> —bc) = *+a®>—bla+c)

= ¢ +a*+2ac—bla+c) —2ac
(c+a)* —bla+c) — 2ac
(c+a)(a+c—0b)—2ac
2b(2b — b) — 2ac
= 2b* — 2ac
= 2(b* — ac)

as required.
8. (a) We use logarithm rules to rearrange the equation to solve for y:
log,x —2log,y = 2
logy = —logy(y?) = 2

x
log <—> = 2
2 yQ
= 22

y2

y = F3v7
But since the domain of the log, function is all positive real numbers, we must have x > 0
and y > 0, so we can reject the negative square root to obtain

y:%ﬁ, x>0

@wl )

=
&
|

The graph of this function is:
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(b) Solution 1
Join A to F and C', and B to E.

C

Since DFE is parallel to BC' and AD is perpendicular to BC', then AD is perpendicular to
DE, ie. ZADE = 90°.

Therefore, AF is a diameter.

Now /EAC = ZEBC since both are subtended by EC.

Therefore, /EAC + ZABC = ZEBC + ZABC = ZFBA which is indeed equal to 90° as
required, since AF is a diameter.

Solution 2
Join A to E and C.

E
C

Since DFE is parallel to BC' and AD is perpendicular to BC', then AD is perpendicular to
DE, ie. ZADE = 90°.

Therefore, AF is a diameter.

Thus, ZECA = 90°.

Now LABC = ZAEC since both are subtended by AC.

Now LZEAC+ ZABC = LZEAC + LZAEC = 180° — ZEC' A using the sum of the angles in
NAEC.

But ZECA =90°, so ZEAC + LAEC = 90°.
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Solution 3
Join A to E and C, and C to D.

A B

C

Since DF is parallel to BC' and AD is perpendicular to BC', then AD is perpendicular to
DE,ie. ZADFE = 90°.

Therefore, AF is a diameter.

Now LZABC = ZADC since both are subtended by AC.

Also ZEAC = ZEDC since both are subtended by EC.

So LZEAC + LZABC = LZEDC + LADC = ZADE = 90°.

Solution 1

Since sin® z 4 cos? z = 1, then cos?

r=1—sin’z, so

f(x) = sin®z+ (1 —sin?2)® + k(sin z + (1 — sin®z)?)
= sin®z 41— 3sin’z + 3sin* r —sin®z + k(sin 2 + 1 — 2sin® z + sin® 7)
= (14+k)— (3+2k)sin*z + (3 + 2k)sin*z

Therefore, if 3+ 2k =0 or k = —2, then f(z) =1+ k= —3 for all z and so is constant.
(If k # —32, then we get

f(0) = 1+k
fr) = Q1+k)—-B+2k) ) +B+2k) (3)=1+1k
fAr) = (1+k) —(B+2k)(3)+(B+2k) (L) =L + 3k

which cannot be all equal for any single value of k, so f(z) is not constant if k # —32.)

Solution 2
Since sin® z 4 cos? z = 1, then

f(zr) = (sin®x 4+ cos® z)(sin* x — sin® z cos® x + cos® ) + k(sin z + cos® 1)
= (sin* +2sin® x cos® ¥ + cos* x — 3sin® x cos® 7)

21,)

k(sin z 4 2sin® z cos® z + cos” ¥ — 2sin’ z cos
((sin® z + cos® z)? — 3sin® v cos® ) + k((sin® v + cos® r)* — 2sin® z cos” x)
1 — 3sin® z cos® v + k(1 — 2sin” z cos® x)

(1+k) — (3 + 2k)sin? x cos® x

Therefore, if 3+ 2k =0or k = —%, then f(z) =1+k = —% for all x and so is constant.
(We can check as in Solution 1 that if k # —2, then f(z) is not constant.)
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Solution 3
For f(x) to be constant, we need f'(x) = 0 for all values of x.
Calculating using the Chain Rule,
f'(r) = 6sin®xcosz — 6cos’ wsina + k(4sin® x cosz — 4 cos® wsin z)

= 2sinzcosx(3(sin x — cos ) + 2k(sin® x — cos® 7))

= 2sinxcosz(sin®z — cos® x)(3(sin® z + cos® x) + 2k)

2sin z cos x(sin? 2 — cos® ) (3 + 2k)

If 342k =0or k=—2, then f/(z) =0 for all z, so f(z) is constant.

(If 3+ 2k # 0, then choosing z = %W for example gives f'(z) # 0 so f(x) is not constant.)

Solution 1
Using the simplified version of f(z) from Solution 1 of (a), we have

flx)=(1+k)— (3+2k)sin®z + (3 + 2k)sin*z
and so we want to solve
0.3 — (1.6)sin*z + (1.6)sin*z = 0

16sin*z — 16sin’z +3 =

(4sin*z — 3)(4sinx — 1) =
Therefore, sin? x = i,
Therefore,

,and so sinx = :I:%, :I:‘/Tg.

>

r= %ﬂ' + 27k, %71' + 27k, %7‘( + 27k, %77 + 2mk, %7? + 2mk, %7? + 27k, %71' + 27k, §7r + 27k

for k € Z.

Solution 2
Using the simplified version of f(z) from Solution 2 of (a), we have

f(z) = (1+k)— (3+2k)sin’vcos’ x
and so we want to solve

0.3 — (1.6)sinzcos’r = 0
0.3 — (1.6)sin®z(1 —sin®z) = 0
1.6sin*x — 1.6sin*2 + 0.3 =

and the solution concludes as in Solution 1.

Solution 3
Using the simplified version of f(z) from Solution 2 of (a), we have

f(x) = (1+Fk) — (34 2k)sin®zcos’ z
Using the fact that sin 2z = 2sinx cos z, we can further simplify f(z) to

f(z)=(1+k)— 1(3+2k)sin® 2z
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and so we want to solve

0.3 — 1(1.6)sin’2z = 0
4¢in?2r = 3
sin?2x = %

and so sin 2z = j:‘/Tg.
Therefore,

20 = %W + 27k, %W + 27k, %W + 27k, %’/T + 2mk

for k € Z, and so

_1 1 2 5
r = 7+ 7k, 3T + 7k, 57 + Tk, g7 + Tk

for k € Z.

(Note that this solution, while appearing different, does agree with that from Solution 1,
since here each of the four families of solutions has “+mk” and in Solution 1 each of the
eight families has “427k”.)

Solution 1
Using the simplified version of f(z) from Solution 1 of (a), we have

f(z) =1 +k)— (3+2k)sin’z + (3 + 2k)sin*z

We want to determine the values of k for which there is an a such that f(a) = 0.
From (a), if k = —3, f(z) is constant and equal to —3, so has no roots.

Let u = sin® z.

Then u takes all values between 0 and 1 as sinz takes all values between —1 and 1.

Then we want to determine for which & the equation
(3+2k)u* — (3+2k)u+ (1+k)=0 (%)

has a solution for v with 0 <« < 1.
First, we must ensure that the equation (*) has real solutions, ie.

(34+2k)2 —4(3+2k)(1+k) > 0
(3+2k)(3+2k—4(1+k)) > 0
(3+2k)(—1—-2k) > 0
B+2k)(14+2k) < 0
This is true if and only if —% < k < —%. (We omit k = —g because of the earlier

comment.)
Next, we have to check for which values of k the equation (*) has a solution w with
0 <u < 1. We may assume that —% <k< —%.

To do this, we solve the equation (*) using the quadratic formula to obtain

(34 2k) + /(3 + 2k)2 —4(3+ 2k)(1 + k)
2(3 + 2k)

or

(B3 42k)£/—(3+2k)(1+2k) 1 N
‘= 2(3 + 2k) )

142k
3+ 2k

N | =
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Since k > —% then 3 + 2k > 0.
For u to be between 0 and 1, we need to have

0 < _1+2/~c<
- 34+ 2k —
Thus L+ 2%
0< — <1
- 342k

Since —% <k< —% then 3+ 2k > 0 and 1 + 2k < 0, so the left inequality is true.

142
3 J+r 2]; < Lor —(1+2k) < (34 2k) (we can multiply by (3 + 2k)

since it is positive), and so —4 < 4k or k > —1.
Combining with —% <k< —% gives —1 <k < —%.

Therefore, we need —

Solution 2
Using the simplified version of f(z) from Solution 3 of (b), we have

f(@)=(1+k)— 1(3+ 2k)sin* 2z
If we tried to solve f(x) =0, we would obtain

(1+k)— 1(3+2k)sin*2z =0

. 401+ k
sin? 2z = —< + k)
3+ 2k
(From (a), if k = —32, f(x) is constant and equal to —3, so has no roots.)
In order to be able to solve this (first for sin 2z, then for 2x then for z), we therefore need
o< 4R
T 3+2k T

If 34 2k > 0, we can multiply the inequality by 3 + 2k to obtain
0<4(1+k)<3+2k

and so we get k > —1 from the left inequality and k£ < —% from the right inequality:.
Combining these with —2 < k, we obtain —1 <k < —3.

If 3+ 2k < 0, we would obtain 0 > 4(1 + k) > 3 + 2k which would give k& < —1
and k > —%, which are inconsistent.

Therefore, —1 < k < —%.

There were many other clever approaches to be taken in this problem:

— Deriving either of the expressions

f(z) = (k—i— g) (sin® x + cos’ z) —%
or .
flz)=(1+k)— 1(3 + 2k) sin” 2z

led to some simpler algebra.
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— In (c), deriving the equation

E+1
2k +3

(1 — sin® z)(sin® z) =

and rewriting the left side as —(sin®z — %)2 + }1 allowed one student to conclude that the

right side lies between 0 and %, thus quickly obtaining the range of values for k.

10. Through this solution, we will use the following facts:

When an acute triangle is inscribed in a circle:
— each of the three angles of the triangle is the angle inscribed in the major arc
defined by the side of the triangle by which it is subtended,

— each of the three arcs into which the circle is divided by the vertices of the
triangles is less than half of the circumference of the circle, and

— 1t contains the centre of the circle.

Why are these facts true?

— Consider a chord of a circle which is not a diameter.

Then the angle subtended in the major arc of this circle is an acute angle and the angle
subtended in the minor arc is an obtuse angle.

Now consider an acute triangle inscribed in a circle.

Since each angle of the triangle is acute, then each of the three angles is inscribed in the
major arc defined by the side of the triangle by which it is subtended.

It follows that each arc of the circle that is outside the triangle must be a minor arc, thus
less than the circumference of the circle.

Lastly, if the centre was outside the triangle, then we would be able to draw a diameter
of the circle with the triangle entirely on one side of the diameter.

/

In this case, one of the arcs of the circle cut off by one of the sides of the triangle would
have to be a major arc, which cannot happen, because of the above.
Therefore, the centre is contained inside the triangle.

Since there are N = 7 points from which the triangle’s vertices can be chosen, there are

(;) = 35 triangles in total.

We compute the number of acute triangles.

Fix one of the vertices of such a triangle at A;.
We construct the triangle by choosing the other two vertices in ascending subscript order.
We choose the vertices by considering the arc length from the previous vertex — each of
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these arc lengths must be smaller than half the total circumference of the circle.

Since there are 7 equally spaced points on the circle, we assume the circumference is 7, so
the arc length formed by each side must be at most 3.

Since the first arc length is at most 3, the second point can be only Ay, Az or Ay.

If the second point is As, then since the second and third arc lengths are each at most 3,
then the third point must be As. (Since the second arc length is at most 3, then the third
point cannot be any further along than As;. However, the arc length from As around to
A; is 3, so it cannot be any closer than As.)

If the second point is Az, the third point must be A5 or Ag.
If the second point is A4, the third point must be As or Ag or A;.
Therefore, there are 6 acute triangles which include A; as one of its vertices.

How many acute triangles are there in total?

We can repeat the above process for each of the 6 other points, giving 7 x 6 = 42 acute
triangles.

But each triangle is counted three times here, as it has been counted once for each of its
vertices.

Thus, there are = 14 acute triangles.

Therefore, the probability that a randomly chosen triangle is acute if % = %

Solution 1

Since there are N = 2k points from which the triangles vertices can be chosen, there are
2k\  2k(2k —1)(2k —2)

(3) ="

We compute the number of acute triangles as in (a) by counting the number of acute

triangles with one vertex fixed at A; and then multiply by 2k and divide by 3 as in (a).

triangles in total.

Fix one vertex at A; and suppose that the circumference of the circle is 2k.

The diametrically opposite point from A; is Agiq.

Since the triangle cannot be entirely on one side of a diameter, then the second vertex
must be between A, and A, inclusive and the other between A5 and Ay inclusive. This
will ensure that the first and third arcs are shorter than half of the circumference of the
circle.

If the second vertex is at As, then the third vertex must be no further than Ay, for the
second arc length to be shorter than k. Thus, there are no possibilities.

If the second vertex is at As, then the third vertex must be no further than Aj,,. (In
this case, the arc between the second and third vertices has length k& — 1, as does the arc
between the third and first vertices.) Thus, there is one possibility.

If the second vertex is at Ay, then the third vertex must be no further than Ay, 3. In this
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case, if the third vertex is Ay 3, the arc between the second and third vertices has length
k — 1 and the arc between the third and first vertices has length k£ — 2. If the third vertex
is Ajyo, these lengths are reversed. If the third vertex is neither of these points, then one
of the two arcs will have length greater than k£ — 1. Thus, there are two possibilities (Ag,2
and Ak+3).

In general, if the second vertex is at A; (with 2 < j < k), then the third vertex must be no
further than A;,;_1, so there are j+k —1— (k+1) = j — 2 possibilities. (This is because
if the third vertex is A;, then i — j < k and (2k + 1) — i < k for the two arc lengths to be
less than k. Therefore, ¢« < 7+ k and ¢ > k+ 1 so ¢ runs from k£ + 2 to j + k — 1, which is
j — 2 possibilities in total.)

As j runs from 2 to k, then j —2 runs from 0 to k—2, for a total of 0+ 142+ -+ (k—2) =
1(k—2)(k — 1) acute triangles with one vertex fixed at A;.

So in total there are §(2k) x 1(k —2)(k — 1) = £(2k)(k — 2)(k — 1) acute triangles.
t(2k)(k —2)(k —1) k=2

(2k)(2k — 1)(2k —2) 4k —2

Therefore, the probability is 5
6

Solution 2

Again, we note that the total number of triangles is (23k) if N =2k.

We calculate the number of acute triangles with one vertex fixed at Aj.

Let the circumference of the circle be 2k.

The vertices of any triangle partition this circumference into lengths a, b and ¢, reading
clockwise from Aj.

Our strategy is to count the number of acute triangles in this configuration, and then

2
multiply by 5 as in Solution 1 to obtain the total number of acute triangles.

We look for solutions to the equation a + b + ¢ = 2k with a,b,¢c > 1. (These are the
partitions of the circumference of the circle.) Since we are looking for acute triangles,
we must also have a,b,c < k as in the preamble. Each different solution to the equation
subject to these restrictions gives us different triangle and vice-versa.

So we count the number of integer solutions to a + b+ ¢ = 2k with 1 < a,b,c < k.
Consider the transformation ' =k —a, b’ =k —band ¢ =k — c.

Since a, b, ¢ < k, then o/, V', ¢ > 0.

Also, a+b+c = 2k if and only if 3k—(a+b+c) = k if and only if (k—a)+(k—b)+(k—c) =k
if and only if ' + 0 + ¢ = k.

So this transformation gives us a one-to-one correspondence between the acute triangles
between the acute triangles on 2k vertices with one vertex fixed at A;, and all triangles on
k vertices with one vertex fixed at A;. (Since we can “undo” this tranformation (ie. find
its inverse), then it is a one-to-one correspondence (ie. a bijection).)

—1\ .
) since there are

2

The total number of triangles on £ points with one vertex fixed is (
2 vertices to choose from the remaining k — 1 points.

Therefore, the total number of acute triangles with one vertex fixed at A; is also (k 5 1) ,

so the total number of acute triangles is

Z_k(k:—l):%(k—l)(k:—z) k(k—1)(k—2)

3\ 2 3 2 B 3
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To obtain the probability, we divide by <2k) to obtain

3
6 k(k—1)(k—2) k-2
(2k)(2k — 1)(2k — 2) 3 4k -2
F h ility is ——.
(¢) From (b), the probability is yT— 2
We want to determine the values of k for which —— ¢ for some positive integer

ik —2 2007
a

Cross-multiplying, 2007(k — 2) = a(4k — 2).

Since the right is even, the left side must be even, so k—2 is even, so k is even, say k = 2m
for some positive integer m > 1.

Then 2007(2m — 2) = a(8m — 2) or 2007(m — 1) = a(4m — 1).

Since

(4dm—1)—4(m—-1)=3 (%)

then the possible positive common divisors of 4m — 1 and m — 1 are 1 and 3 (since any
common divisor of 4m — 1 and m — 1 must also divide into 3 by (*)).
In other words, ged(4m —1,m —1) =1 or ged(dm — 1,m — 1) = 3.

If ged(4m —1,m — 1) = 1 then 4m — 1 and m — 1 have no common factors larger than 1.
Since 2007(m — 1) = a(4m — 1), then 4m — 1 divides into 2007(m — 1) and so 4m — 1
divides into 2007, since 4m — 1 and m — 1 have no common factors.
Now 2007 = 9 x 223 = 32 x 223, so the positive divisors of 2007 are 1, 3, 9, 223, 669, 2007.
The divisors having the form 4m — 1 for some positive integer m are 3, 233 and 2007,
giving:
dm —1 | 3 | 233 | 2007
m 1] 56| 502
a 0 | 495 | 2004
k 112 | 1004

(m =1 gives a = 0 which is inadmissible, so there is no value for k.)

If ged(4m — 1,m — 1) = 3, then m — 1 is divisible by 3, so we write m — 1 = 3p for
some non-negative integer p.

Thus, 4m — 1 = 12p + 3 and so 2007(m — 1) = a(4m — 1) becomes 2007(3p) = a(12p + 3)
or 2007p = a(4p + 1).

Note that ged(4p + 1,p) = 1, since ged(12p + 3, 3p) = 3.

Since 4p + 1 divides into 2007p and has no common factors with p, then 4p + 1 divides
into 2007.

The divisors of 2007 having the form 4p + 1 are 1, 9 and 669, giving:

p+1[1] 9] 669
» | 0| 2 167
m | 1| 7] 502
a | 0446 | 501
k 14 | 1004

(m =1 gives a = 0 which is inadmissible, so there is no value for k.)

Thus, the possible values of k are 14, 112 and 1004.
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1.

(a)
(b)

ANSWER: a =5
Since (a, a) lies on the line 3z — y = 10, then 3a — a = 10 or 2a = 10 or a = 5.

ANSWER: (6,2)
Solution 1
To get from A to B, we move 2 units to the right and 1 unit up.

y

B(2.0)
A(O,—1)</

Since C lies on the same straight line as A and B, then to get from B to C' we move 2
units to the right and 1 unit up twice, or 4 units to the right and 2 units up.
Thus, the coordinates of C' are (6, 2).

Solution 2
Label the origin as O and drop a perpendicular from C' to P on the z-axis.

y

C
0]
X
/B(2, 0) P
A(0,—1),

Then AAOB is similar to ACPB since both are right-angled and they have equal angles
at B.

Since BC' = 2AB, then CP = 2A0 = 2(1) =2 and BP =2B0O = 2(2) = 4.

Therefore, the coordinates of C' are (24 4,0 + 2) = (6, 2).

By the Pythagorean Theorem, AO? = AB? — OB? = 50° — 40% = 900, so AO = 30.
Therefore, the coordinates of A are (0, 30).

By the Pythagorean Theorem, CD? = CB? — BD? = 50% — 482 = 196, so CD = 14.
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.
30 W
14
. X

o 40 B 48 D

Therefore, the coordinates of C' are (40 4 48, 14) = (88, 14).
Since M is the midpoint of AC, then the coordinates of M are

G(o +88), (30 + 14)> — (44,22)

ANSWER: z = —2

Solution 1

Since y = 2z + 3, then 4y = 4(2x + 3) = 8z + 12.

Since 4y = 8x + 12 and 4y = 5x + 6, then 8x + 12 =5x + 6 or 3z = —6 or x = —2.

Solution 2
Since 4y = bx + 6, thenyz%x—i—%z%x—l—%.
Since y = 2x + 3 andy=%x+%,then2x+3:%x+%or %x:—% or r = —2.

Solution 3

Since the second equation contains a “5x”, we multiply the first equation by g to obtain
a 5z term, and obtain gy = dx + 12—5

Subtracting this from 4y = 5z + 6, we obtain %y = —% ory = —1.

Since y = —1, then —1 =2x+ 3 or 2x = —4 or z = —2.

ANSWER: a =6

Solution 1

Adding the three equations together, we obtain a —3b+b+2b+7c—2c—5¢c = —104+3+13
or a = 6.

Solution 2
Multiplying the second equation by 3, we obtain 3b — 6¢ = 9.
Adding this new equation to the first equation, we obtain ¢ = —1.

Substituting this back into the original second equation, we obtain b = 3 4+ 2¢ = 1.
Substituting into the third equation, a = —2b+5¢c+ 13 = -2 -5+ 13 = 6.

Solution 1

Let J be John’s score and M be Mary’s score.

Since two times John’s score was 60 more than Mary’s score, then 2J = M + 60.
Since two times Mary’s score was 90 more than John’s score, then 2M = J + 90.

Adding these two equations, we obtain 2J +2M = M + J 4+ 150 or J + M = 150 or
J+ M
= 75.

Therefore, the average of their two scores was 75.
(Note that we didn’t have to solve for their individual scores.)
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Solution 2

Let J be John’s score and M be Mary’s score.

Since two times John’s score was 60 more than Mary’s score, then 2J = M + 60, so
M =2J —60.

Since two times Mary’s score was 90 more than John’s score, then 2M = J + 90.
Substituting the first equation into the second, we obtain

2(2J —60) = J+90

4J —120 = J+90
3J = 210
J = 70

Substituting into M = 2J — 60 gives M = 80.
Therefore, the average of their scores (ie. the average of 70 and 80) is 75.

ANSWER: z = 50
Simplifying using exponent rules,

2(1612) 4 2(816) — 2<<24)12) 4 2((23>16) — 2<248> 4 2(248) — 4(248> — 22<248) — 250

Therefore, since 2° = 2(16'2) + 2(8'%) = 2% then z = 50.

Solution 1
We factor the given equation (f(z))” — 3f(z) +2 =0 as (f(z) — 1)(f(z) —2) = 0.
Therefore, f(z) =1 or f(z) = 2.

If f(x)=1,then2z—1=1or2x=2o0rz=1.

If f(x) =2,then2z —1=2o0r2x =3 orz =

Therefore, the values of x are x =1 or x = %

[N [eV]

Solution 2
Since f(z) =2z —1 and (f(z))* — 3f(z) + 2 = 0, then

2z -1 =32z —-1)+2 = 0
4a* —4dx+1—-62+3+2 = 0
42° —10z+6 = 0

202 —5x+3 = 0
(r—1)2x—-3) = 0

3

Therfore, z =1 or x = 3.

14

ANSWER: T

Solution 1

The possible pairs of numbers on the tickets are (listed as ordered pairs): (1,2), (1,3),
(1,4), (1,5), (1,6), (2,3), (2,4), (2,5), (2,6), (3,4), (3,5), (3,6), (4,5), (4,6), and (5,6).
There are fifteen such pairs. (We treat the pair of tickets numbered 2 and 4 as being the
same as the pair numbered 4 and 2.)

The pairs for which the smaller of the two numbers is less than or equal to 4 are (1,2),
(1,3), (1,4), (1,5), (1,6), (2,3), (2,4), (2,5), (2,6), (3,4), (3,5), (3,6), (4,5), and (4, 6).
There are fourteen such pairs.

Therefore, the probability of selecting such a pair of tickets is 12

15°
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Solution 2

We find the probability that the smaller number on the two tickets is NOT less than or
equal to 4.

Therefore, the smaller number on the two tickets is at least 5.

Thus, the pair of numbers must be 5 and 6, since two distinct numbers less than or equal
to 6 are being chosen.

As in Solution 1, we can determine that there are fifteen possible pairs that we can se-
lected.

Therefore, the probability that the smaller number on the two tickets is NOT less than or
equal to 4 is -, so the probability that the smaller number on the two tickets IS less than

15°
: L1
or equal to 4is 1 — 1z = .

Solution 1

Since ZHLP = 60° and Z/BLP = 30°, then /ZHLB = /ZHLP — ZBLP = 30°.
Also, since ZHLP = 60° and ZHPL = 90°, then ZLHP = 180° — 90° — 60° = 30°.

H
30°
400
B
30°
30°
P L

Therefore, AHBL is isosceles and BL = HB = 400 m.
In ABLP, BL = 400 m and ZBLP = 30°, so LP = BLcos(30°) = 400 (\/73) — 200V/3

m.
Therefore, the distance between L and P is 200v/3 m.

Solution 2

Since ZHLP = 60° and ZBLP = 30°, then /HLB = /HLP — ZBLP = 30°.
Also, since ZHLP = 60° and ZHPL = 90°, then ZLHP = 180° — 90° — 60° = 30°.
Also, ZLBP = 60°.

Let LP = z.
H
30°
400
B
60° 30°
30°
P X L

Since ABLP is 30°-60°-90°, then BP : LP =1:+/3,s0 BP = -LP =

1
V3 3l
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Since AHLP is 30°-60°-90°, then HP : LP = /3 : 1, so HP = /3LP = /3z.
But HP = HB + BP so

1
V3z = 400+ —z

V3
3z = 400V3 +x
2¢ = 400V3
r = 200V3

Therefore, the distance from L to P is 2004/3 m.

ANSWER: (6,5)

After 2 moves, the goat has travelled 1 + 2 = 3 units.

After 3 moves, the goat has travelled 1 + 2 + 3 = 6 units.

Similarly, after n moves, the goat has travelled a total of 1 +2 + 3 4 --- + n units.

For what value of nis 1 +2 4 3 4+ --- 4+ n equal to 557

The fastest way to determine the value of n is by adding the first few integers until we
obtain a sum of 55. This will be n = 10.

(We could also do this by remembering that 1 +2+3+--- 4+ n = in(n+ 1) and solving
for n this way.)

So we must determine the coordinates of the goat after 10 moves.

We consider first the x-coordinate.

Since starting at (0,0) the goat has moved 2 units in the positive = direction, 4 units in the
negative x direction, 6 units in the positive x direction, 8 units in the negative x direction
and 10 units in the positive x direction, so its x coordinate should be 2—446 —-8+10 = 6.
Similarly, its y-coordinate should be 1 —3+5—7+9 =5.

Therefore, after having travelled a distance of 55 units, the goat is at the point (6,5).

Solution 1
Since the sequence 4, 4r, 472 is also arithmetic, then the difference between 4% and 4r
equals the difference between 4r and 4, or

Ar* —4r = 4r—4
47 —8r+4 = 0
P —2r+1 = 0
(r—12% = 0

Therefore, the only value of r is r = 1.

Solution 2
Since the sequence 4, 4r, 4r? is also arithmetic, then we can write 4r = 4 + d and
4r? = 4 + 2d for some real number d. (Here, d is the common difference in this arithmetic
sequence.)

Then d = 4r — 4 and 2d = 4r?> —4 or d = 2r? — 2.

Therefore, equating the two expressions for d, we obtain 2r? —2 = 4r—4 or 2r> —4r+2 =0
orr?—=2r+1=0or (r—1)?=0.

Therefore, the only value of r is r = 1.

ANSWER: 47
First, we notice that whenever an equilateral triangle of side length 3 is placed inside a
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circle of radius 3 with two of its vertices on the circle, then the third vertex will be at the
centre of the circle.

This is because if we place AXY Z with Y and Z on the circle and connect Y and Z to
the centre O, then OY = OZ = 3, so AOY Z is equilateral (since all three sides have
length 3). Thus AXY Z and AOY Z must be the same, so X is at the same point as O.

7

Y

Thus, in the starting position, A is at the centre of the circle.

As the triangle is rotated about C', the point B traces out an arc of a circle of radius 3.
What fraction of the circle is traced out?

When point A reaches point A; on the circle, we have AC' = 3 and CA; = 3. Since A is at
the centre of the circle, then AA; = 3 as well, so AAA;C' is equilateral, and ZA;CA = 60°,
so the triangle has rotated through 60°.

a

B

Therefore, B has traced out 3660(;0 = % of a circle of radius 3.

Notice that A has also traced out an arc of the same length. When A reaches the circle,
we have A and C' on the circle, so B must be at the centre of the circle.

Thus, on the next rotation, B again rotates through % of a circle of radius 3 as it moves
to the circle.

On the third rotation, the triangle rotates about B, so B does not move. After three
rotations, the triangle will have A at the centre and B and C' on the circle, with the net
result that the triangle has rotated 180° about the centre of the circle.

Thus, to return to its original position, the triangle must undergo three more of these
rotations, and B will behave in the same way as it did for the first three rotations.

Thus, in total, B moves four times along an arc equal to é of a circle of radius 3.
Therefore, the distance travelled by B is 4(3)(27(3)) = 4.

In order to determine C'D, we must determine one of the angles (or at least some infor-
mation about one of the angles) in ABCD.
To do this, we look at ZA use the fact that ZA+ ZC = 180°.
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(b)

Using the cosine law in AABD, we obtain

7 = 52 +6%—2(5)(6)cos(ZLA)
49 = 61 —60cos(ZLA)
1
LA) = -

cos(LA) z
Since cos(ZA) = & and LA+ ZC = 180°, then cos(£C) = — cos(180° — LA) = —1+.
(We could have calculated the actual size of ZA using cos(ZA) = 1 and then used this
to calculate the size of ZC', but we would introduce the possibility of rounding error by
doing this.)
Then, using the cosine law in ABC'D, we obtain

7 = 44+ CD*-2(4)(CD)cos(£C)
1

49 = 16+ CD*—-8(CD) (‘g)

= 5CD?+8CD — 165
= (5CD +33)(CD —5)

So CD = —% or CD = 5. (We could have also determined these roots using the quadratic
formula.)
Since C'D is a length, it must be positive, so C'D = 5.

(We could have also proceeded by using the sine law in ABCD to determine ZBDC
and then found the size of ZDBC', which would have allowed us to calculate C'D using
the sine law. However, this would again introduce the potential of rounding error.)

ANSWER: Maximum = 5, Minimum = 1

We rewrite by completing the square as f(z) = sin®z — 2sinz +2 = (sinx — 1)2 + 1.
Therefore, since (sinz — 1)? > 0, then f(z) > 1, and in fact f(z) = 1 when sinz = 1
(which occurs for instance when x = 90°).

Thus, the minimum value of f(z) is 1.

To maximize f(z), we must maximize (sinz — 1)2.

Since —1 < sinz < 1, then (sinx — 1)? is maximized when sinz = —1 (for instance, when
x = 270°). In this case, (sinz — 1)> =4, so f(z) = 5.

Thus, the maximum value of f(z) is 5.

From the diagram, the x-intercepts of the parabola are x = —k and = = 3k.
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(0,3k)

(k,0) (3k,0)

Since we are given that y = —1(z — r)(z — s), then the a-intercepts are 7 and s, so 7 and
s equal —k and 3k in some order.

Therefore, we can rewrite the parabola as y = —1(z — (—k))(z — 3k).

Since the point (0,3k) lies on the parabola, then 3k = —1(0 + k)(0 — 3k) or 12k = 3k? or
k*—4k =0or k(k—4) = 0.

Thus, k =0 or k = 4.

Since the two roots are distinct, then we cannot have k = 0 (otherwise both z-intercepts
would be 0).

Thus, k = 4.

This tells us that the equation of the parabola is y = —4(z +4)(x — 12) or y = —1a? +
20 + 12.

We still have to determine the coordinates of the vertex, V.

Since the z-intercepts of the parabola are —4 and 12, then the x-coordinate of the vertex

is the average of these intercepts, or 4.
2

2(—3)
Therefore, the y-coordinate of the vertex is y = —1(42) + 2(4) + 12 = 16.
Thus, the coordinates of the vertex are (4, 16).

)

b
(We could have also used the fact that the z-coordinate is —on =~

We look at the three pieces separately.

If v < —4, f(z) =450 g(z) = /25— [f(x)]2 =25 — 42 = /9 =3,

So g(z) is the horizontal line y = 3 when x < —4.

If £ > 5, f(z) = =550 g(x) = /25 — [f(2)]2 = /25 — (—5)2 = V0 = 0.
So g(x) is the horizontal line y = 0 when x > 5.

So far, our graph looks like this:
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—x 50 g(z) = /25 — [f(2)]2 = /25 — (—x)% = /25 — 22.

, f(2)

What is this shape?

If-4<z<5h

25.

25 — 2% or 2% + o2

25 — 22 or y?
Therefore, this shape is a section of the upper half (since y is a positive square-root) of

the circle 22 + y* = 25, ie. the circle with centre (0,0) and radius 5.

We must check the endpoints.

g(x), then we have y

If y

25 — (—4))% = 3.

When z = —4, we have g(—4) =
When x = 5, we have ¢(5) =

25 —52=0.

Therefore, the section of the circle connects up with the other two sections of our graph

already in place.

Thus, our final graph is:
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(b) Solution 1
Let the centres of the two circles be O; and Os.
Join A and B to O; and B and C to O,.
Designate two points W and X on either side of A on one tangent line, and two points Y
and Z on either side of C' on the other tangent line.

Let ZXAB =96.

Since W X is tangent to the circle with centre O; at A, then O; A is perpendicular to WX,
so LZO1AB = 90° — 0.

Since O1A = O1B because both are radii, then AAOB is isosceles, so ZO1BA =
ZLO1AB = 90° — 6.

Since the two circles are tangent at B, then the line segment joining O; and Oy passes
through B, ie. O1BOs is a straight line segment.

Thus, Z0;BC = Z0,BA = 90° — 0, by opposite angles.

Since Oy B = O5C, then similarly to above, Z0,CB = Z0,BC = 90° — 4.

Since Y Z is tangent to the circle with centre Oy at C, then OyC' is perpendicular to Y Z.
Thus, ZYCB =90°— ZO,CB = 4.

Since /XAB = /Y CB, then WX is parallel to Y Z, by alternate angles, as required.



2005 Euclid Contest Solutions Page 12

Solution 2

Let the centres of the two circles be O; and O,.

Join A and B to O; and B and C to O,.

Since AO; and BO; are radii of the same circle, AO; = BO; so AAO. B is isosceles, so
/0.AB = /Z0,BA.

Since BO, and CO4 are radii of the same circle, BOy = C'Oy so ABO,C' is isosceles, so
L0y BC = Z0,CB.

Since the two circles are tangent at B, then O; BOs is a line segment (ie. the line segment
joining O; and O, passes through the point of tangency of the two circles).

Since 01 B0, is straight, then ZO1BA = Z0,BC, by opposite angles.

Thus, Z0:AB = Z/0,BA = Z0,BC = Z0,CB.

This tells us that AAO; B is similar to ABOyC, so ZAO1B = ZB0OyC or LZAO105 =
ZC050;.

Therefore, AO; is parallel to CO,, by alternate angles.

But A and C are points of tangency, AO; is perpendicular to the tangent line at A and
C'O, is perpendicular to the tangent line at C.

Since AO; and C'O, are parallel, then the two tangent lines must be parallel.

Solution 1
We have (z — p)? +y* = r? and 22 + (y — p)? = r?, so at the points of intersection,

(z—p)P+y" = 2>+ (y—p)°
x® = 2px +p* +y° 2’ +y° —2py +p°
—2pr = —2py

and so x = y (since we may assume that p # 0 otherwise the two circles would coincide).
Therefore, a and b are the two solutions of the equation (z —p)? + 2% = r? or 22% — 2px +
(p* —r?) =0 or 2? — pz + 1(p* — r?)=0.

Using the relationship between the sum and product of roots of a quadratic equation and
its coefficients, we obtain that a +b = p and ab = 1 (p* — 1?).

(We could have solved for a and b using the quadratic formula and calculated these di-
rectly.)

So we know that a + b = p.

Lastly, a* + b*> = (a + b)? — 2ab = p* — 2 (3(p* — 1%)) = r?, as required.

Solution 2

Since the circles are reflections of one another in the line y = x, then the two points
of intersection must both lie on the line y = z, ie. A has coordinates (a,a) and B has
coordinates (b, b).

Therefore, (a — p)? + a* = 72 and (b — p)* + b? = r?, since these points lie on both circles.
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Subtracting the two equations, we get

(b—p)* = (a—p)*+b*—a
(b=p)=(a=p)((b—p)+(a—p))+(b—a)b+a) =
(b—a)(a+b—2p)+ (b—a)b+a) =
(b—a)a+b—2p+0b+a)

2(b—a)(a+b—p)

o O O o O

Since a # b, then we must have a + b = p, as required.
Since a + b = p, then a — p = —b, so substituting back into (a — p)? + a® = r? gives
(=b)* + a® =12, or a®> + b* = r?, as required.

(b) We first draw a diagram.

We know that C' has coordinates (p,0) and D has coordinates (0, p).

Thus, the slope of line segment C'D is —1.

Since the points A and B both lie on the line y = x, then the slope of line segment AB is
1.

Therefore, AB is perpendicular to C'D, so CADB is a kite, and so its area is equal to
1(AB)(CD,).

(We could derive this by breaking quadrilateral CADB into ACAB and ADAB.)

Since C' has coordinates (p,0) and D has coordinates (0,p), then CD = \/p? + (—p)? =

2p2.

(We do not know if p is positive, so this is not necessarily equal to v/2p.)
We know that A has coordinates (a,a) and B has coordinates (b, b), so

AB = +/(a—b)2+ (a—b)?
= V242 — 4ab + 2b*
= /2(a? +b2) — 4ab

_ ¢2r2_4(;<p2_r2>>
= \/m

Therefore, the area of quadrilateral CADB is

1 1
FAB)(CD) = ov/dr? = 2p2/2p* = /2r%p? — p*
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10. (a)

To maximize this area, we must maximize 2r2p? — p* = 2r?(p?) — (p?)%.
Since r is fixed, we can consider this as a quadratic polynomial in p?. Since the coefficient
of (p?)? is negative, then this is a parabola opening downwards, so we find its maximum

value by finding its vertex.

2 2
The vertex of 2r%(p?) — (p?)? is at p? = —2(—T1> =7
So the maximum area of the quadrilateral occurs when p is chosen so that p? = r2.
Since p? = r?, then (a + b)? = p? = r? so a® + 2ab + b* = r2.
Since a? + b* = r?, then 2ab = 0 so either a = 0 or b = 0, and so either A has coordinates
(0,0) or B has coordinates (0,0), ie. either A is the origin or B is the origin.

In (b), we calculated that AB = /472 — 2p% = \/2,/2r2 — p2.

Since r and p are integers (and we assume that neither r nor p is 0), then 2r? — p* # 0,
so the minimum possible non-negative value for 2r? — p? is 1, since 27?2 — p? must be an
integer.

Therefore, the minimum possible distance between A and B should be V2V1 =2,

Can we find positive integers p and r that give us this value?

Yes — if r =5 and p =7, then 2r2 — p?> = 1, so AB = /2.

(There are in fact an infinite number of positive integer solutions to the equation 2r? —p? =
1 or equivalently p* — 272 = —1. This type of equation is called Pell’'s Equation.)

We proceed directly.

On the first pass from left to right, Josephine closes all of the even numbered lockers,
leaving the odd ones open.

The second pass proceeds from right to left. Before the pass, the lockers which are open
are 1, 3, ..., 47, 49.

On the second pass, she shuts lockers 47, 43, 39, ..., 3.

The third pass proceeds from left to right. Before the pass, the lockers which are open are
1,5, ..., 45, 49.

On the third pass, she shuts lockers 5, 13, ..., 45.

This leaves lockers 1, 9, 17, 25, 33, 41, 49 open.

On the fourth pass, from right to left, lockers 41, 25 and 9 are shut, leaving 1, 17, 33, 49.
On the fifth pass, from left to right, lockers 17 and 49 are shut, leaving 1 and 33 open.
On the sixth pass, from right to left, locker 1 is shut, leaving 33 open.

Thus, f(50) = 33.

Solution 1

First, we note that if n = 2k is even, then f(n) = f(2k) = f(2k — 1) = f(n —1). See
Solution 2 for this justification.

Therefore, we only need to look for odd values of n in parts (b) and (c).

Suppose that there was an n so that f(n) = 2005, ie. 2005 is the last locker left open.
On the first pass, Josephine closes every other locker starting at the beginning, so she
closes all lockers numbered m with m =0 (mod 2).

This leaves only odd-numbered lockers open, ie. only lockers m with m =1 or 3 (mod 4).
On her second pass, she closes every other open locker, starting from the right-hand end.
Thus, she will close every fourth locker from the original row.

Since we want 2005 to be left open and 2005 =1 (mod 4), then she must close all lockers
numbered m with m =3 (mod 4).

This leaves open only the lockers m with m = 1 (mod 4), or equivalently lockers with
m=1or5 (mod 8).
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On her third pass, she closes every other open locker, starting from the left-hand end.
Thus, she will close every eighth locker from the original row.

Since locker 1 is still open, then she starts by closing locker 5, and so closes all lockers m
with m =5 (mod 8).

But since 2005 = 5 (mod 8), then she closes locker 2005 on this pass, a contradiction.
Therefore, there can be no integer n with f(n) = 2005.

Next, we show that there are infinitely many positive integers n such that f(n) = f(2005).
To do this, we first make a table of what happens when there are 2005 lockers in the row.
We record the pass #, the direction of the pass, the leftmost locker that is open, the
rightmost locker that is open, all open lockers before the pass, which lockers will be closed
on the pass, and which lockers will be left open after the pass:

Pass # Dir. L Open | R Open Open To close Leaves Open
1 LtoR 1 2005 All =0 (mod 2) =1 (mod 2)
2 RtoL 1 2005 =1,3 (mod 4) =3 (mod 4) =1 (mod 4)
3 LtoR 1 2005 = 1,5 (mod &) =5 (mod 8) =1 (mod 8)
4 RtoL 1 2001 =1 9 (mod 16) =9 (mod 16) =1 (mod 16)
5 LtoR 1 2001 = 1,17 (mod 32) =17 (mod 32) =1 (mod 32)
6 RtoL 1 1985 = 1,33 (mod 64) = 33 (mod 64) =1 (mod 64)
7 LtoR 1 1985 =1 6 5 (mod 128) =65 (mod 128) =1 (mod 128)
8 RtoL 1 1921 = 1,129 (mod 256) =1 (mod 256) = 129 (mod 256)
9 |LtoR| 129 1921 | =129,385 (mod 512) | =385 (mod 512) | =129 (mod 512)
10 RtoL 129 1665 = 129,641 (mod 1024) | =129 (mod 1024) | =641 (mod 1024)
11 LtoR 641 1665 = 641,1665 (mod 2048) | = 1665 (mod 2048) | = 641 (mod 2048)

Since there is only one integer between 1 and 2005 congruent to 641 (mod 2048), then
there is only one locker left open: locker 641.

Notice also that on any pass s, the “class” of lockers which are closed depends on what the
number of the leftmost (on an odd-numbered pass) or rightmost (on an even-numbered
pass) open locker number is congruent to mod 2°.

Consider n = 2005 + 22, where 22¢ > 2005, ie. a > 6.

We show that f(n) = f(2005) = 641. (See Solution 2 for a justification of why we might
try these values of n.)

Suppose we were to try to make a table as above to calculate f(n).

Then the first 11 passes in the table would be identical to the table above, except for the
rightmost open number; this number in the new table would be the number above plus
22a

What will happen after pass 117

After pass 11, the lockers which are open are lockers with numbers = 641 (mod 2048).
Thus, the leftmost open locker is 641 and the rightmost is 22¢ 4 641.

As the 12th pass starts, the lockers which are still open are those with numbers
= 641 or 2689 (mod 2'?).

Since the rightmost open locker number (22 +641) is congruent to 641 (mod 2'?), then all
lockers with numbers = 2689 (mod 2'?) are closed, leaving open only those lockers with
numbers = 641 (mod 2'?).

So after this 12th pass, the lockers which are open are 641, 641 + 2'2, 641 + 2(2'?),
641 + 3(2'2), ..., 641 + 229712(212) = 641 + 22°.

The number of open lockers is 22712 4 1.
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If we can now show that whenever we start with a number of lockers of the form 22¢+4-1, the
last locker remaining open is the leftmost locker, then we will be done, since of the lockers
left open above (22071241 of them, ie. 2 to an even power plus 1), then the last locker re-
maining open will be the leftmost one, that is locker 641, so f(22¢+2005) = 641 = f£(2005).

So consider a row of 2%¢ + 1 lockers.

Notice that on any pass, if the number of lockers is odd, then the number of lockers which
will be closed is one-half of one less than the total number of lockers, and the first and
last lockers will be left open.

So on the first pass, there are 22~! lockers closed, leaving 22¢4-1—22¢~1 = 22¢=1 1 1 lockers
open, ie. an odd number of lockers open.

On the next pass, there are 2272 lockers closed (since there are an odd number of lockers
open to begin), leaving 222 + 1 lockers open.

This continues, until there are 2! + 1 = 3 lockers open just before an even-numbered (ie.
right to left) pass. Thus, the middle of these three lockers will be closed, leaving only the
original leftmost and rightmost lockers open.

On the last pass (an odd-numbered pass from left to right), the rightmost locker will be
closed, leaving only the leftmost locker open.

Therefore, starting with a row of 22¢ + 1 open lockers, the leftmost locker will be the last
remaining open.

Translating this to the above, we see that the leftmost locker of the 224712 4 1 still open
is the last left open, ie. f(22% + 2005) = 641 = f(2005) if a > 6.

Therefore, there are infinitely many positive integers n for which f(n) = f(2005).
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Solution 2

First, we calculate f(n) for n from 1 to 32, to get a feeling for what happens. We obtain
1,1,3,3,1,1,3,3,9,9,11,11,9,9, 11,11, 1, 1, 3,3, 1, 1, 3,3, 9,9, 11, 11, 9, 9, 11, 11.
This will help us to establish some patterns.

Next, we establish two recursive formulas for f(n).

First, from our pattern, it looks like f(2m) = f(2m — 1).

Why is this true in general?

Consider a row of 2m lockers.

On the first pass through , Josephine shuts all of the even numbered lockers, leaving open
lockers 1, 3, ..., 2m — 1.

These are exactly the same open lockers as if she had started with 2m — 1 lockers in total.
Thus, as she starts her second pass from right to left, the process will be the same now
whether she started with 2m lockers or 2m — 1 lockers.

Therefore, f(2m) = f(2m — 1).

This tells us that we need only focus on the values of f(n) where n is odd.

Secondly, we show that f(2m — 1) =2m + 1 —2f(m).

(It is helpful to connect n = 2m — 1 to a smaller case.)

Why is this formula true?

Starting with 2m — 1 lockers, the lockers left open after the first pass are 1, 3, ..., 2m —1,
ie. m lockers in total.

Suppose f(m) = p. As Josephine begins her second pass, which is from right to left, we
can think of this as being like the first pass through a row of m lockers.

Thus, the last open locker will be the pth locker, counting from the right hand end, from
the list 1, 3, ..., 2m — 1.

The first locker from the right is 2m—1 = 2m+1—2(1), the second is 2m—3 = 2m+1-2(2),
and so on, so the pth locker is 2m + 1 — 2p.

Therefore, the final open locker is 2m+1—2p, ie. f(2m—1) = 2m+1-2p = 2m+1-2f(m).

Using these two formulae repeatedly,

fdk+1) = f(2(2k+1)-1)
= 22k+1)+1-2f(2k+1)
= 4k+3-2f(2(k+1)—1)
= 4k +3-22(k+1)+1-2f(k+1))
= 4k +3 22k +3—2f(k+1))
4f(k+1) -3
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and

fdk+3) = f(2(2k+2)—1)
= 22k+2)+1-2f(2k+2)
= 4k+5-2f(2k+1)
= 4k+5-2f2(k+1)—1)
= 4k+5-22(k+1)+1-2f(k+1))
= 4k +5-22k+3—-2f(k+1))
4f(k+1)—1

From our initial list of values of f(n), it appears as if f(n) cannot leave a remainder of 5
or 7 when divided by 8. So we use these recursive relations once more to try to establish
this:

f@Bl+1) = 4f(2l+1)—-3 (since 81 +1=4(2]) + 1)
= 4(20+3-2f(+1))—3
= 8l4+9-8f(l+1)
= 81— f(l+1)+9

fBI+3) = 4f(2l+1)—-1 (since 81 + 3 = 4(21) + 3)
= 420 +3-2f1+1) -1
= 8+ 11-8f(+1)
= 81— fl+1)+11

Similarly, f(8 +5) =8/ +9 —8f(l+1) and f(81+7) =81+ 11 —8f(l+1).

Therefore, since any odd positive integer n can be written as 8/ 4+ 1, 8/ +3, 8+ 5 or 8/ 47,
then for any odd positive integer n, f(n) is either 9 more or 11 more than a multiple of 8.
Therefore, for any odd positive integer n, f(n) cannot be 2005, since 2005 is not 9 more
or 11 more than a multiple of 8.

Thus, for every positive integer n, f(n) # 2005, since we only need to consider odd values
of n.

Next, we show that there are infinitely many positive integers n such that f(n) = f(2005).
We do this by looking at the pattern we initially created and conjecturing that

£(2005) = f(2005 4 22%)

if 22¢ > 2005. (We might guess this by looking at the connection between f(1) and f(3)
with f(5) and f(7) and then f(1) through f(15) with f(17) through f(31). In fact, it
appears to be true that f(m + 2%) = f(m) if 22* > m.)
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Using our formulae from above,

£(2005 +2%¢) = 4f(502 +2%7%) - 3 (2005 + 220 = 4(501 + 220-2) + 1)
= 4f(501 +2%7%) -3
= 4(4f(126 + 2204 —3) —3 (501 + 22072 = 4(125 + 22071) + 1)

= 16f(126 + 2%¢*) — 15

16f(125 + 2%71) — 15

16(4f(32 +2%76) —3) - 15 (125 + 22074 = 4(31 4 22276) 4 1)
64f(32 4 22¢76) — 63

64f(31 4 22¢76) — 63

64(4f(8 +2%78) —1) — 63 (31 + 22076 = 4(7 4 22078) 4 3)
256 f(8 + 22278) — 127

256 f (7 + 2227%) — 127

256(4f(2+2%20710) — 1) — 127 (742278 =4(1 4+ 22¢719) 4 3)
1024 f(2 + 222710) — 383

= 1024f(1 + 2*~1%) — 383

(Notice that we could have removed the powers of 2 from inside the functions and used
this same approach to show that f(2005) = 1024 f(1) — 383 = 641.)

But, f(2% + 1) = 1 for every positive integer b.

Why is this true? We can prove this quickly by induction.

For b =1, we know f(5) = 1.

Assume that the result is true for b = B — 1, for some positive integer B > 2.

Then f(228 +1) = f(4(22872) +1) =4f(2*/72 + 1) — 3 = 4(1) — 3 = 1 by our induction
hypothesis.

Therefore, if a > 6, then f(1 + 220710) = f(1 +22=%)) =1 50
(2005 4 22%) — 1024(1) — 383 = 641 — £(2005)

so there are infinitely many integers n for which f(n) = f(2005).
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Solution 3

We conjecture a formula for f(n) and prove this formula by induction, using the formulae
that we proved in Solution 2.

We start by writing the positive integer n in its binary representation, ie. we write

n=0by+b-2+by-2%+ 4 by g 2% 4 by, - 2%

where each of by, by, -+, by, is 0 or 1 with either by, = 1, or by, = 0 and by,—1 = 1.
Thus, n binary, n is equal to either (b2pb2p—1 tee blb())g or (bgp_l s blbo)g.
We then conjecture that if n is odd (which tells us that by = 1 for sure), then

f(n):b0+b1-2+b3.23+...+b2p_1'22p—1

In other words, we omit the even-numbered powers of 2 from n. Looking at a few exam-
pless 7T=4+2+4+1,s0 f(7)=24+1=3,13=8+4+1,s0 f(13) =8+ 1 =9, and
27=16+8+2+1,s0 f(27) =8+2+1=11.

We already know that if n is even, then f(n) = f(n — 1) (we proved this in Solution 2).

Let’s assume that we’ve proved this formula. (We’ll prove it at the end.)

We can now solve parts (b) and (c) very quickly using our formula.
Are then any values of n such that f(n) = 20057
Writing 2005 as a sum of powers of 2 (ie. in binary), we get

2005 = 1024 + 512 + 256 + 128 +64 + 16 +4 + 1

Since the representation of 2005 does not use only odd-numbered powers of 2, then there
is no n for which f(n) = 2005.

Lastly, we need to prove that there are infinitely many positive integers n for which
f(n) = f(2005).

To do this, we note that if n = 2005 + 22¢ for some a > 6, then the last 11 binary digits
of n agree with those of 2005 and the only 1s in the representation of n = 2005 + 22 in
positions corresponding to odd-numbered powers of 2 come from the 2005 portion (since
the extra “1” from 22* corresponds to an even-numbered power of 2).

Therefore, since we calculate f(2005 + 22?) by looking at only the odd-numbered powers
of 2, then f(2005 + 2%*) = £(2005) for all integers a > 6.

Therefore, there are infinitely many positive integers n for which f(n) = f(2005).

We now must prove that this formula is true. We use strong induction.

Looking at the list in Solution 2, we can quickly see that the result holds for all odd values
of n with n < 31. (We only need to establish this for a couple of small values of n to serve
as base cases.)

Assume that the result holds for all odd positive integers n up to n = N — 2 for some odd
positive integer N.

Consider n = N.

Case I: N =4¢+1

Here we can write

N=1+4by 2%+ - +by 1 227" 4 by, 2%
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and so
q:b2+bg.2+...+52p_l.22P—3+b2p.22p—2
Note that ¢ < N — 2 since 4¢+ 1= N, s0 ¢ = ;N — 1.
From our formulae in Solution 2, f(N) = f(4¢+1) =4f(¢+1) — 3.
If ¢ is even, then by = 0 and so g+1is odd and g+1 = 14b3-2+- - - +bg,_1-2% 734 by, - 22772,
If gisodd, then by = 1,50 ¢ =1+b3-2+4 -+ bgp_1 - 223 4 bap - 227=2 and ¢ + 1 is even,
so f(g+1) = f(q).
In either case,

flg+1) = f(1+b3- 24 +byy 1272 4y, 2%72) = 14+ b3 - 24 b5-2° + -+ by, ;- 2273

by our Induction Hypothesis.
Therefore,

FIN) =4(1+b3-24b5-2°+---bgy 1 -2%73) =3 =1+b3-2° +b5-2°+ -+ by, 127"
as we would like, since b; = 0.

Case 2: N =4q+ 3
Here we can write

N:1+2+52.22_|_...+52p_1.22p—1+52p.22p
and so
q:b2+b3‘2+"'+b2p71'22p73—|—b2p'22p72

Note that ¢ < N — 2 since 4¢+ 3 = N.

From our formulae in Solution 2, f(N) = f(4¢+3) =4f(¢+1) — 1.

If ¢ is even, then by = 0 and so ¢+1 is odd and g+1 = 1+b3-2+- - -4 bop_1-22P 734 by, - 2272,
If gisodd, then by =1,s0 ¢ =1+b3 24+ bgp1 - 22p=3 4 by - 227=2 and ¢ + 1 is even,
so fg+1) = f(q).

In either case,

flg+1) = f(14+b3-24 - +byy 1272+ by 2%72) = 14 b3- 24 b5-2° + -+ by, ;- 22073

by our Induction Hypothesis.
Therefore,

FIN) =4(1+b3-2+4b5- 28+ bgp 1 -2%73) =1 = 1+ 24 b3 22+ b5-2° 4+ -+ by, 1 - 277"
as we would like.

Therefore, by strong induction, our formula holds. This complete our proof.
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Solution 4

First, we note that if n = 2k is even, then f(n) = f(2k) = f(2k — 1) = f(n — 1). See
Solution 2 for this justification.

Therefore, we only need to look for odd values of n in parts (b) and (c).

Write the number n in binary as n = (bgybap—1 - - - bab11)s, where each digit is either 0
or 1. Here, we allow the possibility of by, = 0 if by,_; = 1. Since n is odd, then the last
digit must be 1, as shown in the representation of n.

We conjecture that if n = (bopbay—1 - - - babi1l), then f(n) = (bgp—10b9,—30 - - - b30b11)s, ie.
we take the binary representation of n and make every digit corresponding to an even
power of 2 into a 0.

Assume that we have proven this formula. (We will prove it below.) We can now quickly
solve (b) and (c).

Is there an integer n such that f(n) = 20057

Since 2005 = 1024 + 512 + 256 + 128 + 64 + 16 + 4 + 1, then 2005 = (11111010101)s,.
Thus, the binary representation of 2005 does not have only 0’s in the digits corresponding
to even powers of 2, so 2005 cannot be f(n) for any n.

Why are there infinitely many positive integers n for which f(n) = 20057

Consider n = 2005 + 2%¢ for some positive integer n, where 22¢ > 2005, ie. n > 6.

Then the binary representation of n is n = (10---011111010101)5, where the leading 1 is
in a digit corresponding to an even power of 2, and so is zeroed when f is applied.
Therefore, f(n) = (00---001010000001)s = (1010000001)s = f(2005).

Thus, there are infinitely many positive integers n for which f(n) = f(2005).

Lastly, we must prove that our formula is true.
Write the numbers from 1 to n in binary in a list from top to bottom:

0O 0 0 01
0O 0 0 10
0O 0 0 11
0 0 1 00
0 0 1 01
0O 0 1 120
0 0 1 11
0O 1 0 00
by by by by 1

On odd-numbered passes through the lockers, Josephine moves from left to right, cor-
responding to downwards in this list. On even-numbered passes through the lockers,
Josephine moves from right to left, corresponding to upwards in this list.

On the first pass, we remove every other number from this list, moving downwards. Thus,
we remove every even number, or all of those = 0 (mod 2), or all of those with Oth binary
digit of 0.

Therefore, after the first pass, only those with a Oth binary digit of 1 remain, and the 1st
binary digit (ie. corresponding to 2!) alternates between 0 and 1, since the numbers in the
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list alternate between 1 (mod 4) and 3 (mod 4).

On the second pass through the list, which is upwards, we remove every other remaining
number. Since the numbers remaining the list alternate between ending in 01 and 11, and
we do not remove the last number, then we leave all those numbers ending in b;1.

(Since we are removing every fourth number from the original list, the final two binary
digits of the remaining numbers should all be the same.)

What remains in our list after two passes? The numbers which remain are all congruent
to the same thing (an odd number) modulo 4.

Consider the third pass.

Since one out of every four of the original numbers remains and all of the remaining num-
bers are odd, then the first number still in the list is less than 4.

Since every number remaining in the list is congruent to the same thing modulo 4, then
the last three digits alternate 0b;1 and 1b;1 (ie. the last two binary digits are the same).
Since the first number is less than 4, then it ends in 0b;1.

Since we now remove every other number remaining, then we remove all those numbers
with last three binary digits 16,1, leaving only those with last three digits 0b;1. Thus, all
remaining numbers are congruent to the same number modulo 8.

What is the last number remaining in the list?

If the original last number in the list was ...b30b;1 (ie. by = 0), then this number still
remains.

If the last number before the third pass was ...bs1b;1 (ie. by = 1), then the second last
remaining number would be (...b31b11); —4 = (...b30b11),, and it is this second last number
which remains. In either case, the last remaining number is ...0300; 1.

Consider now a general even-numbered pass (say, pass number 2m moving through the
list from bottom to top).

The last number in the list (ie. the first encountered) will be ...bg;, 1009, 30 - - - b30b; 1
and the numbers in the list will alternate between ending ...10bs,, 30 - - - b30b;1 and ending
...00bg;,—30 - - - b30b1 1 (since every 22m=1th number from the original list remains).

The last number in the list will not be removed, so we will remove all numbers not agreeing
with the last number in the (2m — 1)th digit, ie. we are left with all numbers ending in
o..bom—10b2,,—30 - - - b30by 1. This leaves us with every 22th number from our original list.
Since all remaining numbers are odd, then the smallest number remaining in the list is
smaller than 22, so ends in ...0b9,,_10bg,_30 - - - b30b; 1.

On the next (odd-numbered pass), the list begins with all numbers ending in either
..0b91,-10b9y, 30 - - - b30b11 or ...1b9,,_10b9y,—30 - - - b30b1 1.

Since the first number encountered ends in ...0by,,_10bg,,_30 - - - b30b11, then we remove all
numbers ending in ...1by,, 1002, 30 - - - b30b; 1, leaving only those ending in

.02 10b2,,,_30 - - - b30b1 1, ie. every 22™T1th number from the original list.

Just before this pass, the largest number remaining ended in

...b2m+1b2mb2m_10b2m_30 s bgObll

After this pass, the largest number remaining will end in ...bs,,, 1009, 1062, 30 - - - b30b1 1,
by the same argument we used in the third pass.

Thus, the process continues as expected, and the final number remaining in the list will

be bzp_lobgp_go L b30b11, SO f(TL) = (bgp_lobgp_go tee 630511)2
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2004 Euclid Solutions

1.

(a) Solution

Because all of the angles in the figure are right
angles, then BC=DE =4.

Thus, we can break up the figure into a 4 by 8
rectangle and a 4 by 4 square, by extending BC

to hit FE. Therefore, the area of the figure is
(8)(4)+(4)(4)=48.

(b) Solution

By the Pythagorean Theorem in triangle ABE,
AB* =157 +20% =625, s0 AB=25.

Since ABCD is a rectangle, CD = AB =25, so by
the Pythagorean Theorem in triangle CFD, we
have 625 =25% =24% + CF?, so
CF*=625-576=49,0r CF =17.

(c) Solution 1

Since ABCD is a square of side length 6 and each
of AE : EB, BF : FC,CG : GD, and DH : HA is
equalto1:2,then AE=BF =CG=DH =2
and EB=FC=GD=HA=4.

Thus, each of the triangles HAE, EBF, FCG, and
GDH is right-angled, with one leg of length 2
and the other of length 4.

Then the area of EFGH is equal to the area of
square ABCD minus the combined area of the
four triangles, or 67 - 4[%(2)(4)] =36-16=20

square units.
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Solution 2

Since ABCD is a square of side length 6 and each
of AE : EB, BF : FC, CG : GD, and DH : HA is
equalto1:2,then AE=BF =CG=DH =2
and EB=FC=GD=HA=4.

Thus, each of the triangles HAE, EBF, FCG, and
GDH is right-angled, with one leg of length 2
and the other of length 4.

By the Pythagorean Theorem,

EF = FG = GH = HE =422 + 4% = J20.

Since the two triangles HAE and EBF are congruent (we know the lengths of all three
sides of each), then ZAHE = /BEF . But LAHE + LAEH = 90°, so

LBEF + LAEH =90°,so LHEF =90".

In a similar way, we can show that each of the four angles of EFGH is a right-angle, and
so EFGH is a square of side length V20 .

2
Therefore, the area of EFGH is (\/ 20) =20 square units.

2. (a) Rearranging the equation of the given line 3x—y =06, we get y = 3x - 6, so the given
line has y-intercept —6.
Since horizontal lines have the general form y = a for some constant a, then the
horizontal line with y-intercept —6 is the line y =-6.
Answer: y = -6

(b) When line A with equation y =2x is reflected in -
the y-axis, the resulting line (line B) has equation
y =-2x. (Reflecting a line in the y-axis changes
the sign of the slope.)
Since the slope of line B is -2 and line C is
perpendicular to line B, then the slope of line C
is % (the slopes of perpendicular lines are

negative reciprocals).
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(c) Solution 1
Consider the line through O and P. To get from O to P, we go right 2 "
and up 1. Since B lies on this line and to get from O to B we go over 1,

-

then we must go up %, to keep the ratio constant.
Consider the line through O and Q. To get from O to Q, we go right 3

and up 1. Since A lies on this line and to get from O to A we go over 1, 4 /
then we must go up %, to keep the ratio constant. ,_,;f
A

Therefore, since A and B lie on the same vertical line, then ]

Solution 2
Since the line through P passes through the origin, then its equation is of the form

y = mx. Since it passes through the point (2,1), then 1 =2m , so the line has equation

y = %x. Since B has x-coordinate 1, then y = %(1) = %, so B has coordinates (1,%).

Similarly, we can determine that the equation of the line through Q is y = %x, and so A

has coordinates (1,%).

Therefore, since A and B lie on the same vertical line, then AB = % - % = %.

3. (a) Solution 1
If the sequence has common difference d, then we can write the sequence as a—2d,
a-d,a, a+d, a+2d.
From the given information, (a-2d) +(a-d)=2,0r 2a-3d=2.
Also, (a +d)+(a+2d)=-18,0r 2a +3d = -18.
We want to determine the third term, which is a.

We can get an equation involving a only by adding the two equations to get
4a=(2a-3d)+(2a+ 3d)=2+(-18)= -16, and so a, the third term, is —4.

Solution 2
If the sequence has first term a and common difference d, then we can write the sequence
asa, a+d, a+2d, a+3d, a+ 4d.
From the given information, a+ (a +d)=2,0r 2a +d = 2.
Also, (a +3d)+(a+4d)=-18,0r 2a +7d =-18.
10

Subtracting these two equations, we obtain 6d = =20 or d = -5
Substituting back into the first equation, 2a =2 - (— %) =5 andso a= %
Therefore, the third term is a + 2d = % + 2(— %) =— % =-4,

Answer: -4
(b) Solution 1
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Since (x— y)2 = ¥’ -2xy + y2 and (x+ y)2 = x’ +2xy + y2, then
(x+3)* = (x=y)" = 4xy.
Thus, we have (x +)? = (4v2)" +4(56)= 32 +224 =256, and s0 x + y = 16 or

X +y=-16.
Since we are told that there are two values, then these two values must be 16 and —16.

Solution 2
From the first equation, x =y + 4\/5, so substituting into the second equation,

(y+4v2)y=56
y2 +42y-56=0

42+ ‘/(4J5)2 — 4(1)(~56)
B 2

y

442 =256
Y)RT
y=—2\/5:r8
Ify=—2\/§+8,thenx=y+4\/§=2\/§+8,s0x+y=16.
If y=-2v2-8,then x =y +4v2 =22 -8, 50 x + y= -16.
Therefore, the two values are 16 and —16.

4. (a) Solution 1

There are 36 possibilities for the pair of numbers on the faces when the dice are thrown.
For the product of the two numbers, each of which is between 1 and 6, to be divisible by
5, one of the two numbers must be equal to 5.

Therefore, the possible pairs for the faces are

(1,5), (2,5), (3,5), (4,5), (5,5), (6,5), (5.1), (5,2), (5,3), (5,4), (5.6)

ie. there are 11 possibilities.

Thus, the probability is ;—é.

Solution 2

For the product of the two numbers, each of which is between 1 and 6, to be divisible by
5, one of the two numbers must be equal to 5.

When the two dice are thrown, the probability that the first die has a 5 on the top face and
any number appears on the second die has any number on the top face is %x 1= %.

Also, the probability that any number appears on the first die and a 5 appears on the

second die is 1x % = %.
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If we consider the sum of these probabilities, we have double-counted the possibility that

a 5 occurs on both dice, which happens with probability %x % = %.
11 _ 11

Therefore, the required probability is % +5-3 =73

11
Answer: 36

(b) First, we compute an expression for the composition of the two given functions:

8(x)) = f(ax+Db)
= (ax +b)2—(ax+b)+2
= a’x? +2abx +b* —ax-b +2
=a’x?+ (2ab - a)x + (b2 -b+ 2)

But we already know that f ( g(x)) = 9x? “3x+2 , so comparing coefficients, we see that

@ =9 (1)
2ab-a= -3 2)
b -b+2=2 (3)

From the first equation, a= 3 or a=-3.
From the third equation, b’ —b= b(b-1)=0sob=0or b=1.
There are thus 4 possible pairs (a, b) which could solve the problem. We will check

which pairs work by looking at the second equation.
From the second equation, a(2b-1) =-3,s0if a=3 then =0, and if a= -3 then b =1.
Therefore, the possible ordered pairs (a,b) are (3,0) and (-3,1).

5. (a)
16* = 2x+5 _ 2x+4
(24)" _ o+ (21 _ 1)

24x — 2x+4 (1)

24x _ 2x+4
4x=x+4 (equating exponents)
3x=4
=

Answer: x

I
ST EN
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(b) Point P is the point where the line

y = 3x+ 3 crosses the xaxis, and so has

coordinates (-1,0).

Therefore, one of the roots of the parabola

y=x2 +tx -2 is x =-1, s0
0=(=1)+17(=1)-2
0=1-7-2
t=-1

The parabola now has equation -

y= Y2y o= (x +1)(x - 2) (we already /A\/g

knew one of the roots so this helped with

the factoring) and so its two x-intercepts
are —1 and 2, ie. P has coordinates (-1,0)
and Q has coordinates (2,0).
We now have to find the coordinates of the point R. We know that R is one of the two
points of intersection of the line and the parabola, so we equate their equations:
3x+3=x’-x-2

0=x>-4x-5

0=(x+1)(x-5)
(Again, we already knew one of the solutions to this equation (x = —1) so this made
factoring easier.) Since R does not have x-coordinate —1, then R has x-coordinate x =5.
Since R lies on the line, then y = 3(5)+ 3 =18, so R has coordinates (5,18).

We can now calculate the area of triangle POR. This triangle has base of length 3 (from
P to Q) and height of length 18 (from the x-axis to R), and so has area (3)(18) = 27.

Thus, t=-1 and the area of triangle POR is 27.

6. (a) In order to use as many coins as possible, Lori should use coins with smaller values
wherever possible.
Can Lori make $1.34 without using the loonie? The total value of all of the other coins is
3($0.25) + 3($0.10) + 3($0.05) + 5($0.01) = $1.25, so Lori needs to use the loonie to pay
for the toy helicopter. Thus, she needs to try to make $0.34 with as many coins as
possible.
Next, Lori must use 4 pennies in order to make $0.34 (since each other coin’s value is a
multiple of 5 cents). So she has used 5 coins thus far, and still needs to try to make $0.30
with as many coins as possible.
In order to make $0.30 using as many of the quarters, dimes and nickels as possible, she
should use 2 nickels and 2 dimes, or 4 coins. (If a quarter is used, a single nickel
completes the $0.30 with 2 coins only. At least 2 dimes must be used.)
Therefore, the maximum number of coins she can use is 9.



2004 Euclid Solutions 8

Answer: 9
(b) When the dimensions were increased by n % from 10 by 15, the new dimensions were

(i, 1) (i, 1)
10{1+750) & 151+ 150 -

()

When the resolution was decreased by n percent, the new resolution was 75\ T00) °

(Note that n cannot be larger than 100, since the resolution cannot be decreased by more
than 100%.)
Therefore, the number of pixels in the new image is

(122 75l ) (102 75l )
[10\1 *700) < P\ ﬁ/} l15\1+ 100) * "°\'~ Too) ]

Since we know that the number of pixels in the new image is 345 600, then

(1422 75l 2 L5l Vegslio )|
[10\1+ o) 75\1—100}l [15\1+100}x75\1—100}}—345600

[10 x 75]x [15 x 75] x (“100) (1 100) = 345600

AN AN
843750\1+1OO/ \1 100} = 345600

(1- 18(2)2) —0.4096

1-

2
n

100
2

- = +0.64

n
1=-
1002

n2

1002

=0.64 (n cannot be larger than 100)

=0.36

U 0.6 (since n must be positive)
100

n =60
Thus, n =60.

7. (a) We first calculate the length of AC using the cosine law:
AC? = 7% +82 - 2(7)(8)cos(120°)
AC? =49 +64-112(-4)

AC? =169

AC=13
Since triangle ABC is right-angled and isosceles, then x = AB = v2(AC)=13v2 .
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Answer: x =132
(b) First, we draw a line through 7 which is perpendicular to

AB. This line cuts AB at X and CD at Y.

Since ZTPR is aright angle, then ZXPT = 80°. Thus,
XT = 11sin(80°).

Since XY =15, then TY = 15 - llsin(80°).

&
o

#iy—]

Hain:i:

-

But triangle XPT is right-angled at X, so since ZXPT = 80°, then ZXTP =10", and so
LYTC =80°, since £TYC =90°.
ry  15-11sin(80°

Thus, TC = , and so the length of the drawer is
cos(80°) cos(80°)

30-22 sin(80°)
wofi0] ~ 47.9949.

Thus, to the nearest tenth of a centimetre, the length of the drawer is 48.0 cm.
[Note that there are many different ways to do this problem. ]

TS =2TC =

8. (a) Consider the right side of the given equation:

. ) 1
For this expression to be equal to x® 4 —¢ for all values of x, we want b +3=0 or

b=-3and ¢ =0.
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(b) Solution 1
T | .
We start with x™ + — = 245 and square both sides:
X

(L))

1
x®424—=20
X

1

6

X+ —=18
x6

1
Using the result from part (a) and letting 7" = x4 —5 , we see that T°-3T=18.
X

So we would like to factor the equation T3 -3T-18=0.
After some trial and error, we can see that 7 = 3 is a solution, so by the Factor Theorem,
(T - 3)(T2 + 3T + 6) = 0,and T2 + 3T +6 has no real roots.

1
Therefore, T = 3, ie. x2 +—5=3.

X

Solution 2
1 . 6 1 (2 \ (2, L) -
= -_ h = _3 h
Let ¢ x+x Since we saw in (a) that x +x6 \x +_x2/ \ 2) then it
1\ ( 1y _ 3
ki that —{ -3 =1 - 3t.
makes sense that x> +x3 \ <) \X+x/

Therefore, we have £ - 3= 2\/3 or £ -3 Z\E =0.
3
Since (\E ) = S\E ,then = \E is a solution to this equation, so factoring we obtain

2
(t -5 )(t2 +5t+ 2) = 0. The quadratic factor has discriminant (\/g ) - 4(1)(2)=-3<0
and so has no real roots.

1
Therefore, t=x + - \/g .

Squaring, we obtain

(set) ()

X+—; =

" x)

2 1

X" +2+—5=5
X

1
x2+—2=3
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Solution 3

1
We start with x° + — = 245 and square both sides:
X

(L))

1
x®424—=20
X

1

6

X+ —=18
x6

3
1 1 1 1
From part (a), if T = x2 +—, then T3 = (xz +—2) - +3(x2 +—2\ +—=18+3T.
X X X X
So we would like to factor the equation T3 -3T-18=0.
After some trial and error, we can see that 7 = 3 is a solution, so by the Factor Theorem,

(T - 3)(T2 + 3T + 6) = 0,and T2 +3T +6 has no real roots.

1
Therefore, T = 3, ie. x2 +—5=3.

X

9. (a) Solution 1
From A, drop a perpendicular to BC.
From triangle ABE, AE? = x* - Zlyz.

From triangle ADE, AE = gz or

2 2 .
AE” = %z . >
Equating these two expressions, we get

2 1.2 3.2 2 .2 2
X“—gy =5z ordx" -y =3z".

A Y

If x=7 and z= 5, then Ik
196 - y% =175
y2=121
y==11

Therefore, the Kirk triplet with x=7 and z=5 is (7,11,5).
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Solution 2
By the cosine law in triangle ADB,
72 = 5% + BD? - 2(5)(BD)cos(60°)

0=BD?> -5BD-24

0= (BD-8)(BD+ 3)
Since BD is a length, BD=8.

Since ZADC = 120°, then by the cosine law in triangle ADC,
7% =5% + DC* ~2(5)(DC)cos(120°

0 =DC? +5DC 24

0=(DC+8)(DC-3)
Since DC is a length, then DC = 3. Thus, y=BD+DC =11.
Therefore, the Kirk triplet with x=7 and z=5 is (7,11,5).

(b) Solution 1
If 4x% - y2 = 3z2 (from (a) Solution 1) and z= 5, then
4x*-y2=175
(2x + y)(2x - y) =75
Each of 2x + y and 2x - y is a positive integer and their product is 75. Note that 2x + y
is bigger than 2x — y. The factors of 75 are 1, 3, 5, 15, 25, 75.
Looking at each of the possibilities,

2x+y 2x—y X y
75 1 19 37
25 3 7 11
15 5 5 5

so the two possible Kirk triplets with z=5 are (19,37,5) and (7,11,5).

Solution 2

Let BD=a and DC=b.
By the cosine law in triangles ABD and

ADC,

x2=5%4+a%- 2(5)(a)cos(60°)

and

x2=a2—5a+25

x2 =52 4 5% —2(5)(b)cos(120°) H 5 & o
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©)

x2 =52 4+ b~ 5)(b)cos(120°)

x2=b>+5b+25

Subtracting the second equation from the first, we obtain
0=d*-b>-5a-5b
0=(a+b)a-b-5)
0=y(a-b-5)

Since y is not 0, then a=b+35.

Weknow y=a+b=2b+5,s0 2b=y-5.

But x2 =b2 +5b +25, so
4x% = 4b* +20b +100

4x2 = (y-5) +10(y - 5) +100
4x?% = y2 + 75
4x* - y* =75

and thus we continue as in Solution 1 to determine that the only Kirk triplets with z=5
are (19,37,5) and (7,11,5).

In order determine the appropriate Kirk triplet, we need to find a way to determine Kirk
triplets. We model our approach after that in part (b), Solution 1.

Drop a perpendicular from A to F on BC.

Since triangle ABC is isosceles, then F is the midpoint of BC.

Also, triangle ADF is a 30-60-90 triangle, with AD = z.

Thus, FD = %z and AF = gz.

Then triangle ABF is right-angled at F' with AF = gz , AB= x and BF = % y.

Thus, by the Pythagorean Theorem,
2 2
() +[£4
4x% - y2 =37

(2x + y)(2x ~y)= 37

J?ﬂlz—_}f'.-"-_ﬂff

Each of 2x + y and 2x - y is a positive integer and their product is 3z. Note that
2x + y is bigger than 2x — y. Since z is a prime number, the factors of 3z2are 1,3, z, 3z,

zz, 32 (Notice that if z is equal to 2, these are not in ascending order, and if z equals 3,
then there is duplication in this list.)
Looking at each of the possibilities,

2x+y 2x—y ‘x ‘y
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32 1 2l | -1
4 2
2 3 2 +3 -3
4 2
3z Z Z 4

(32241 322 -1 )

so the only two possible Kirk triplets with a fixed value for z are k R ,z} and
(+372-3 )
5 T2 )
We would like to determine the Kirk triplets with cos(ZABC) is as close to 0.99 as
possible.
1y
Looking back at triangle ABF, we see that cos(ZABC) = 2=, so in our two cases
X
2 2
327 -1 2 -3 6
cos(£ABC) = Zz = 1-—5— or cos(ZABC) = < =l-——.
3z7+1 3z7+1 7 +3 z°+3
2 6
In order to make cos(ZABC) close to 0.99, we thus make either > O — close
3zo+1 7°+3
to 0.01.

In other words we make 3z2 +1 close to 200, or z2 + 3 close to 600.
In the first case, since 3(8)2 +1=193 and 3(9)2 +1=244, and since z must be a prime

2
3z7 -1
number, then we try z= 7 and z= 11, and obtain cos(ZABC)= 3Z2 [ be 0.986487
7+
and 0.994506.
In the second case, since 24 + 3= 579 and 252 +3 =628, and since z must be a prime
2

-3
number, then we try z= 23 and z =29, and obtain cos(ZABC) = Zz S © be 0.988722
75+

and 0.993644.
So cos(£ABC) appears to be as close to 0.99 as possible when z = 23.

We should double-check to confirm that we actually get a triplet of integers in this case!
In the second case, when z =23, we get the triplet (133,263,23).
Thus, the Kirk triplet (133,263,23) gives cos(ZABC) is as close to 0.99 as possible.

(Note: We could have proceeded analogously to the second approach to 9(b) to obtain
4x% - y2 = 3z% in this way, and then proceeded as above in this solution.)

10. (a) We start by placing the two 4’s. We systematically try each pair of possible positions —
from positions 1 and 5 to positions 4 and 8. For each of these positions, we try placing
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the two 3’s in each pair of possible positions, and then see if the two 2’s and two 1°s will
fit.
(We can reduce our work by noticing that if a Skolem sequence has the two 4°s in
positions 1 and 5, then reversing the sequence will give a Skolem sequence with the two
4’s in positions 4 and 8. So we only need to consider putting the two 4’s in positions 1
and 5, and in positions 2 and 6. The remaining possibilities can be dealt with by
reversing.)
Thus, the six possible Skolem sequences of order 4 are:

4,2,3,2,4,3,1,1) and its reverse, (1, 1,3, 4,2,3,2,4)

“4,1,1,3,4,2,3,2) and its reverse, (2,3,2,4,3,1,1,4)

(3,4,2,3,2,4,1, 1) and its reverse, (1, 1,4, 2, 3,2, 4, 3)

(b) Since we are trying to create a Skolem sequence of order 9, then there are 18 positions to

fill with 10 odd numbers and 8 even numbers.
We are told that s;g =8, so we must have s, =8, since the 8’s must be 8 positions apart.
By condition III, between the two 8’s, there can be only one odd integer. But there are 7
positions between the two 8’s and only 6 remaining even numbers to place. Thus, all 6
remaining even numbers are placed between the two 8’s. The only way in which this is
possible is with the two 6’s next to the two 8’s, then the two 4’s, then the two 2’s. (The
two 8’s are 8 positions apart, and the two 6’s must be 6 positions apart.)
Thus, the sequence so far is:

oy, ,8,6,42 ,2,4,6,8)
The numbers that we have left to place are 1, 3, 3,5,5,7,7,9, 9, and empty positions are
1,2,4,5,6,7,8,9, 14.
Since the 9’s must be 9 positions apart, they must be placed in positions 5 and 14.
Thus, we have

., L_,9 ,_ ., ., ,86,429,246,8)

The remaining 1 must be placed in position 2 or 4. If it is placed in position 2, then the
7’s can only go in positions 1 and 8, giving

7, 1,1, _.,9,_,_,7,_,8,6,4,2,9,2,4,6,8)
But we now cannot place both the two 3’s and the two 5’s. (The placing of one of these
pairs means that the other pair cannot be placed.)
We conclude that the only possibility is that the remaining 1 must be placed in position 4.
This gives

., 1,159 _,_ ., , ,8,64,2,92,4,6,8)
with 3, 3,5, 5,7, 7 left to be placed in positions 1, 2, 6,7, 8, 9.
Now the two 3’s must be placed in positions 6 and 9, so the 7’s must be placed in
positions 1 and 8, and finally the 5’s must be placed in positions 2 and 7.
Therefore, the only Skolem sequence satisfying the given conditions is
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(7’ 5’ 1’ 1’ 9’ 3’ 5’ 7’ 3’ 8’ 6’ 4’ 2’ 9’ 2’ 4’ 6’ 8)

(c) Solution 1
Assume that there is a Skolem sequence of order n, where 7 is of the form 4k +2 or
4k + 3. (We will deal with both cases together.)
Let P, be the position number of the left-most 1 in the Skolem sequence. Then P +1 is

the position number of the other 1.
Similarly, let P, Ps, ..., P, be the position numbers of the left-most 2, 3, ..., n,

respectively, in the Skolem sequence. Then P, +2, P; +3, ..., P, + n are the position
numbers of the other occurrences of 2, 3, ..., n, respectively.

Since the Skolem sequence exists, then the numbers P, P,, P, ..., P,, B +1, P, +2,
Py +3, ..., P, + n are a rearrangement of all of the position numbers, ie. the numbers 1,
2,...,2n.

Thus,

P +P2+---+Pn+(P1+1)+(P2+2)+---+(Pn +n)=1+2+---+2n
2P+ Pyt 4P+ (142 4+ +n) =142+ +2n
n(n+1)_ 2n(2n +1)

Q(P1 +P2+---+Pn)+

2 2
n(n+1)
2(P1 +P2+---+Pn)+ 5 =n(2n+1) (%)
1
using thefactthatl+2+---+k=@.

We now look at the parities of the terms in equation (**) in each of our two cases.
1 4k+2)(4k +3
If n=4k +2, then n(n2+ ) = (4k + )2( +3) = (2k +1)(4k + 3) which is the product of

two odd numbers, so is odd, and n(2n +1) = (4k + 2)(8k +5), which is the product of an

even number and an odd number, so is even.
Thus, (**) is Even + Odd = Even, a contradiction.

4
If n=4k +3, then n(n2+ ! = (4k+ 3)2(4k +4) = (4k + 3)(2k +2) which is the product of

an odd number and an even number, so is even, and n(2n +1) = (4k + 3)(8k +7), which

is the product of two odd numbers, so is odd.
Thus, (**) is Even + Even = Odd, a contradiction.

Therefore, in either case, a contradiction is reached, so there cannot exist a Skolem
sequence of order n, if n is of the form 4k +2 or 4k + 3, where k is a non-negative

integer.

Solution 2
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Assume that there is a Skolem sequence of order n, where 7 is of the form 4k +2 or

4k +3.

Let [/ be an integer between 1 and n.

If [ is even, then the two position numbers in which / is placed differ by an even number

(namely /), and so are either both odd or both even.

If [ is odd, then the two position numbers in which [ is placed differ by an odd number

(namely /), and so one is odd and the other is even.

Case l: n=4k +2
Between 1 and n, there are 2k + 1 even numbers (2,4, ..., 4k +2) and 2k +1 odd
numbers (1, 3, ..., 4k +1).
The position numbers in a Skolem sequence of order n = 4k + 2 are the integers 1, 2,
..., 8k +4, so there are 4k + 2 even position numbers and 4k + 2 odd position
numbers.
Considering the 2k +1 odd numbers in the sequence gives us 2k + 1 odd position
numbers and 2k + 1 even position numbers, ie. an odd number of odd position
numbers and an odd number of even position numbers.
Each even number in the sequence will contribute either two odd position numbers or
two even position numbers. In other words, all of the even numbers in the sequence
contribute an even number of odd position numbers.
Thus, the total number of odd position numbers is odd plus even, which is odd. This
is a contradiction, because we know there must be 4k + 2 odd position numbers.

Case2: n=4k +3
Between 1 and n, there are 2k + 1 even numbers (2,4, ..., 4k +2) and 2k +2 odd
numbers (1, 3, ..., 4k +3).
The position numbers in a Skolem sequence of order n = 4k + 3 are the integers
1,2, ..., 8k + 6, so there are 4k + 3 even position numbers and 4k + 3 odd position
numbers.
Considering the 2k +2 odd numbers in the sequence gives us 2k + 2 odd position
numbers and 2k + 2 even position numbers, ie. an even number of odd position
numbers and an even number of even position numbers.
Each even number in the sequence will contribute either two odd position numbers or
two even position numbers. In other words, all of the even numbers in the sequence
contribute an even number of odd position numbers.
Thus, the total number of odd position numbers is even plus even, which is even.
This is a contradiction, because we know there must be 4k + 3 odd position numbers.

Therefore, in either case, a contradiction is reached, so there cannot exist a Skolem
sequence of order n, if n is of the form 4k +2 or 4k + 3, where k is a non-negative
integer.
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1. (a) Solution 1
Since the x-intercepts of the parabola are 2 and 4, then the axis of symmetry of the

parabola is x = 3.
Since the point (0,8) is on the parabola, its image after a reflection across the vertical line

x =3 is the point (6,8). Thus, a=6.

Solution 2

Since the x-intercepts of the parabola are 2 and 4, then the equation of the parabola is of
the form y = A(x—2)(x —4).

Since (0,8) lies on the parabola, then 8 = A(-2)(—4) or A=1.

Therefore, the parabola has equation y = (x —2)(x —4) = x> —6x +8.

But the point (a,8) lies on the parabola, so

8=a’—6a+8
0=da’-6a
0=a(a-6)
Since a#0,then a=6. Answer: a=6

(b) Solution 1
Since the quadratic equation has two equal roots, then the expression on the left must be a
perfect square. Since the leading coefficient is 1 and the coefficient of the x-term is 6,
then the expression must be (x + 3)2 =x>+6x+9. By comparing expressions, k =9.

Solution 2
Since the quadratic equation has two equal roots, the discriminant is 0, ie.
62 —4(1)(k) =0 or 4k =36 or k=9. Answer: k=9

(¢) From the given information, the point (1,4) lies on the parabola, so 4 =1% —3(1)+¢ or
c=6.
We now find the points of intersection of the parabola and the line by equating:
2x+2=x>-3x+6

0=x"-5x+4

0=(x—-1)(x—4)
Thus the points of intersection have x-coordinates x =1 and x =4.
Substituting x = 4 into the line y =2x+2, we get the point (4,10).
Therefore, the second point of intersection is (4,10).
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2. (a) Rearranging the equation,
3sin(x) = cos(15°)

sin(x) = %cos(l 5°)
sin(x) = 0.3220

Using a calculator, x =18.78°. To the nearest tenth of a degree, x =18.8".
Answer: x =18.8"

(b) Solution 1
. . AB . 3
Since sinC =——, then AB=ACsinC = 20(3) =12.
AC

By Pythagoras, BC? = AC* — AB*> =20% —12% =256 or BC =16.
20

Solution 2

Using the standard trigonometric ratios, BC = ACcosC.

Since sinC = %, then cos>C=1-sin’C=1- 2%. = % or cosC= %. (Notice that cosC is
positive since angle C is acute in triangle ABC.)

Therefore, BC = 20(%) =16. Answer: BC =16

(c) Let G be the point where the goat is J H

standing, H the position of the helicopter
when the goat first measures the angle, P
the point directly below the helicopter at
this time, J the position of the helicopter

222 m 222 m

one minute later, and Q the point directly

below the helicopter at this time. 3

i
G ¢ Q P

Using the initial position of the helicopter, tan(6°) = ?—g or PG = 2?20)
tan

~2112.19 m.

JO 222

Using the second position of the helicopter, tan(75°) = E or QG = (750) =~ 59.48 m.
tan

So in the one minute that has elapsed, the helicopter has travelled
2112.19 m - 59.48 m = 2052.71 m or 2.0527 km.

Therefore, in one hour, the helicopter will travel 60(2.0527) =123.162 km.
Thus, the helicopter is travelling 123 km/h.
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3. (a) Since we are looking for the value of f(9), then it makes sense to use the given equation
and to set x = 3in order to obtain f(9)=2f(3)+ 3.
So we need to determine the value of f(3). We use the equation again and set x =0
since we will then get f(3) on the left side and f(0) (whose value we already know) on
the right side, ie.
f(3)=2£(0)+3=2(6)+3=15
Thus, £(9)=2(15)+ 3= 33. Answer: f(9)=33

(b) Solution 1
We solve the system of equations for f(x) and g(x).
Dividing out the common factor of 2 from the second equation, we get
F(x)+2g(x)=x% +2.
Subtracting from the first equation, we get g(x)=x+4.
Thus, f(x)=x>+2-2g(x)=x>+2-2(x+4)=x> —2x—6.
Equating f(x) and g(x), we obtain
x?-2x-6=x+4
x*=3x-10=0
(x=5)(x+2)=0

Therefore, x=5o0or x=-2.

Solution 2
Instead of considering the equation f(x)= g(x), we consider the equation

f(x)—g(x)=0, and we try to obtain an expression for f(x)— g(x) by manipulating the
two given equations.
In fact, after some experimentation, we can see that

F(x) = g(x) =2(2f(x) +4g(x)) = 3(f (x) +3g(x))
=2(2x" +4)-3(x* + x +6)
=x*=3x-10
So to solve f(x)—g(x)=0, we solve x> —3x—10=0 or (x —5)(x +2) = 0. Therefore,

x=50r x=-2.

4. (a) Solution 1
We label the 5 skaters A, B, C, D, and E, where D and E are the two Canadians.
There are then 5!=5Xx4x3Xx2x1=120 ways of arranging these skaters in their order of
finish (for example, ADBCE indicates that A finished first, D second, etc.), because there
are 5 choices for the winner, 4 choices for the second place finisher, 3 choices for the
third place finisher, etc.
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If the two Canadians finish without winning medals, then they must finish fourth and
fifth. So the D and E are in the final two positions, and A, B and C in the first three.
There are 3!=6 ways of arranging the A, B and C, and 2!=2 ways to arrange the D and
E. Thus, there are 6 X2 =12 ways or arranging the skaters so that neither Canadian wins
a medal.

Therefore, the probability that neither Canadian wins a medal is
# of ways where Canadians don't win medals 12 1

Total # of arrangements 12010

Solution 2
We label the 5 skaters as A, B, C, D, and E, where D and E are the two Canadians. In
any race, two of the skaters finish fourth and fifth. Also, any pair of skaters are equally
as likely to finish fourth and fifth, since the probability of every skater is equally likely to
finish in a given position.
How many pairs of 2 skaters can we form from the 5 skaters? There are ten such pairs:

{A.B}, {A.C}, {A.D}, {AE}, {B.C}, {B.D}, {B.E}, {C.D}, {C.E}, {D.E}
Only one of these ten pairs is made up of the two Canadians. Therefore, the probability

1

is 75, since one out of ten choices gives the desired result.

Answer: %
(b) Solution 1
Since the least common multiple of 3, 5, 10 and 15 is 30, then we can count the number
of positive integers less than or equal to 30 satisfying these conditions, and multiply the
total by 10 to obtain the number less than 300. (This is because each group of 30
consecutive integers starting with 1 more than a multiple of 30 will have the same
number of integers having these properties, because we can subtract 30 from each one
and not change these properties.)
So from 1 to 30, we have:
3,5,6,9,12, 18, 21, 24, 25, 27

Thus there are 10 less than or equal to 30, and so 100 such positive integers less than or
equal to 300.

Solution 2

We proceed by doing a (careful!) count.

The number of positive multiples of 3 less than or equal to 300 is 100.

The number of positive multiples of 5 less than or equal to 300 is 60.

Thus, we have 160 candidates, but have included multiples of 15 twice (since 15 is a
multiple of each of 3 and 5), and have also included multiples of 10.

The number of multiples of 15 less than or equal to 300 is 20, so to remove the multiples
of 15, we must remove 40 from 160 to get 120 positive integers less than or equal to 300
which are multiples of 3 or 5 but not of 15.
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This total still included some multiples of 10 that are less or equal to 300 (but not all,
since we have already removed 30, for instance).

In fact, there are 30 multiples of 10 less than or equal 300, 10 of which are multiples of
15 as well (that is, the multiples of 30). So we must remove 20 from the total of 120.
We then obtain that there are 100 positive integers less than or equal to 300 which are
multiples of 3 or 5, but not of 10 or 15.

5. (a) Since the signs alternate every three terms, it makes sense to look at the terms in groups
of 6.
The sum of the first 6 terms is 1+3+5-7-9-11=-18.
The sum of the next 6 terms is 13+15+17-19-21-23=-18.
In fact, the sum of each group of 6 terms will be the same, since in each group, 12 has
been added to the numerical value of each term when compared to the previous group of
6, so overall 12 has been added three times and subtracted three times.
Since we are looking for the sum of the first 300 terms, then we are looking at 50 groups
of 6 terms, so the sum must be 50(—18) =—-900.

Answer: —900

(b) Let the two digit integer have tens digit a and units digit . Then the given information
tells us
a*> +10b=b* +10a
a* —b* —10a+10b=0
(a+b)(a—b)—10(a—b)=0
(a—b)a+b-10)=0
andso a=b or a+b=10.
So the possibilities for the integer are 11, 22, 33, 44, 55, 66, 77, 88, 99, 19, 28, 37, 46, 55,
64,73, 82,91. We now must determine which integers in this list are prime.
We can quickly reject all multiples of 11 bigger than 11 and all of the even integers, to
reduce the list to 11, 19, 37, 73, 91.

All of these are prime, except for 91 =13x7.
Therefore, the required integers are 11, 19, 37, and 73.

6. (a) Solution 1
In 24 minutes, the number of atoms of isotope A has halved 4 times, so the initial number
of atoms is 2% =16 times the number of atoms of isotope A at time 24 minutes.
But there were initially half as many atoms of isotope B as of isotope B, so there was 8
times the final number of atoms. Therefore, the number of atoms of isotope B halves 3
times in the 24 minutes, so it takes 8 minutes for the number of atoms of isotope B to
halve.
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Solution 2

Initially, there is twice as many atoms of isotope A as of isotope B, so let the original

numbers of atoms of each be 2x and x, respectively.

Considering isotope A, after 24 minutes, if it loses half of its atoms every 6 minutes,
24

there will be 2x(%) ° atoms remaining.

24

i) " atoms remaining, where T

2
is the length of time (in minutes) that it takes for the number of atoms to halve.

Similarly for isotope B, after 24 minutes, there will be x(

From the given information,

Therefore, it takes 8 minutes for the number of atoms of isotope B to halve.
Answer: 8 minutes

(b) Solution 1
Using the facts that log;; A +1og,o B =1log;, AB and that log,; A —log;, B =log;, %,

then we can convert the two equations to
logjo(x’y*) =11

2
X
loglo(_s ] =3
y

Raising both sides to the power of 10, we obtain

x3y2 — 1011
2
=107
y

To eliminate the y’s, we raise the first equation to the power 3 and the second to the
power 2 to obtain

x9y6 — 1033
4
T =10°
y

and multiply to obtain xt=xB =10 =10%10°.
Therefore, since K3 = 1039, then x =10°.
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Substituting back into x3y2 =10'"", we get y2 =102, and so y==%10. However,
2
substituting into x_3 =10> we see that y must be positive, so y=10.

Therefore, the solution to the system of equation is x = 10° and y=10.

Solution 2
Since the domain of the logarithm is the positive real numbers, then the quantities

loglo(x3) and loglo(y3) tell us that x and y are positive.

Using the fact that loglo(ab) =blog,(a), we rewrite the equations as

3log;gx +2log)py =11

2loggx —3log;ny=3
We solve the system of equations for log;yx and log;, y by multiplying the first
equation by 3 and adding two times the second equation in order to eliminate log;, y.
Thus we obtain 13log;y x =39 or log;y x =3.
Substituting back into the first equation, we obtain log;, y =1.

Therefore, x =10° and y=10.

7. (a) Solution 1

We label the vertices of the shaded hexagon U, V, W, X, A B
Y, and Z. o F Y B

By symmetry, all of the six triangles with two vertices on U 4 w
the inner hexagon and one on the outer hexagon (eg. F x x
triangle UVA) are congruent equilateral triangles. xZ g
In order to determine the area of the inner hexagon, we x X
determine the ratio of the side lengths of the two Y
hexagons. E D
Let the side length of the inner hexagon be x. Then AU = UF = x.

Then triangle AUF has a 120° between the two sides of length x.

If we draw a perpendicular from U to %

point P on side AF, then UP divides 60°|60°

AAUF into two 30° —60° —90° X X
triangles. Thus, FP = PA = %x and

s0 AF =+/3x. A NG P NG
So the ratio of the side lengths of the X X

hexagons is V311, and so the ratio of
. . 2
their areas is («@) :1=3: 1

Since the area of the larger hexagon is 36, then the area of the inner hexagon is 12.
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Solution 2

We label the vertices of the hexagon U, V, W, X, Y, and Z. A B
By symmetry, all of the six triangles with two vertices on N,

the inner hexagon and one on the outer hexagon (eg. Uk a| o W
triangle UVA) are congruent equilateral triangles. F& ala al 4
We also join the opposite vertices of the inner hexagon, ie. aO a

we join Uto X, Vto Y, and Wto Z. (These 3 line segments z a a X
all meet at a single point, say O.) This divides the inner - Y >

hexagon into 6 small equilateral triangles identical to the
six earlier mentioned equilateral triangles.

Let the area of one of these triangles be a. Then we can label the 12 small equilateral
triangles as all having area a.

But triangle AUF also has area a, because if we consider A
triangle AFV, then AU is a median (since %\\
FU =AU = UV by symmetry) and so divides triangle f .
AFV into two triangles of equal area. Since the area of F vy V

triangle AUV is a, then the area of triangle AUF is also a.

Therefore, hexagon ABCDEF is divided into 18 equal areas. Thus, a =2 since the area
of the large hexagon is 36.

Since the area of UVWXYZ is 6a, then its area is 12.

Answer: 12

(b) We assign coordinates to the diagram, with the
mouth of the cannon at the point (0,0), with the (30, 100)
positive x-axis in the horizontal direction towards
the safety net from the cannon, and the positive y-
axis upwards from (0,0).

Since Herc reaches his maximum height when his B
horizontal distance is 30 m, then the axis of
symmetry of the parabola is the line x =30. ¥ =30
Since the parabola has a root at x =0, then the
other root must be at x = 60.

Therefore, the parabola has the form

y = ax(x —60).

In order to determine the value of a, we note that

Herc passes through the point (30,100), and so :
P gh the pont (30,100) 0,0) (60, 0)
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100 = 30a(-30)
__1
a=-g
Thus, the equation of the parabola is y = —§x(x — 60).

(Alternatively, we could say that since the parabola has its maximum point at (30,100),
then it must be of the form y = a(x — 30)* +100.
Since the parabola passes through (0,0), then we have

0=a(0—30)* +100

0=900a +100

—__1
a=-7

Thus, the parabola has the equation y =— (x— 30)* +100.)

We would like to find the points on the parabola which have y-coordinate 64, so we solve
64 = —5x(x —60)

0=x*-60x+576

0=(x—12)(x—48)
Since we want a point after Herc has passed his highest point, then x = 48, ie. the
horizontal distance from the cannon to the safety net is 48 m.

8. (a) Since both the circle with its centre on the y-axis and the graph of y =|x| are symmetric
about the y-axis, then for each point of intersection between these two graphs, there
should be a corresponding point of intersection symmetrically located across the y-axis.

Thus, since there are exactly three points of intersection, then one of these points must be
on the y-axis, ie. has x-coordinate 0. Since this point is on the graph of y = |x|, then this

point must be (0,0).

Since the circle has centre on the y-axis (say, has coordinates (0,b)), then its radius is
equal to b (and b must be positive for there to be three points of intersection).

So the circle has equation X%+ (y— b)2 = b>. Where are the other two points of
intersection? We consider the points with x positive and use symmetry to get the other
point of intersection.
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When x >0, then y =|x| has equation y = x. Substituting into the equation of the circle,
X% +(x—b)* =b>

2x> —2bx =0
2x(x=b)=0
Therefore, the points of intersection are (0,0) and y

(b,D) on the positive side of the y-axis, and so at
the point (—b,b) on the negative side of the y-
axis. (0, b)

Thus the points O, A and B are the points (0,0), B(-b. b) A, b)
(b,b) and (—b,b).

Since the radius of the circle is b, then the area of the circle is b,
Triangle OAB has a base from (—b,b) to (b,b) of length 2b, and a height from the line

y=b to the point (0,0) of length b, and so an area of 3b(2b) = b2

Therefore, the ratio of the area of the triangle to the area of the circle is b?: m*=1: 1.

(b) Solution 1
Since M is the midpoint of a diameter of the circle, M is
the centre of the circle.
Join P to M. Since QP is tangent to the circle, PM is
perpendicular to QP.
Since PM and BM are both radii of the circle, then
PM = MB.
Therefore, AQPM and AQBM are congruent (Hypotenuse - Side).
Thus, let ZMQB=/MQP=6. So ZQMB=/Z0MP =90° -6
Then Z/PMC =180° — ZPMQ— /BMQ = 180° — (9o° - 9) - (90° - 9) =26.
But APMC is isosceles with PM = MC since PM and MC are both radii.
Therefore, ZCPM =%(180°— ZPMC)=90° - 6.

But then £LCPM = ZPMQ, and since PM is a transversal between AC and QM, then QM
is parallel to AC because of equal alternating angles.
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Solution 2
Join M to P and B to P. C
Since QP and OB are tangents to the circle coming ’
from the same point, they have the same length.
Since QM joins the point of intersection of the

tangents to the centre of the circle, then by symmetry,
ZPOM = ZBOM and ZPMQ= ZBMQ. So let A
ZPOM = ZBOM = x and ZPMQ=ZBMQ=y.
Looking at AQMB, we see that x + y =90°, since AQMB is right-angled.

Now if we consider the chord PB, we see that its central angle is 2y, so any angle that it

Q

subtends on the circle (eg. ZPCB) is equal to y.
Thus, ZACB=ZQMB, so QM is parallel to AC.

Solution 3

Join PB.

Since QP is tangent to the circle, then by the
Tangent-Chord Theorem, ZQPB = ZPCB = x (ie.
the inscribed angle of a chord is equal to the angle
between the tangent and chord.

Since BC is a diameter of the circle, then
ZCPB=90° and so ZAPB =90°, whence
ZAPQ =90°— ZQPB=90° — x.

Looking at AABC, we see that ZPAQ =90° — x, so ZPAQ= ZAPQ, and so AQ=QP.
But QP and QOB are both tangents to the circle (OB is tangent since it is perpendicular to a
radius), so QP = OB.

But then AQ= QB and BM = MC, so Q is the midpoint of AB and M is the midpoint of
BC. Thus we can conclude that QM is parallel to AC.

(To justify this last statement, we can show very easily that AQBM 1is similar to AABC,
and so show that ZCAB=/ZMQB.)

9. Solution 1
Consider ABAD. Since we know the lengths of sides BA
and AD and the cosine of the angle between them, we
can calculate the length of BD using the cosine law:

BD = BA2 + AD? - 2(BA)(AD)cos ZBAD
e
i
3

Next, let x =cos ZABC. Note that DC = x.
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Since ABCD is a cyclic quadrilateral, then ZADC =180 — ZABC, and so
cos ZADC = —cos ZABC = —x.
Similarly, cos ZBCD = —cos ZBAD = % (since ABCD is a cyclic quadrilateral).

So we can now use the cosine law simultaneously in AADC and AABC (since side AC is
common) in order to try to solve for BC:
12 + x% = 2(1)(x)cos LZADC = 1> + BC* = 2(1)(BC) cos LABC
12+ x%2 = 2(1)(x)(~x) =12 + BC* = 2(1)(BC)(x)
0=BC*-2(BC)x-3x>
0=(BC-3x)(BC + x)

Since x is already a side length, then x must be positive (ie. ZABC is acute), so BC = 3x.

Since cosZBCD = % and sides DC and BC are in the ratio 1 : 3, then ABCD must indeed be

right-angled at D. (We could prove this by using the cosine law to calculate BD? =8x? and
then noticing that DC >+ BD*=BC 2.)
Since ABCD is right-angled at D, then BC is a diameter of the circle.

Solution 2
Let x =cos ZABC =CD, and let BC=y. L p

Since the opposite angles in a cyclic quadrilateral are
supplementary, their cosines are negatives of each other.
Thus, cos ZADC =—x and cosZBCD = %
Next, we use the cosine law four times: twice to calculate
AC? in the two triangles ABC and ADC, and then twice
to calculate BD? in the triangles ADB and CDB to
obtain:
12 + x% = 2(1)(x)cos LADC = 12 + y* = 2(1)(y) cos ZABC
1+ x% - 2x(-x)=1+ y2 —2y(x)
0= y2—2xy—3x2

0= (y— 3x)(y +x)

and
12 +12 = 2(1)(1)cos LBAD = x> + y* — 2xycos ZBCD

2-2f-1)= s 43720

8 2 2 2

3= X +y — 3 Xy

From the first equation, since x is already a side length and so is positive, we must have that
y=3x.

Substituting into the second equation, we obtain
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X%+ (3)()2 - %x(3x)
2

8x

Wloo Wloo

=
I

1

V3

since x must be positive. Thus, since y =3x, then y = V3.

Looking then at ABDC, we have side lengths BC = V3, CcD= % and BD = \/g . (The last
\

is from the left side of the second cosine law equation.) Thus, BC 2=cD*+ BDZ, and so
ABDC is right-angled at D, whence BC is a diameter of the circle.

10. (a) To show that 8 is a savage integer, we must partition the set {1,2, 3,4,5,6, 7,8} according
to the given criteria.
Since the sum of the integers from 1 to 8 is 36, then the sum of the elements in each of
the sets A, B, and C must be 12.
C must contain both 3 and 6.
A can contain only the numbers 1, 5, 7, and may not contain all of these.
B can contain only the numbers 2, 4, 8, and may not contain all of these.
Soif we let C={1,2,3,6}, A={5,7} and B=1{4,8}, then these sets have the desired
properties.
Therefore, 8 is a savage integer.

(b) We use the strategy of putting all of the multiples of 3 between 1 and # in the set C, all of
the remaining even numbers in the set B, and all of the remaining numbers in the set A.
The sums of these sets will not likely all be equal, but we then try to adjust the sums to by
moving elements out of A and B into C, as we did in part (a), to try to make these sums
equal. (Notice that we can’t move elements either into A or B, or out of C.) We will use
the notation |C| to denote the sum of the elements of C.

Since we are considering the case of n even and we want to examine multiples of 3 less
than or equal to n, it makes sense to consider n as having one of the three forms 6k,

6k +2 or 6k +4. (These forms allow us to quickly tell what the greatest multiple of 3
less than n is.)

Case I: n=6k
In this case, C contains at least the integers 3, 6, 9, ..., 6k, and so the sum of C is
greater than one-third of the sum of the integers from 1 to n, since if we divide the
integers from 1 to n = 6k into groups of 3 consecutive integers starting with 1, 2,
3, then the set C will always contain the largest of the 3.
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Case2: n=6k+4
Here, the sum of the integers from 1 to n =6k +4 is

L1(6k +4)(6k +5) = 18k> + 27k +10 = 3(6k” + 9k + 3) + 1, which is never

divisible by 3. Therefore, n cannot be savage in this case because the integers
from 1 to n cannot be partitioned into 3 sets with equal sums.

Case 3: n=6k +2
Here, the sum of the integers from 1 to n =6k +2 is

%(61( +2)(6k +3) = 18k% +15k + 3, so the sum of the elements of each of the sets

A, B and C should be 6k> + 5k + 1, so that the sums are equal.
In this case C, contains at least the integers 3, 6, 9, ..., 6k, and so

C12 34+ 6+9+-6k=3(1+2+ 3+ +2k) = 3(%(2k)(2k +1)) = 6k + 3k

The set A contains at most the integers 1, 3, 5, 7, ..., 6k +1, but does not contain

the odd multiples of 3 less than n, ie. the integers 3, 9, 15, ..., 6k — 3. Therefore,
|A|[<(1+3+5+-+6k+1)=(3+9+---+6k—3)

=13k +1)[1+6k +1]— 2 (k)[3+ 6k - 3]
= (3k +1)(3k + 1) — k(3k)

=6k* + 6k +1
(To compute the sum of each of these arithmetic sequences, we use the fact that
the sum of an arithmetic sequence is equal to half of the number of terms times
the sum of the first and last terms.)

The set B contains at most the integers 2, 4, 6, 8, ..., 6k +2, but does not contain

the even multiples of 3 less than n, ie. the integers 6, 12, ..., 6k. Therefore,
IB|[<(2+4+6+-+6k+2)—(6+12+--+6k)

=1 (3k +1)[2+ 6k +2]— 2 (k)[6 + 6k]
= (3k +1)(3k +2) — k(3k + 3)
= 6k> +6k+2

Thus, the set C is 2k +1 short of the desired sum, while the set A has a sum that is
k too big and the set B has a sum that is k +1 too big.

So in order to correct this, we would like to move elements from A adding to &,
and elements from B which add to k£ +1 all to set C.
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Since we are assuming that n is savage, then this is possible, which means that

k +1 must be even since every element in B is even, so the sum of any number of
elements of B is even.

Therefore, k is odd, and so k =2[+1 for some integer /, and so

n=6(20+1)+2=120+8, ie. "4

is an integer.

. . e . n+
Having examined all cases, we see that if n is an even savage integer, then

integer.

(c) From (b), the only possible even savage integers less than 100 are those satisfying the

is an integer, ie. 8, 20, 32, 44, 56, 68, 80, 92. We already know that

. n-+
condition that

8 1s savage, so we examine the remaining 7 possibilities.
We make a table of the possibilities, using the notation from (b):

n k Sum of elements | Sum of elements | Possible?
to remove from A | to remove from B

20 |3 3 4 No — cannot remove a sum of 3 from
A.

32 |5 5 6 Yes —remove 5 from A, 2 and 4
from B

44 7 7 8 Yes —remove 7 from A, 8 from B

56 |9 9 10 No — cannot remove a sum of 9 from
A.

68 11 11 12 Yes —remove 11 from A, 4 and 8
from B

80 13 13 14 Yes —remove 13 from A, 14 from B

92 15 15 16 No - cannot remove a sum of 15
from A (since could only use 1, 5, 7,
11, 13)

Therefore, the only even savage integers less than 100 are 8, 32, 44, 68 and 80.
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1. (a) Solution 1 (Midpoint Formula)
Since M is the midpoint of the line segment joining R and S, then looking at the
x-coordinate of M,

,_1*a
2
l4=1+a
a=13

Solution 2 (Slopes)

Since the slope of RM is equal to the slope of MS, then
3

Ca-17
=6

=13

a—

Q N AW

Solution 3 (Distances)
Since RM = MS or RM? = MSz, then
36=3>+(a-7)°

0=a’~14a+13

0=(a—13)(a—1)
Therefore, a=13 or a=1, but we reject a=1, since (1,10) does not lie on the line.
Thus, a=13.

Answer: a=13

(b) The base of APQR has length 8, and the height has length k—2 (since k >0).
Since the area of APOR is 24, then
L(8)(k-2)=24

4k—8=24
4k =32
k=8

Answer: k=8

(c) We first determine the point of intersection of lines y=2x+3 and y=8x+15, and then
substitute this point into the line y =5x+ b, since it lies on all three lines.

So we set the first two equations equal to each other:
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2x+3=8x+15
—-12=06x
x=-2

Substituting x =-2 into the first equation, we obtain y=2(-2)+ 3= -1, so the point of
intersection is (—2,—1), which must lie on the third line.
Thus,
~1=5(-2)+b
b=9
Therefore, the value of b is 9.

2. (a) Solution 1
Since x =4 is aroot, then 4% —3(4)+c=0 or c=—4.

Therefore, the quadratic equation is x? = 3x—4=0, which we can factor as
(x—4)(x+1)=0. (This factorization is made easier since we already know one of the

roots.) Therefore, the second root is x =—1.

Solution 2
The sum of the roots of x> —3x+c=0 is —(_73) =3, so since one root is 4, the second

root must be x=-1.
Answer: x=-1

(b) Solution 1
Since the two expressions are the same, then they must have the same value when we
substitute any value for x. In particular, substitute x =2, and so we get

2(2%)+1 A
7 —2t3
2°-3 2°-3
9=2+A
A=T
Solution 2
We compare the two expressions
2x2+1_2+ A
x* =3 x?-3
2(x2—3) A
=72 t3
x*=-3 x"-3
_2x*-6+A
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Since the expressions are the same, the numerators must be the same, and so -6 +A =1

or A=17.
Solution 3
2% +1  2x%—6+7
x2-3 x2-3
2(x2—3)+7
B x2-3
7
=2+
x2-3

Therefore, A=7.
Answer: A=7

(c) Solution 1
The original parabola can be written as
y=(x=3)(x-1)
which means its roots are x=3 and x=1.
When this parabola is shifted 5 units to the right, the parabola obtained must thus have
roots x=3+5=8 and x=1+5=6.
Therefore, the new parabola is

y=(x-8)(x-6)
=x*—14x+48
and so d =48.
Solution 2

The original parabola y = x? —4x+3 can be written as y=(x- 2)2 —1, and so its vertex
has coordinates (2,—1). To get the vertex of the new parabola, we shift the vertex of the
original parabola 5 units to the right to the point (7,—1). Substituting this point into the
new parabola, we obtain

—1=7>-14(7)+d

-1=49-98+d

d=48

[An easier version of this solution is to recognize that if the original parabola passes
through (1,0), then (6,0) must be on the translated parabola. Thus, 0= 36—14(6) +d or

d =48, as above.]
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Solution 3

To carry out a translation of 5 units to the right, we can define new coordinates X and Y,
with (x, y) =(X—5,Y). Soin these new coordinates the parabola will have equation

Y=(X-5)"—4(X-5)+3
=X2-10X+25-4X+20+3

=X>-14X+48
Comparing this with the given equation, we see that d = 48.

3. (a) We make a table of the possible selections of balls a, b, c that give a=b+c:

a|b|c

2 11 ]1

31112

3121

41113

4 1212

4 131
Therefore, since there are 6 ways to get the required sum, then the probability that he
wins the prize is 6% = 3%

.3
Answer: 35
(b) Since the product of the three integers is 216, then

a(ar)(arz) =216

a’r?=216
(ar)3 =6’
ar=6

Now we are given that a is a positive integer, but r is not necessarily an integer.
However, we do know that the sequence is increasing, so r >1, and thus a <6.
We check the possibilities for a between 1 and 5, and determine whether these
possibilities for a yield a value for a that makes the third term ( arz) an integer (we
already know that ar = 6, so is an integer):

a r ar ar2
1 | 6 | 6 |36
2 | 3 | 6 | 18
3 2 | 6 |12
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So the four sequences that satisfy the required conditions are:
1, 6, 36;
2,6, 18;
3,6,12;
4,6,9.

4. (a) Solution 1
Since MT is the perpendicular bisector of BC, then
BM = MC, and TM is perpendicular to BC.
Therefore, ACMT is similar to ACBA, since they share a

common angle and each have a right angle.

M 1 T CcM 1 AB 1
But C—=— N C—:C—:—, and thus CT = AT = AB, ie. — =— or sin(£LACB) =
CB 2 CA CB 2 AC 2

Therefore, ZACB = 30°.

Solution 2

Since TM|[AB, and CM = MB, then CT = TA = AB.

Join T to B.

Since ZABC =90°, then AC is the diameter of a circle
passing through A, C and B, with T as its centre.

B M C

Thus, TA = AB = BT (all radii), and so AABT is equilateral. Therefore, ZBAC = 60°, and
so ZACB=30°.
Solution 3

Join Tto B, and let ZBAC = x. Thus, ZACB=90° — x
As in Solution 1 or Solution 2, AATB is isosceles, so
ZABT =90° - 3 x.
Since ATBM is congruent to ATCM (common side;
right angle; equal side), then £TBC = ZACB=90° — x
Looking at ZABC, we see that

(90° —%x)+(90°—x) — 90°

o 3
90 =5X

x=060°
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Therefore, ZACB = 30°.
Answer: ZACB = 30°

(b) @ y

= —_
&
2=

—
N

= —> > X
N dE 4
I
(i1) Solution 1
From the graph in (i), the points where f _l(x) = f(l ) are (1,%) and (—1,—%).
X
Solution 2
We determine the functions f _l(x) and f(l ) explicitly.
X

To get f _l(x), we start with y = 2x, interchange x and y to get x =2y, and solve

for y to get y=7x or f_l(x):%x.

Also, L = i
f(x) 2x
Setting these functions equal,
1 1
—x=—
2 2x
x*=1
x=%1

Substituting into f _l(x), we obtain the points (1,%) and (—1,—%).
(iii)  Using f(x)=2x, we see that f(%) =1, and so
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where f _1(1) is determined either from the explicit form of f _l(x) or from the
graph.

5. (a) Combining the logarithms,
logs(x +3) +1logs(x—1

)
logs(x+3 xX— 1)

logs(x” +2x—3)=1

x> +2x-3=5
2 +2x-8=0
(x+4)(x=2)=0
Therefore, x =—4 or x =2. Substituting the two values for x back into the original

equation, we see that x =2 works, but that x =—4 does not, since we cannot take the
logarithm of a negative number.

Answer: x=2

(b) (1) From the table we have two pieces of information, so we substitute both of
these into the given formula.

2.75 = a(3.00)"
3.75 = a(6.00)”

We can now proceed in either of two ways to solve for b.

Method 1 to find b

Dividing the second equation by the first, we obtain
375 a(6.00)”  (6.00)" _(6.00)1’ _p
275 4(3.00)" (3.00)° \3.00)

or

2P =1.363636
Taking logarithms of both sides,
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log(2”) = log(1.363636)
blog(2) = log(1.363636)
,,_ log(1.363636)

log(2)
b =0.4475

Method 2 to find b
Taking logarithms of both sides of the above equations, we obtain

log(2.75) = log(a(3.00)’

= log(a)+10g((3.00)")

=log(a)+ blog(3.00)
Similarly,
log(3.75) = log(a) + blog(6.00)
Subtracting the first equation from the second, we obtain
log(3.75) — log(2.75) = b(log(6.00) — log(3.00))
_ log(3.75) —10g(2.75)
~ 1og(6.00) —log(3.00)
b =0.4475

We now continue in the same way for both methods.
Substituting this value for b back into the first equation above,
2.75 =~ a(3.00)*47
2.75
(3_00)0.4475

a=1.6820
Therefore, to two decimal places, a =1.68 and b=0.45.

(ii))  To determine the time to cook a goose of mass 8.00 kg, we substitute m = 8.00
into the given formula:

t=am’

~1.68(8.00)%%

= 4.2825
Thus, it will take about 4.28 h until his goose is cooked.
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6. (a) Solution 1
Extend XA and ZF to meet at point 7.
By symmetry, ZAXZ = ZFZX = 60° and
ZTAF = ZTFA=60°, and so ATAF and ATXZ are both
equilateral triangles.
Since AF =10, then TA =10, which means
TX=10+5=15,and so XZ=TX=15.

Solution 2

We look at the quadrilateral AXZF. F 10 A

Since ABCDEF is a regular hexagon, then 5 5

LFAX = ZAFZ =120°. “
00, 1 1)

Note that AF =10, and also AX =FZ =5 since X 7 0 P X

and Z are midpoints of their respective sides.

By symmetry, ZAXZ = Z/FZX = 60°, and so AXZF is a trapezoid.
Drop perpendiculars from A and F to P and Q, respectively, on XZ.
By symmetry again, PX = QZ. Now, PX = AX cos60° = 5(%) = %
Since APQF is a rectangle, then PQ =10.

Therefore, XZ=XP+PQ+Q0Z=3+10+3=15.

Answer: XZ =15

(b) We first determine the three points through which the circle passes.
The first point is the origin (0,0).
The second and third points are found by determining the points of intersection of the two
parabolas y= x*>—3 and y= —x*=2x+9. We do this by setting the y values equal.
x> —3=—x?-2x+9
2x* +2x-12=0
x> +x-6=0

(x+3)(x-2)=0

so x=-3or x=2.
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We determine the points of intersection by substituting
into the first parabola.
If x=2,y= 2?2 _3= 1, so the point of intersection is

(2,1). C(=3,6)|/

If x=-3, y= (—3)2 —3=06, so the point of intersection is

(=3,6).

Therefore, the circle passes through the three points

.

2, 1)

11

A(0,0), B(2,1) and C(-3,6).

Let the centre of the circle be the point Q(a,b).

<

Finding the centre of the circle can be done in a variety of ways.

Method 1 (£CAB=90°)

We notice that the line segment joining A(0,0) to B(2,1)
has slope %, and the line segment joining A(0,0) to
C(-3,6) has slope —2, and so the two lines are

1

perpendicular (since 5(—2)=—1). Therefore, C(-3,6)

2

ZBAC =90°.

Since BC is a chord of the circle which subtends an angle

of 90° at point A on the circle, then BC is a diameter of

» B

2, 1)

the circle. Therefore, the centre of the circle is the

midpoint of BC, which is the point (—%,%)

Method 2 (Equal radii)

We use the fact Q is of equal distance from each of the
points A, B and C. In particular QA2 = Q32 =QC 2 or
x? +y2 = (x—2)2 +(y—1)2 =(x+ 3)2 +(y—6)2

4(0. 0)

From the first equality, C(-3,6)

x% +y? =(x—2)2+(y—1)2

4x+2y=5

\»B

2, D

4(0. 0)
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From the second equality,
(x—2)2 +(y—1)2 :()c+3)2 +(y—6)2

—10x +10y =40
y=x+4
Substituting the equatlon above into into 4x+2y=35, we obtain 4x+2(x+4)=5 or
6x=-3or x=—5. Thus, y= ——+ 4= % and so the centre of the circle is ( % %)

Method 3 (Perpendicular bisectors)
We determine the equations for the perpendicular Yy
bisectors of AB and AC. The centre is the point of
intersection of these two lines.

Since AB has slope , then the slope of its perpendicular C(—; 3 6)

bisector is —2. Since the midpoint of AB is (1,5) , then

the perpendicular bisector is y — % =-2(x-1) or P
y=—2x+%. >B(2, 1)

Since AC has slope -2, then the slope of its perpendicular A(Q’ 0):

bisector is 5. Since the midpoint of AB is ( 3) then the perpendicular bisector is

— 3 —
y—S—E(x 5)0r y—§x+7
To find the point of intersection of these two lines, we set them equal:

—2x+ S — 2x+

X

Il
(]

=

= Rl o

=

From this, y= —2(— )+ 3 =1, and so the centre of the circle is (—%,%)

7. (a) Solution 1
Using a known formula for the area of a triangle, A = %ab sinC,

18 = (2x+1)(2x)sin30°

36 = (2x+1)(2x)(3)
0=2x>+x-36
0=(2x+9)(x-4)

and so x=4 or x = —%. Since x is positive, then x=4.
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Solution 2
Draw a perpendicular from A to P on BC. A
Using AAPC, AP =ACsin30° =2x(%)=1x. 2
Now AP is the height of AABC, so Area=3(BC)(AP). *
30°
Then C P B
18=7(2x+1)(x) e— 2x + 1—>

0=2x2+x—-36
0=(2x+9)(x—4)
and so x=4 or xz—%.
Since x is positive, then x=4.
Answer: x=4

(b) Let the length of the ladder be L.
Then AC = Lcos70° and BC = Lsin70°. Also,
A’C =Lcos55° and B’C = Lsin55°.
Since A’A=0.5, then
0.5=Lcos55° — Lcos70°

= 00.5 : )
c0s55" —cos70
Therefore,
BB’=BC-B'C
= Lsin70° — Lsin55° 0.5m
=L cos 70°—
= L(sin70° —sin55°) 1 cos 55°—|
(0.5)(sin70° —sin55°)
= (from (*))
(cos 55° —cos70° )
=~(0.2603 m
Therefore, to the nearest centimetre, the distance that the ladder slides down the wall is

26 cm.

8. (a) Solution 1
In total, there are %x 5%20 =50 games played, since each of 5 teams plays 20 games
(we divide by 2 since each game is double-counted).

In each game, there is either a loss or a tie.
The number of games with a loss is 44 + y from the second column, and the number of

games with a tie is %(1 1+ z) (since any game ending in a tie has 2 ties).
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So
50=44+y+3(11+2)
100=88+2y+11+z
1=2y+z
Since y and z are non-negative integers, z=1and y=0. So x=19 since Team E plays
20 games.

Solution 2

In any game played, the final result is either both teams earning a tie, or one team
earning a win, and the other getting a loss. Therefore, the total number of wins among all
teams equals the total number of losses, ie.

25+x=44+y
x—y=19 (1)
Also, since team E plays 20 games, then
x+y+z=20 (2)

So from (1), x must be at least 19, and from (2), x can be at most 20.

Lastly, we know that the total of all of the teams numbers of ties must be even, ie. 11+z
18 even, ie. z is odd.

Since x is at least 19, then z can be at most 1 by (2).

Therefore, z=1. Thus, x=19 and y=0.

Solution 3

In any game played, the final result is either both teams earning a tie, or one team
earning a win, and the other getting a loss. Therefore, the total number of wins among all
teams equals the total number of losses, ie.

25+x=44+y
x—y=19 (1)
Also, since team E plays 20 games, then
x+y+z=20 (2)

So from (1), x must be at least 19, and from (2), x can be at most 20.

Consider the possibility that x =20. From (2), then y = z =0, which does not agree with
(1).

Thus, the only possibility is x =19. From (1), y =0, and so z=1 from (2). (These three
values agree with both equations (1) and (2).)
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(b) Solution 1
Assume such a sequence a, b, c, d exists. (We proceed by contradiction.)
Since the sum of any two consecutive terms is positive, a+b >0, b+c¢ >0, and
c+d>0. Adding these three inequalities, (a+b)+(b+c)+(c+d)>0 or
a+2b+2c+d>0.
We are going to show that this statement contradicts the facts that are known about the
sequence. We are told that the sum of any three consecutive terms is negative, ie.
a+b+c<0and b+c+d<0. Adding these two inequalities, (a+b+c)+(b+c+d)<0
or a+2b+2c+d<0.
This is a contradiction, since the two conditions a+2b+2c+d >0 and
a+2b+2c+d <0 cannot occur simultaneously.
Therefore, our original assumption is false, and so no such sequence exists.

Solution 2
Assume such a sequence a, b, c, d exists. (We proceed by contradiction.)
We consider two cases.

Case 1: a<0
In this case, b >0 since a+b>0.
Then, since a+ b+ ¢ <0, we must have that ¢ <O0.
But c+d>0,s0 d>0.
This means that we have >0 and c+d >0,1ie. b+c+d >0.
But from the conditions on the sequence, b+ c+d <0, a contradiction.
Therefore, no such sequence exists with a <0.

Case2: a>0
In this case, it is not immediately clear whether b has to be positive or negative.
However, we do know that a+5 >0 and a+ b+ ¢ <0, so it must be true that
c<0.
Then since b+ ¢ >0 and c¢+d >0, we must have both & >0and 4 > 0. But then
b+c+d=b+(c+d)>0 since c+d>0and b>0.
This is again a contradiction.
Therefore, no such sequence exists with a >0.
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9. (a) Let ZBAC =6. Then by B 90 _ 6
parallel lines, n /o E
ZDJH = ZBDE =0. 4 w8
Thus, ZBED =90° — 6 and so u-v M
ZNEM =0 since 7/8 " w
ZDEF =90°. v ; w
Since DG =u and HG =v, 0
then DH =u—v. A K G F L C
Similarly, EN =u—w.
Looking at ADHJ and AMNE, we see that tan0 = 7Y and tan@= .
% u—w
Therefore,
u—v _w
voou—w

(u—v)u-—w)=vw
u? —uv—uw+vw = vw
u(u—v-w)=0
and since u #0, we must have u—v—-w=0o0r u=v+w.
[Note: If u =0, then the height of rectangle DEFG is 0, ie. D coincides with point A and
E coincides with point C, which says that we must also have v=w =0, ie. the squares

have no place to go!]

(b) Consider the cross-section of the sphere in the plane defined by the triangle. This cross-
section will be a circle, since any cross-section of a sphere is a circle. This circle will be
tangent to the three sides of the triangle, ie. will be the inscribed circle (or incircle) of the
triangle. Let the centre of this circle be O, and its radius be . We calculate the value of r.

Join O to the three points of tangency, P, O, R, and to B

the three vertices A, B, C. Then OP, OQ and OR P
(radii) will form right angles with the three sides of AN
the triangle. Consider the three triangles AAOB, R -
ABOC and ACOA. Each of these triangles has a

height of r and they have bases 15,9 and 12, A0 C
respectively. Since the area of AABC is equal to the

sum of the areas of AAOB, ABOC, and ACOA,

So comparing areas,



2002 Euclid Solutions 17

7(9)(12) =7 (9)(r) + 3 (12)(r) + 3 (15)(r)
54=1r(9+12+15)
r=3

Now join the centre of the cross-sectional circle to the centre
of the sphere and let this distance be 4. Now, the line joining Y/ |h
the centre of the circle to the centre of the sphere will be
perpendicular to the plane of the triangle, so we can form a
right-angled triangle by joining the centre of the sphere to any
point on the circumference of the cross-sectional circle. By
Pythagoras,

W +r*=25

h=4

This tells us that the top of the sphere is 9 units above the plane of the triangle, since the
top of the sphere is 5 units above the centre of the sphere.

10. (a) Consider a Pythagorean triangle with integer side lengths
a, b, c satisfying a® +b? = c*. To show that this triangle b ¢
is Heronian, we must show that it has an integer area.

Now we know that the area is equal to %ab , SO we must

show that either a or b is an even integer.

Suppose that both a and b are odd. (We proceed by contradiction.)
In this case, let a=2k+1 and b=2[+1. Then both a® and b* are odd, and so c?is
even since a> +b% = c>. Therefore, c itself must be even, so let ¢ =2m.
Therefore,
2k +1)* +(21+1)* = (2m)?
4> + 4k +1+41% + 41 +1=4m?

4(k2 +k+1? +l)+2 = 4(m2)
But the right side is a multiple of 4, and the left side is not a multiple of 4. This is a
contradiction.

Therefore, one of a or b must be even, and so the area of the triangle is an integer.
Thus, any Pythagorean triangle is Heronian.

(b) We examine the first few smallest Pythagorean triples:
3 4 5 (32=4+5)
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5 12 13 (52=12+13)

6 8 10 (Does not fit pattern)
7 24 25 (77=24+25)

It appears from the first few examples that perhaps we can form a Pythagorean triple by
using any odd number greater than 1 as its shortest leg.
Next, we notice from the pattern that the sum of the second leg and the hypotenuse is the
square of the shortest leg, and that these two side lengths differ by 1.
Will this pattern always hold?
Let a=2k+1 with k>1. (This formula will generate all odd integers greater than or
equal to 3.) Can we always find b so that c=b+1 and a’+b* =7
Consider the equation
(2k+1)* +b> =(b+1)
4k* + 4k +1+b> =b* +2b+1
4k +4k=2b
b=2k"+2k

So we can always find a b to make the equation true. Therefore, since a can be any odd
integer greater than or equal to 3, then we can make any odd number the shortest leg of a
Pythagorean triangle, namely the Pythagorean triangle a =2k +1, b= 2k% + 2k,
c=2k>+2k+1. (Check that a’ +b? = ¢ does indeed hold here!)

(c) We consider forming a triangle by joining two
Pythagorean triangles along a common side. Since any
Pythagorean triangle is Heronian, then the triangle that is

formed by joining two Pythagorean triangles in the manner
shown will have integer side lengths and will have integer
area, thus making it Heronian.

So again, we make a list of Pythagorean triples

3 4 5

5 12 13
6 8 10
7 24 25
8 15 17
9 40 41
10 24 26

11 60 61
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We notice that we can scale any Pythagorean triangle by an integer factor and obtain
another Pythagorean triangle. This will enable us to create two Pythagorean triangles
with a common side length.

Also, we note that when joining two Pythagorean triangles, the hypotenuse of each
triangle becomes a side length in the new triangle. Since we cannot have a side length
divisible by 3, 5, 7 or 11, this eliminates the 3-4-5, 6-8-10, and 7-24-25 triangles from the
list above.

Suppose we scale the 8-15-17 triangle by a factor of 4 to obtain 32-60-68 and join to the
11-60-61 triangle in the manner shown.

Thus we obtain a 43-61-68 triangle, which has integer area because its height is an even
integer.

Therefore, a 43-61-68 triangle is Heronian.

[It is worth noting that this is not the only such 61 68
triangle, but it is the one with the shortest sides.] 60

11 32



Canadian
Mathematics
Competition

An activity of The Centre for Education
in Mathematics and Computing,
University of Waterloo, Waterloo, Ontario

2001 Solutions
Euclid Contest crade 12)

for

The CENTRE for EDUCATION in MATHEMATICS and
COMPUTING
Awards

© 2001 Waterloo Mathematics Foundation



2001 EUCLID SOLUTIONS

1. (a) What are the values of x such that (2x—3)> =9?

Solution 1

(2x-3)*

(2x-3)>-9
(2x-3-3)(2x—3+3)
(2x-6)(2x)

SO x=3 or x

9
0
0 [by difference of squares]
0
0

Solution 2

(2x-3)*=9
2x-3=3o0r2x-3=-3
Therefore x=3 or x=0.

Solution 3
4x* ~12x+9=9

4x% ~12x=0
4x(x-3)=0
Therefore x=0 or x=3.

(b) If f(x)=x*—3x—5, what are the values of k such that f(k)=k?

Solution
If f(k)=k, then k* —3k—-5=k
k* —4k-5=0
(k=5)(k+1)=0
SO k=5or k=-1.

(c)  Determine all (x, y) such that x* +y* =25 and x—y=1.

Solution 1 (Algebraic)
Since x—y=1,then x=y+1 (or y=x-1).
So since x” + y2 =25, then
(y+1)>+y*=25  or x2+(x=1)*=25
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V2 +2y+1+y> =25 x2+xr-2x+1=25
2y? +2y-24=0 2x2-2x-24=0
V2 +y-12=0 x*—x-12=0
(y+4)(y-3)=0 (x—4)(x+3)=0
y=-4,3 x=4,-3
and using x=y+1, and using y=x-1,
we get x =-3,4. we get y=3,-4.

So the solutions are (x,y)=(-3,-4),(4,3).

Solution 2 (Graphical) y
Placing each of x? +y2 =25 and x—y=1 on a
grid we have the diagram at the right. 0,5)
x—y=1
(4,3)
6,0
©, 1)) (1,0) -
(3.-4) X2 +y2=25

Therefore, the solutions are (x, y)=(-3,-4), (4, 3).

2. (a)  The vertex of the parabola y = (x — b)2 + b+ h has coordinates (2, 5). What is the value of 4?

Solution
Since the x-coordinate of the vertex is 2, then b=2.
Since the y-coordinate of the vertex is 5, then b+h=15. Since b=2, then h=3.

(b) In the isosceles triangle ABC, AB=AC and £ BAC =40°. A
Point P is on AC such that BP is the bisector of ZABC.
Similarly, Q is on AB such that CQ bisects LACB. What is the
size of ZAPB, in degrees? 0 P
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©)

Solution

Let ZABC =2x°. Since AABC is isosceles, then L ACB=

Since BP bisects LABC, L ABP=/CBP = x°.

Similarly, ZACQ=Z£BCQ = x°.

The angles in AABC add to 180°, so
40°+2x°+2x°=180°

x=35.
In A APB, the angles add to 180°, so
40°+35°+ L APB =180°

ZAPB=105°.

In the diagram, AB =300, PQ =20, and QR=100. Also,
OR is parallel to AC. Determine the length of BC, to the
nearest integer.

Solution 1
Since QR||AC, ZQRP = £ BAC = . (alternating angles).
From A RPQ, tan . :é.

In AACB, since tan (x:l:B—C, let BC = x and
5 AC

AC =5x. (This argument could also be made by just
using the fact that A RQP and A ACB are similar.)

By Pythagoras, x? +25x2 =300%, x= \ 902(;00 =58.83.

Therefore BC =59 m to the nearest metre.

Solution 2
Since QR||AC, ZQRP = £ BAC (alternating angles).
This means A ABC ~ A RPQ (two equal angles).
By Pythagoras,
PR? = OP? + OR?
PR =~1007 +20% = /10 400.
Since AABC ~ ARPQ,

2x°.

B
%
P
A C
B
Q 100 R
20
o P ¢
A C

B
20
P
A C
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3. (a)

(b)

BC _PQ
AB  RP
AB-PQ
RP
_300-20
/10400
=58.83
BC is 59 m (to the nearest metre).

BC=

In an increasing sequence of numbers with an odd number of terms, the difference between
any two consecutive terms is a constant d, and the middle term is 302. When the last 4 terms
are removed from the sequence, the middle term of the resulting sequence is 296. What is the
value of d?

Solution 1

Let the number of terms in the sequence be 2k +1.
We label the terms ay, a,, ..., ;4.

The middle term here is a;,; =302.

Since the difference between any two consecutive terms in this increasing sequence is d,
Ay —ay, =d for m=1,2, ..., 2k.

When the last 4 terms are removed, the last term is now a,;_3 so the middle term is then

a,_1 =296. (When four terms are removed from the end, the middle term shifts two terms to
the left.)

Now 6=a; 1 —a;_; =(ak+1 —ak)+(ak —ak_1)=d+d=2d.

Therefore d =3.

Solution 2
If the last four terms are removed from the sequence this results in 302 shifting 2 terms to the
left in the new sequence meaning that 302 -296=2d, d =3.

There are two increasing sequences of five consecutive integers, each of which have the
property that the sum of the squares of the first three integers in the sequence equals the sum
of the squares of the last two. Determine these two sequences.

Solution

Let n be the smallest integer in one of these sequences.

So we want to solve the equation n* +(n+1)* +(n+2)* = (n+3)* +(n+4)* (translating the
given problem into an equation).

Thus n> +n® +2n+1+n> +4n+4=n>+6n+9+n> +8n+16
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4. (a)

n®—8n-20=0
(n-10)(n+2)=0.
Son=10or n=-2.
Therefore, the sequences are 10, 11, 12, 13, 14 and -2,-1,0, 1, 2.

Verification

(=2)° + (=1 +0% =12 +22 =5 and 10> +11% +12% =13% +14% =365

If f(z)=sin (TEZ‘ - g), what is the smallest positive value of 7 at which f(¢) attains its

minimum value?

Solution 1
Since >0, 7t — g > —g. So sin(m - g) first attains its minimum value when
n 3n
f——=—=
2 2
t=2.
Solution 2
Rewriting f(¢) as, f(¢)=sin [n(t - %)] f@

Thus f(¢) has a period EL 2 and appears in the diagram
T

at the right.
Thus f(¢) attains its minimum at r=2. Note that f(r)

attains a minimum value at r=0 but since >0, the
required answer is t=2.
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(b) In the diagram, LABF=41°, ZCBF=59°, DE is A

parallel to BF, and EF =25. If AE = EC, determine the
length of AE, to 2 decimal places.
B OF

=

C

(9]

Solution
Let the length of AE = EC be x.
Then AF =x-25.

x+25

A

In, ABCF,

= tan (59°).

41°
59°¢
x—25 B 410 ]
59°

D

In AABF = tan (41°) / r
> BF ) b 25
Solving for BF in these two equations and equating, E

x+25 x-25

BF = =
tan 59° tan41°
so  (tan 41°)(x +25) =(tan 59°)(x - 25)

25(tan 59° + tan 41°) = x(tan 59° — tan 41°)
e 25(tan 59° + tan 41°) C
~ tan 59°—tan 41°

x=79.67.
Therefore the length of AE is 79.67.

~

5. (a)  Determine all integer values of x such that (x2 - 3)(x2 + 5) <0.

Solution
Since x>0 for all x, x> +5>0. Since (x2 —3)(x2 +5)<0, x2 -3<0, so x2<3or

—3<x<+/3. Thus x=-1,0,1.

(b) At present, the sum of the ages of a husband and wife, P, is six times the sum of the ages of
their children, C. Two years ago, the sum of the ages of the husband and wife was ten times
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6. (a)

the sum of the ages of the same children. Six years from now, it will be three times the sum
of the ages of the same children. Determine the number of children.

Solution
Let n be the number of children.
At the present, P =6C, where P and C are as given. (1)
Two years ago, the sum of the ages of the husband and wife was P —4, since they were each
two years younger.
Similarly, the sum of the ages of the children was C—n(2) (n is the number of children).
So two years ago, P-4 =10(C -2n) (2), from the given condition.
Similarly, six years from now, P+12=3(C+6n) (3), from the given condition.
We want to solve for n.
Substituting (1) into each of (2) and (3),
6C-4=10(C-2n) or 20n-4C=4 or 5n-C=1
6C+12=3(C+6n) or -18n+3C=-12 or —6n+C=-4
Adding these two equations, —-n=-3, s0 n=3.
Therefore, there were three children.

Four teams, A, B, C, and D, competed in Medal | Gold | silver | Bronze

a field hockey tournament. Three
coaches predicted who would win the Team

Gold, Silver and Bronze medals:
* Coach 1 predicted Gold for A, Silver for B, and Bronze for C,
* Coach 2 predicted Gold for B, Silver for C, and Bronze for D,
* Coach 3 predicted Gold for C, Silver for A, and Bronze for D.
Each coach predicted exactly one medal winner correctly. Complete the table in the answer
booklet to show which team won which medal.

Solution
If A wins gold, then Coach 1 has one right. For Coach 3 to get one right, D must win bronze,
since A cannot win silver. Since D wins bronze, Coach 2 gets one right. So C can’t win
silver, so B does which means Coach 1 has two right, which can’t happen. So A doesn’t win
gold.
If B wins gold, then Coach 2 has one right. For Coach 1 to get one right, C wins bronze, as B
can’t win silver.

For Coach 3 to get one right, A wins silver.

So Gold to B, Silver to A and Bronze to C satisfies the conditions.
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(b) In triangle ABC, AB=BC=25 and AC=30. The B
circle with diameter BC intersects AB at X and AC at
Y. Determine the length of XY . X
A Y C
Solution 1

Join BY. Since BC is a diameter, then £ BYC =90°.
Since AB=BC, AABC is isosceles and BY is an
altitude in AABC, then AY =YC=15.

Let LBAC=06.

Since AABC is isosceles, L/ BCA=0.

Since BCYX 1is cyclic, ZBXY=180-6 and so
ZAXY =06.

Thus AAXY isisosceles and so XY =AY =15.
Therefore XY =15.

Solution 2
Join BY. ZBYC =90° since it is inscribed in a B
semicircle. A
A BAC 1is isosceles, so altitude BY bisects the X 20\ 25
base.

(N2 2 24
Therefore BY =25 —-15° =20.
Join CX. ZCXB =90° since it is also inscribed in ul

3
a semicircle. A 15 Y C
The area of AABC is

L(ACXBY)=1(AB)(CX)

£(30)(20) = #(25) CX)
— 600 _
CX = 55 = 24
From A ABY we conclude that cos ZABY = BY _ 20 = i
AB 25 5
In ABXY, applying the Law of Cosines we get (XY)* = (BX)* +(BY)* — 2(BX)(BY)cos £ XBY .
Now (by Pythagoras A BXC),
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BX? = BC? - CXx?
=252 247
=49
BX =1.
) 2 4
Therefore XY~ =7°+20" — 2(7)(20)§
=49 +400 — 224

=225.
Therefore XY =15.

7. (a)  What s the value of x such that log,(log,(2x—2))=27?

Solution
log,(log,(2x-2))=2
log,(2x —2)=2?

re_2-27)
2x-2=2%
2x-2=16
2x=18
x=9

(b)  Let f(x)=2"+9, where k is a real number. If f(3): f(6)=1:3, determine the value of
f9)-1B3).

Solution
From the given condition,
f3) _2%+9 1

f(6) 2%49 3
3(23’< +9):26’< +9

0=2%-3(2%)-18.
We treat this as a quadratic equation in the variable x = 2% so
0=x"-3x-18
0=(x-6)(x+3).
Therefore, 23F =6 or 23 =_3. Since 2¢ >0 for any a, then 23k £ _3,
So 2°K =6. We could solve for k here, but this is unnecessary.

10
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8. (a)

(b)

We caleulate f(9)- £(3)= (2" +9)- (2% +9)

— 9% _ 3k
:(23k)3 _ o3k
=6°-6
=210.

Therefore f(9)- f(3)=210.

On the grid provided in the answer booklet, sketch y = x* —4 andy =2|x|.

Solution
y
/
6
y=2|x|
4
2
> X
—6 -4 - 0 2 4 6
-2 y:x2_4
74
-6

Determine, with justification, all values of k for which y = x*—4 and y= 2| x | + k do not

intersect.

Solution

Since each of these two graphs is symmetric about the y-axis (i.e. both are even functions),
then we only need to find k so that there are no points of intersection with x = 0.

So let x 20 and consider the intersection between y=2x+k and y= x> —4.

Equating, we have, 2x+k = x> -4,

Rearranging, we want x> —2x — (k +4) =0 to have no solutions.

11
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()

For no solutions, the discriminant is negative, i.e.
20+4k <0
4k <-20
k <-5.
So y=x’>-4and y= 2| x|+ k have no intersection points when k < -5.

State the values of k for which y = x* —4 and y= 2| x | + k intersect in exactly two points.

(Justification is not required.)

Solution Analysing Graphs
For k <-5, there are no points of y
intersection. When k=-5, the
graph with equation y=2|x|+k is 6
tangent to the graph with equation
y=x%—4 forboth x>0 and x <0. 4 y=x2-4
So k=-5 is one possibility for two
intersection points.
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For -5<k<-4 a typical graph
appears on the right.
i.e. for —5< k<-4, there will be 4

points of intersection.

> X
6 -4 )
-6
When k=-4, a typical graph y
appears on the right.
6
4
2
> X
_6 —4 0
)
Z4

13
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So when k> -4, there will only be y
two points of intersection, as the /
contact point at the cusp of 6
y=2|x|-4 will be eliminated. An
example where k =-2 is shown. 4 y=2|x|+k k>-4
2
> X
6 -4 - 0 2 4 6
-2
y=x2—4
74
-6

So the possibility for exactly two distinct points of intersection are k=-5, k>—4.

9.  Triangle ABC is right-angled at B and has side lengths which
are integers. A second triangle, POR, is located inside AABC
as shown, such that its sides are parallel to the sides of AABC
and the distance between parallel lines is 2. Determine the
side lengths of all possible triangles ABC, such that the area of
AABC is 9 times that of A POR.

Solution 1

Let the sides of AABC be AB=c, BC=a, AC=b, a, b, c are all integers.

Since the sides of A POR are all parallel to the sides of AABC, then A ABC is similar to A POR.
Now the ratio of areas of AABC to APQR is 9= 3% to 1, so the ratio of side lengths will be 3 to 1.
So the sides of A POR are PQ = %, OR= %, PR :?
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So we can label the diagram as indicated. A
We join the corresponding vertices of the two triangles as

Area of trapezoid BORC
Areaof trapezoid CRPA ¢ . %
Area of trapezoid APQB 3

+ Area of APOR Q

Area of AABC. B
Doing so gives,

2(3cz)+2(3b)+2(3c)+E =%
3 3 37)718 72

Or upon simplifying ac=3a+3b+3c (Note that this

relationship can be derived in a variety of ways.)
ac=3c+3b+3a

ac—3c—-3a=3b

ac—3c—3a=3a*+c? (since b:\§a2+c2)

a’c? +9¢ +9a* — 6ac? — 6a*c +18ac = 9((12 + cz) (squaring both sides)
ac(ac—6¢—-6a+18)=0

ac—6¢c—6a+18=0 (as ac#0)
cla—6)=6a-18
6a—18
Cc =
a—6
c=6+ 18 .
a—6

Since a is a side of a triangle, a >0. We are now looking for positive integer values such that

is also an integer.
a p—

The only possible values for a are 3, 7, 8,9, 12, 15 and 24.
Tabulating the possibilities and calculating values for b and c gives,

a 3 7 8 9 12 15 24

0 24 15 12 9 8 7

b - 25 17 15 15 17 25

Thus the only possibilities for the triangle are (7, 24, 25), (8,15,7) and (9,12,15).

Solution 2
The two triangles are similar with areas in the ratio 1:9.

Therefore the sides are in the ratio 1:3.
Let a=BC, b=CA, c=BA.

15
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Thengsz,gzgR,gsz. B
Locate points K, L on BC; M, N on CA; and T, S on AB as T
shown. < P
BC=BK+KL+LC a 2
< 2 >
= a L 1
a=BK + 3 +2 0 3 R
v [
C M N

Therefore BK =%a—2.
In a similar way, AN=§b—2.
Now ABKP=ABTP and AANR=AASR, both by HL.
Therefore BT=BK=%a—2 and AS=AN=§b—2.
Now, AB=AS+ ST+ BT
_ 2 c, 2
2,2
c=b+a-6
b=c+(6-a).
B 2 2_ 2
y Pythagoras, a” +b” =c¢

a’+[c+(6-a)2=c?

P+ +206-0a)+(6-a)2=5

a’ + (6—a)>=-2c(6-a)
2a* - 12a + 36 = 2c(a — 6)
a’— 6a + 18 = c(a - 6)

a’ —6a+18
c=——
a—6
C_a(a—6)+18
a-06
18
c=a+ )
a—©6

Since a and c are integers, a —6 is a divisor of 18.

Also since b <c¢ and b=c+(6-a), we conclude that 6—a<0 so a—6>0.
Thus a—6 canbe 1, 2, 3, 6,9, 18.

The values of a are: 7, 8,9, 12, 15, 24.

Matching values for ¢: 25, 17, 15, 15, 17, 25

Matching values for b: 24, 15, 12,9, 8,7
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10.

The distinct triangles are (7, 24, 25), (8, 15, 17) and (9, 12, 15).

Points P and Q are located inside the square ABCD such that A B
DP is parallel to OB and DP = QB = PQ. Determine the
minimum possible value of ZADP. P
Q
D C
Solution 1
Placing the information on the coordinate axes, the diagram A(0, 2) B(2,2)

is indicated to the right.
We note that P has coordinates (a, b).
By symmetry (or congruency) we can label lengths a and b
as shown. Thus Q has coordinates (2—a,2-b).
Since PD=PQ, a* +b* =(2-2a)* +(2-2b)*
or, 3a” +3b* ~8a-8h+8=0

2 2
4 4 8
(a=3) +(p-3) =5
P is on a circle with centre O(%, %) with r= %\,5 .

The minimum angle for 6 occurs when DP is tangent to the
circle.

So we have the diagram noted to the right.
Since OD makes an angle of 45° with the x-axis

/PDO=45-0 and 0D=§«5.
2

2
Therefore sin (45-0)=5——= % which means 45°-0=30° or

§ Y

2
0=15°.
Thus the minimum value for 0 is 15°.

Solution 2
Let AB=BC=CD=DA=1.
Join Dto B. Let LZADP=0. Therefore, Z PDB=45-90.

Let PD=a and PB=b and PQ:%.

then

ul ClP(a» b) b 0

ar
o/ b 002-a2-b

D(0, 0) C(2,0)
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We now establish a relationship between a and b.
In APDB, b* =a” +2-2(a)(~2)cos (45-6)
a’ —b* +2

or, cos(45-0)= 75
V2a

ey

2 2
In APDR, (g) =a2+(%] —2a%cos (45-9)

or, cos(45-0)= 4

/

anN

Comparing (1) and (2) gives, 2 2_ e =

Simplifying this, a” +2b% =2

2
or, b2:2_a .
2

2
a’ +2_(2—2a J . 5
Now cos (45-0) = =——|3a+—|.
( ) 2a2 4«2( a)
2 2y
Now considering 3a +—, we know (f\/3a - —} =0
a a

or, 3a +g >246.
a

1 V3

Thus, 45-0)= 206 ) =—
us, cos ( ) 4\5( ~ ) 5
3

cos (45-0)> \7

cos (45—0) has a minimum value for 45°—-6=30° or 6 =15°.

Solution 3

Join BD. Let BD meet PQ at M. Let LADP=0.

By interior alternate angles, ZP=ZQ and
ZPDM = ZOBM.

Thus APDM =AQBM by A.S.A., so PM=0QM and
DM = BM.

So M is the midpoint of BD and the centre of the square.

18
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Without loss of generality, let PM =1. Then PD=2. A B
Since 0+ o =45° (see diagram), O will be minimized when
ol is maximized. p
2
0 Q
o
D C
Consider APMD .
i sin | £ PMD
Using the sine law, Slri o _ ( 5 )
To maximize O/, we maximize sin C..
, sin(£PMD) . . . _

But sin o = ——— =, so it is maximized when sin (4 PMD) =1.
In this case, sin o, = %, so o, = 30°.
Therefore, 6 =45°—-30°=15°, and so the minimum value of 0 is 15°.
Solution 4
We place the diagram on a coordinate grid, with D(0,0), A(0, 1) B(1, 1)
C(l, O), B(O, 1), A(l, 1).
Let PD=PQ=0B=a,and LADP=96. P
Drop a perpendicular from P to AD, meeting AD at X. X a
Then PX=asin0, DX =a cos 0. a
Therefore the coordinates of P are (a sin 0, a cos 6). a
Since PD|BQ, then ZQBC=86.
So by a similar argument (or by using the fact that PQ are

D(0, 0) (1, 0)

symmetric through the centre of the square), the coordinates
of Q are (1-asin 6,1+ acos 0).

Now (PQ)* =a?, so (1-2asin 9)2 +(1-2acos 6)2 =a’
2 +4a® sin? 0+ 44’ cos’ 0 — 4a(sin O + cos 0) = a’

19
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2+4a® —a® = 4a(sin 6 + cos )

2 +3a?

VR sin 0+ cos 6
a
2+43a> 1 1
S —sin O+ ——cos 6 = cos (45°)sin 0 +sin (45°)cos 6

4-2a N2 V2
2 +34>

4* %‘1 = sin (0 + 45°)

\NZda

N2
Now (a— 2) >0
3
2 5, 242>
a 261,\/3 +3 >0
3a% —2a/6 +220
3a® +2 >2a\6
3a°+2 3
42a — 2
and equality occurs when a = \E .

So sin (6 +45°) 2 g and thus since 0°<0<90°, then 0+45°>60° or 6 >15°.

Therefore the minimum possible value of ZADP is 15°.
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1. (a)
(b)
(©)
2. (a)

1 1
If x+27° =125°, what is the value of x?

Solution
1 1

125° =5,27° =3
Therefore, x=5-3=2.

The line y = ax + ¢ is parallel to the line y =2x and passes through the point (1,5). What is
the value of ¢?

Solution
Since the two given lines are parallel, the line y = ax + ¢ has slope 2 and is of the form,
y=2x+c. Since (1,5) is on the line, 5=2(1)+¢

c=3.

The parabola with equation Yy
y=(x—2)>—16 has its vertex at A
and intersects the x-axis at B, as

>

shown. Determine the equation for
the line passing through A and B.

> X

Solution
For y=0, (x—=2)*-16=0

[(-2)-4](+-2)+4] =0

Therefore x =6 or x =-2.
Thus, the x-intercepts of the parabola are —2 and 6, and B has coordinates (6, 0) .
The vertex of the parabola is at A(2, —16).

Equation of line containing (6, 0) and (2, —16) has slope 5 66 =4.

Thus the line has equation, Y- 2 =4 y=4x-24.

Six identical pieces are cut from a board, as shown in the diagram. The angle of each cutis x°.
The pieces are assembled to form a hexagonal picture frame as shown. What is the value of x?
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X° x\ AO x\ AD x\ AO

Solution
Each interior angle of a regular hexagon is 120°.
Putting the frame together we would have the following
2x =120 (in degrees)
x =60°

(b) If log;yx=3+1log;,y, whatis the value of %9
y

Solution
logjp x—log;py=3

= 10g10 (1) = 3
y

= X=10%=1000
y

1

) If x+—= %, determine all values of x> + Lz
X X

Solution 1 ‘Squaring both sides’

(43 =) s
x+—| =|— ;squaring
X 6

x2+2+%:@
X 36
> 1169
X2 32
1 169 72 97
Xt —m=——-—=

Solution 2 ‘Creating a quadratic equation and solving’

6x(x + l) = 6x(£)
X 6
6x>+6=13x

6x> -13x+6=0
(3x-2)(2x-3)=0
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3. (a)

3
X=— or x=—
2
Forxzz,xz+i2 3)? 1
3 X For x=—, 5 + 5
2]+ 3)
e :
3 =770
4 9
9 4 " 36
_81+16
36
o
36
A circle, with diameter AB as shown, y
intersects the positive y-axis at point /
D(0, d). Determine d. D(0, d)
> X
A(-2,0) 0 B(8,0)

Solution 1
The centre of the circle is (3, O) and the circle has a radius of 5.
Thus Vd*+3% =5

d>=5%>-3°

d> =16
Therefore d =4, since d > 0.

Solution 2
Since AB is a diameter of the circle, ZADB=90° and ZAOD =90°.
AADO ~ ADBO

Therefore, @ = B—O
AO OD
and d* =2(8)
d>=16

d=4,since d>0.
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(b)

4. (a)

Solution 3
ZADB=/A0OD = /BOD =90°

In AAOD, AD? = 4+d>.
In ABOD, DB?> =64 +d”.
In AADB, (4+d2)+(64+d2):100
2d* =32
d=4,d>0.

A square PORS with side of length x

is subdivided into four triangular P3T S
regions as shown so that area @ + A o
area = area © If PT=3 and
RU =35, determine the value of x. X
U
B 5
0 X R
Solution

Since the side length of the square isx, 7S=x—-3 and VS=x-5

Area of triangle A = %(3)(x)
Area of triangle B = %(5)(x)
Area of triangle C = %(x -5)(x-3).
From the given information, %(3)6) + %(Sx) = %(x —5)(x—3). Labelled diagram
3x+5x=2x>-8x+15 Pp3T x-3 §
A
x*—16x+15=0 S
x
(x=15)(x-1)=0 U
BYA S
Thus x =15 or x=1.
Therefore x =15 since x =1 is inadmissible. 0 X R

A die, with the numbers 1, 2, 3, 4, 6, and 8 on its six faces, is rolled. After this roll, if an odd
number appears on the top face, all odd numbers on the die are doubled. If an even number
appears on the top face, all the even numbers are halved. If the given die changes in this way,
what is the probability that a 2 will appear on the second roll of the die?
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Solution
There are only two possibilities on the first roll - it can either be even or odd.

Possibility 1 “The first roll is odd’

The probability of an odd outcome on the first roll is l

After doubling all the numbers, the possible outcomes on the second roll would now be 2, 2, 6,
4, 6, 8 with the probability of a 2 being %

Thus the probability of a 2 on the second roll would be %X 1 =

1
>

(O8]

Possibility 2 “The first is even’

The probability of an even outcome on the first roll is %

After halving all the numbers, the possible outcomes on the second roll would be 1, 1, 3, 2, 3, 8.

The probability of a 2 on the second die would now be l

Thus the probability of a 2 on the second roll is %X 1 = é

+

)

O | —
O | —

The probability of a 2 appear on the top face is

b)  The table below gives the final standings for seven of the teams in the English Cricket League in
1998. At the end of the year, each team had played 17 matches and had obtained the total
number of points shown in the last column. Each win W, each draw D, each bonus bowling
point A, and each bonus batting point B received w, d, a and b points respectively, where w, d, a
and b are positive integers. No points are given for a loss. Determine the values of w, d, a and
b if total points awarded are given by the formula: Points =wXW +dXxXD+axXA+bXB.

Final Standings

W Losses D A B Points
Sussex 6 7 4 30 63 201
Warks 6 8 3 35 60 200
Som 6 7 4 30 54 192
Derbys 6 7 4 28 55 191
Kent 5 5 7 18 59 178
Worcs 4 6 7 32 59 176
Glam 4 6 7 36 55 176
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5. (a)

Solution

There are a variety of ways to find the unknowns.

The most efficient way is to choose equations that have like coefficients. Here is one way to
solve the problem using this method.

For Sussex: 6w+4d+30a+63b=201
For Som: 6w +4d+30a+54b =192
Subtracting, 9b=9 b=1

Ifb=1
For Derbys:  6w+4d+28a+55=191
6w +4d+28a=136 (D)
For Sussex: 6w+4d+30a+63=201
6w +4d +30a=138 (2)
Subtracting, (2) — (1) 2a=2
a=1.

We can now calculate d and w by substituting a =1, b =1 into a pair of equations.
An efficient way of doing this is by substituting a =1, b =1 into Som and Worcs.
For Som: 6w+4d+84=192

6w+4d =108 3)
For Worcs: 6w +3d+85=200
6w+3d =105 4)

Subtracting, (3) — (4) d=3.
Substituting d =3 in either (3) or (4), 6w +4(3) =108 (substituting in (3))
6w =96
w=16.

Therefore w=16,d=3,a=b=1.

In the diagram, AD = DC,
sin ZDBC=0.6 and ZACB=90°.
What is the value of tan L ABC?

Solution

Let DB=10.

Therefore, DC=AD=6.

By the theorem of Pythagoras, BC? =10% - 6% =64.
Therefore, BC =8.
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Thus, tan LABC = 2 = E
8 2
(b)  On a cross-sectional diagram of the

Earth, the x and y-axes are placed so A(S 433 39)
that 0(0, 0) is the centre of the Earth T

and C(6.40,0.00) is the location of

Cape Canaveral. A space shuttle is C(6.40, 0.00)

forced to land on an island at
A(5.43,3.39), as shown. Each unit
represents 1000 km. Determine the
distance from Cape Canaveral to the
island, measured on the surface of the
earth, to the nearest 10 km.

Solution

Calculating ZAOC
Calculating arc length
Distance

Solution

tan LAOC = &
543

ZAOC = tan_l(&) =31.97°
5.43
31.97

The arc length AC = W[(Zn)(6.40)] =3.57 units

The distance is approximately 3570 km.

6. (a) Let | x| represent the greatest integer which is less than or equal to x. For example, |3 |=3,
| 2.6 |=2. If x is positive and x| x | =17, what is the value of x?

Solution
We deduce that 4 < x <35.
Otherwise, if x <4, x| x |<16, and if x>5, x| x |>25.
Therefore | x |=4
Since x| x |=17
dx=17
x=4.25
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(b) The parabola y= —x?+4 has vertex y
P and intersects the x-axis at A and B.

>

y=x+4
The parabola is translated from its
original position so that its vertex
moves along the line y=x+4 to the P
point Q. In this position, the parabola
intersects the x-axis at B and C.

Determine the coordinates of C. \C > X

Solution 1
The parabola y =—x? +4 has vertex P(0,4) and intersects the x-axis at A(—2, 0) and B(2,0).
The intercept B(2, 0) has its pre-image, B’ on the parabola y = —x?+4. Tofind B, we find
the point of intersection of the line passing through B(2, O), with slope 1, and the parabola
y= —x? +4.
The equation of the line is y = x—2.
Intersection points, x —2 = —x>+4
x> +x-6=0

(x+3)(x-2)=0.
Therefore, x=—3 or x=2.
For x=-3, y=-3-2=-5. Thus B’ has coordinates (-3,-5).
If (—3,—5) —(2,0) then the required general translation mapping y = —x> +4 onto the
parabola with vertex Q is (x, y) = (x+5,y+5).

Possibility 1
Using the general translation, we find the coordinates of Q to be,
P(0,4) > Q(0+5,4+5)=0(5,9).

If C is the reflection of B in the axis of symmetry of the parabola, i.e. x =5, C has coordinates
(8,0).

Possibility 2

If B has coordinates (—3,-5) then C” is the reflection of B’ in the y-axis. Thus C” has
coordinates (3,-5).

If we apply the general translation then C has coordinates (3+5,—5+5) or (8,0).

Thus C has coordinates (8, 0).

Possibility 3
Using the general translation, we find the coordinates of Q to be,
P(0,4) > Q(0+5,4+5)=0(5,9).

The equation of the image parabola is y = —(x — 5)2 +9.
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To find its intercepts, —(x—5)* +9=0
(x-5)*=9
x—-5=%3.

Therefore x =8 or x=2.
Thus C has coordinates (8, 0).

Solution 2

The translation moving the parabola with equation y = —x? +4 onto the parabola with vertex Q
is T(1, 1) because the slope of the line y=x+4 is 1.

The pre-image of B’ is (2—1,—1).

Since B’ is on the parabola with vertex P, we have

—t=—(2-1)* +4
—t=—4+4r-1* +4
2 -5t=0
1(t-5)=0.

Therefore, t =0 or ¢t =5.

Thus B’ is (=3,-5).

Let C have coordinates (c, 0).

The pre-image of Cis (¢ -5, -5).

Therefore, —5=—(c—5)> +4.

Or, (c—5)* =9.

Therefore c—5=3 or c-5=-3.
c=8 or c=2

Thus C has coordinates (8, 0).

Solution 3

The translation moving the parabola with equation y = —x? +4 onto the parabola with vertex Q
is T(p, p) because the slope of the line y=x+4 is 1.

Q will have coordinates (p, p+4).

Thus the equation of the image parabola is y = —(x — p)2 +p+4.
Since (2, 0) is on the parabola,
0=—(2—p)2 +p+4
p2 -5p=0
p(p-5)=0.
Therefore p=0 or p=5.
The coordinates of Q are (5,9).

As in solution 1, we can use either reflection properties or the equation of the parabola
to find that C has coordinates (8, 0).

10
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7. (a)
(b)
8.
(a)
(b)
(a)

A cube has edges of length n, where n is an integer. Three faces, meeting at a corner, are

painted red. The cube is then cut into n® smaller cubes of unit length. If exactly 125 of these

cubes have no faces painted red, determine the value of n.

Solution

11

If we remove the cubes which have red paint, we are left with a smaller cube with measurements,

(n-1)x(n-1)x(n-1)
Thus, (n—1)° =125
n==6.

In the isosceles trapezoid ABCD,
AB=CD=x. The area of the
trapezoid is 80 and the circle with
centre O and radius 4 is tangent to the
four sides of the trapezoid.

Determine the value of x.

Solution

Using the tangent properties of a circle, the

lengths of line segments are as shown on the

diagram.

Area of trapezoid ABCD =
=4(2b+2x-2D)
=8x.

Thus, 8x =80.

Therefore, x =10.

%(8)(BC + AD)

In parallelogram ABCD, AB=a and
BC =b, where a>b. The points of
intersection of the angle bisectors are
the vertices of quadrilateral PORS.
Prove that PQRS is a rectangle.

Prove that PR=a-b.

Solution
In a parallelogram opposite angles are equal.
Since DF and BE bisect the two angles, let ZADF = ZCDF = LABE = ZCBE
= x (in degrees)
Also ZCDF = Z AFD = x (alternate angles)
Let LDAM = £ZBAM = £ZDCN = ZBCN =y (in degrees)
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(b)

For any parallelogram, any two X
. A N_4F B

consecutive angles add to 0
180°, .. 2x+2y =180

or, x+y=90.

A F
Therefore in A PAF, ZAPF =90°. y X
P

Using similar reasoning and properties of parallel lines we get right angles at O, R and S.
Thus PQORS is a rectangle.

Solution

Since AM is a bisector of £ DAB,let £ DAM = ZBAM =y.

Also, £ DMA =y (alternate angles)

This implies that A ADM 1is isosceles.

Using the same reasoning in ACBN, we see that it is also isosceles and so the diagram may
now be labelled as:

AN=a-b

Thus AADM and ACBN are identical isosceles triangles.
Also, AM| NC (corresponding angles)
or, AP| NR.
By using properties of isosceles triangles (or congruency), AP = NR implying that APRN is a
parallelogram.
Thus AN = PR and since AN =a—b, PR=a—b (as required)
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(a)
(b)

(a)

(b)

13

A permutation of the integers 1, 2, ..., n is a listing of these integers in some order. For
example, (3,1,2) and (2,1,3) are two different permutations of the integers 1, 2, 3. A

permutation (al, ayy .oy an) of the integers 1, 2, ..., n is said to be “fantastic” if a; +a, +... +aq

is divisible by &, for each k from 1 to n. For example, (3, 1, 2) is a fantastic permutation of 1, 2,

3 because 3 is divisible by 1, 3+1 is divisible by 2, and 3+1+2 is divisible by 3. However,

(2,1,3) is not fantastic because 2 +1 is not divisible by 2.

Show that no fantastic permutation exists for n =2000.
Does a fantastic permutation exist for n =2001? Explain.

Solution

In our consideration of whether there is a fantastic permutation for n = 2000, we start by
looking at the 2000th position.

Using our definition of fantastic permutation, it is necessary that 2000| (1+2+43+---4+2000).

Since 14243+ +2000 = (2000)(2001)

2000[1000(2001).
This is not possible and so no fantastic permutation exists for n =2000.

=(1000)(2001), it is required that

Solution

= (2001)(1001) which is divisible by

The sum of the integers from 1 to 2001 is w

2001. If 1, 15, ..., 1oy 1S a fantastic permutation, when we remove 5, from the above sum,

and what remains must be divisible by 2000.
We now consider #; +1, +-+- + 5o and determine what integer is not included in the

permutation.
(2001)(2002)

2

htty+-+hoy = =01

Since (1001)(2001) =2 003 001, 5, must be a number of the form k001 where & is odd.
The only integer less than or equal to 2001 with this property is 1001. Therefore 2,5, =1001.

So the sum up to 540 is 2 003 001-1001=2 002 000.

When we remove 1, we must get a multiple of 1999.

The largest multiple of 1999 less than 2 002 000 is (1999)(1001) = 2 000 999. This would
make 1,y =2 002 000 —2 000 999 =1001 which is impossible since fyqgq # trgo;- If we
choose lesser multiples of 1999 to subtract from 2 002 000 we will get values of #,(,, which
are greater than 2001, which is also not possible.

Thus, a fantastic permutation is not possible for n=2001.
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10. An equilateral triangle ABC has side
length 2. A square, PORS, is such A
that P lies on AB, Q lies on BC, and
R and S lie on AC as shown. The
points P, O, R, and S move so that P, P
QO and R always remain on the sides R
of the triangle and S moves from AC
to AB through the interior of the
triangle. If the points P, Q, R and S B Q C
always form the vertices of a square,

show that the path traced out by S is a
straight line parallel to BC.

In essence, this solution establishes that the perpendicular distance from S to BC 1is
s(sin 8+ cos 6) and then showing that this is a constant by finding s(sin 8 + cos 0) as part of

the base which is itself a constant length.

Solution

Let ZRQC=60 and from § draw a line
perpendicular to the base at P.

Then ZTOB=180-(90+6)=90-6.

Let s be the length of the side of the square.
From R draw a line perpendicular to BC at D
and then through S draw a line parallel to BC.
From R draw a line perpendicular to this line at
E.

From ARQD, RD =ssin 0.

Since ZQRD=90-0 then ZSRE =0.

From ASER, ER=scos0.

The perpendicular distance from S to BC is RD+ ER = ssin 0 + s cos 6 which we must now
show is a constant.

We can now take each of the lengths DC, DQ, PF, FB and express them in terms of s.

From A RDC which is a 30°—60°—90° triangle, D—C = #
RD 3
Since RD = s sin O (from above)

DC = L(s sin §) = ﬁssin 0.
V3 3



2000 Euclid Solutions

Note:

From ARDQ, %zcos 0, OD=scosH.

From ATFQ, sinG:Q and costE.
S S

or, FQ=ssin0 and TF = ssin 0.

From ATFB,E— I F= I

=— B TF:LSCOSGZESCOSG.
TF 3 3

V33

f
/

Since DC+QD+ FQ+BF =2, %ssin9+sc059+ssin6+§scos€):2.

%(scos9+ssin6)+(scose+ssin9):2

scose+ssin9=ﬁ

ﬁﬂ
3

Thus scos 0+ ssin 0 is a constant and the path traced out by S is a straight line parallel to BC.

A number of enquiries have been made about this question. Several individuals have made the
comment that it is not possible to do this under the given conditions. What is not mentioned,
and what is not realized, is that the size of the square changes. This makes it possible for the
square to exist under the given conditions.

15
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(a)

(b)

(©)

If x '=3"1+47" whatis the value of x?

If the point P(-3,2) is on the line 3x + 7ky =5, what is the value of k?

Solution

Since P is on the line, its coordinates must satisfy the equation of the line.
Thus, 3(-3)+7k(2)=5

14k =14
k=1
) ) ) 1 6
If x—x-2=0, determine all possible values of l-———.
X x
Solution 1
x> —x-2=0 Substituting
1 3
x=2)(x+1)=0 For x=2,1-———
(x-2)x-+1) =
sox=2o0r x=-1 -_1
For x=-1,1+1-6
=—4
Solution 2
1 6 _2?-x-6
x  x? x?
(x —x—2)—4
= =

=—§ (since xz—x—2=0)
X

But x> —x—2=(x-2)(x+1)=0 ~x=2 or x=-1.
Substituting x =2, or X=-L
-4 —

4 1
:—1. :—4
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(a)

(b)

(c)

The circle defined by the equation (x + 4)2 +(y- 3)2 =9 is moved horizontally until its centre

is on the line x = 6. How far does the centre of the circle move?

Solution
The identifying centre is (-4, 3).

Therefore the centre moves 10 units.

>X

The parabola defined by the equation y = (x — 1)2 — 4 intersects the x-axis at the points P and Q.
If (a, b) is the mid-point of the line segment PQ, what is the value of a?

Solution 1
Intercepts of parabola are 3 and 1.
Midpointis 1, ..a=1.

Solution 2
Axis of symmetry is x =1.
(or vertex is at (1, —4))

By symmetry, a=1.

Determine an equation of the quadratic y
function shown in the diagram.
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(a)

Solution 1

Let the equation of the parabola be y = ax* +bx+c.
The parabola passes through the points (-3, 0), (-1,0) and (0, 6).

Substituting (0, 6) gives, 6 =0+0+c, c = 6.

Substituting (-3, 0) and (-1, 0) gives,
0=9a-3b+6

and O0=a-b+6.

Solving gives, a=2, b=38.

The equation is y = 2x> +8x+6.

Solution 2

The general form of the quadratic function is,

y=k(x+3)(x+1).
Since (0, 6) is on the parabola,
6 = k(0+3)(0+1)
Sk=2.
The equation is y = 2(x +3)(x +1).

Solution 3

Let the equation of the parabola be y = a(x+2)* +c.

Since (0, 6) is on parabola, 6 =4a+c,
and (-1,0) is on parabola, O=a+c.
Solving, a=2, c=-2.

~. Equation is y=2(x+2)* -2.

How many equilateral triangles of side 1
cm, placed as shown in the diagram, are
needed to completely cover the interior of
an equilateral triangle of side 10 cm?

’@%
(@)

@ %

[«<—— 10cm ——>l
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(b)

Or,

Solutionl
If we proceed by pattern recognition, we find
after row 1 we have a total of 1 triangle, after

two rows we have 2% or 4 triangles. After ten

rows we have 10% or 100 triangles. g 2 @

J«<—— 10cm ——>l

Solution 2

This solution is based on the fact that the ratio of areas for similar triangles is the square
of the ratio of corresponding sides. Thus the big triangle with side length ten times that
of the smaller triangle has 100 times the area.

The populations of Alphaville and Betaville were equal at the end of 1995. The population
of Alphaville decreased by 2.9% during 1996, then increased by 8.9% during 1997, and
then increased by 6.9% during 1998. The population of Betaville increased by r % in each
of the three years. If the populations of the towns are equal at the end of 1998, determine
the value of r correct to one decimal place.

Solution
If P is the original population of Alphaville and Betaville,
3
P(.971)(1.089)(1.069) = P(l + L) (1)
100
3
1.1303:(1+L) 2)
100
From here,
Possibility 1

1+-L =(1.1303)°
100

1+—— =1.0416
100

r=42%
Possibility 2
,
3log|1+—|=1log1.1303
o1+ 55 os

log (1 + L) = 01773
100

1+—— =1.0416
100

r=4.2%
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4. (a) Inthe diagram, the tangents to the two
circles intersect at 90° as shown. If the
radius of the smaller circle is 2, and the
radius of the larger circle is 5, what is the
distance between the centres of the two
circles?

Solution
The distance from the centre of smaller circle to

the point of intersection is 2+/2.
The distance from the centre of larger circle to
the point of intersection is 5~/2.

Therefore the total distance is 7+/2 .

(b) A circular ferris wheel has a radius of 8 m and rotates at a rate of 12° per second. At
t =0, a seat is at its lowest point which is 2 m above the ground. Determine how
high the seat is above the ground at # =40 seconds.

Solution

At t =40, the seat would have rotated 480° or
120° from its starting position.

We draw the triangle as shown.

The height above the ground is

2 +8+8sin 30°

=14 m.

8 sin 30°

8
30°

/

AR

5. (a) Arectangle PORS has side PQ on the y

x-axis and touches the graph of
y =k cos x at the points S and R as

shown. If the length of PQ is T and the
: S R

. 5m .
area of the rectangle is —, what is the

>

o a
(1]

> X

value of k? P O @)
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(b)

Solution

If PO= g, then by symmetry the coordinates of R

are (E, k cos E).
6 6

.
Area of rectangle PORS = E(k cos E) = E(k) ﬁ S
3 6) 3\ 2, -z /

o > X
But \@anS_n .'.kzI—gorE\s’S. P O Q
6 3 3 3

In determining the height, MN, of a M

tower on an island, two points A and B,
100 m apart, are chosen on the same
horizontal plane as N. If £ NAB=108°, = B

ZABN =47° and £ MBN =32°, N
determine the height of the tower to the
nearest metre. A

[SIF]

Solution

In ABAN, Z BNA =25°

Using the Sine Law in A BAN,
NB 100

sin 108°  sin 25°

Therefore NB= M =~ 225.04,

sin 25

Now in AMNB, M =tan 32°
NB

N = 1()().sin 108°
sin 25

X tan 32° =140.6

The tower is approximately 141 m high.



6.

1999 Euclid Solutions

(a) The points A, P and a third point Q (not X
shown) are the vertices of a triangle which
is similar to triangle ABC. What are the
coordinates of all possible positions for
Q?
P(2.2)
B(1,1)
A(0,0) C(2,0)

Solution
0(4,0),0(0,4)
0(2,0),0(0,2)
Q(_ 2a 2)5 Q(za - 2)

y

A

0(0,4)
0(-2,2) (0.2
0(0,2) P02 2)
B(1,
> X
A0\ c2,0: 04,0

(b) Determine the coordinates of the points of intersection of the graphs of
y=1log;g(x—2) and y=1-1log;o(x+1).

Solution
The intersection takes place where,
logjo(x—2)=1-log;o(x+1)

loglo(x - 2) + loglo(.x + 1) =1

loglo(x2 —x— 2) =1

> X
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(a)

x> —x-2=10
x*-x-12=0
(x—4)(x+3)=0
x=4 or -3
For x =-3, yis not defined.
For x=4, y=1log;;2=0.3.
The graphs therefore intersect at (4, log;o 2).

On the grid provided in the answer booklet, draw the graphs of the functions
y=-2+x+1 and y=+/x—2. For what value(s) of k will the graphs of the
functions y=-2+/x+1 and y=+/x—2 +k intersect? (Assume x and k are real

numbers.)

Solution

[\ I US B AN ]

6 -5 -4 -3 —2 — 1 2 3 4 5

-
y=-2Jx+1

The graph of y=+/x—2 +k is identical in size and shape compared to that of y=+/x—2. The
parameter, k, just means that the graph can take any position on the line x =2 for all real values
of k. If we allow y=+/x—2 +k to move and it slides down to point A, this implies that for

k =—2+/3 the graphs will intersect. The graphs will also intersect for k <—2+/3 which is
easily seen graphically. Thus the required values for k are k <—24/3, .
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(b)

Part of the graph for y = f(x) is shown, Yy
0<x<2.
If f(x+2)= %f(x) for all real values

of x, draw the graph for the intervals, 8
—2<x<0and 2<x<6.

Solution

) 2 4 6

In (b) students did not know how to use the functional equation, f(x+2)= % f(x). We will

give an example to indicate how we might use this notation to get the required graph.

Let x =1 which gives us f(3) = % f(1)when we substitute into the given equation. Since
f(1)=2 (which we read from the given graph) we can say that f(3) = %(2) =1. This means

that (3, 1) is a point on the new graph. We can proceed from here by considering different
values for x.
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(a)

The equation y = x> +2ax+a represents a parabola for all real values of a. Prove that each of
these parabolas pass through a common point and determine the coordinates of this point.

Solution 1
Since y:x2 +2ax+a forall a, a € R, it must be true for a=0 and a=1.
For a=0, yzxz;for a=1, y=x2+2x+1.

By comparison, (or substitution) x?=x?+2x+1
-1
SoX=—
2
Lo 1
Y 4

-1 1
We must verify that x = > y= 2 satisfies the original.

2
Verification: y:x2+2ax+a=(_—1) +2a(_—1)+a=l—a+a:l
2 2 4 4

-1 1
(?’Z) is a point on y:x2 +2ax+a, aeR.

Note:
Students can choose values other than a =0, a =1 to achieve the same result.

Solution 2
If y= x> +2ax+a represents a parabola for all real values of a then it is true for all @ and b
where a #b.
So, y=x?+2ax+a and y=x>+2bx+b (by substitution of ¢ and b into y = x> +2ax+a)
Since we are looking for common point, x?+2ax+a=x>+2bx+b

2ax-2bx+a—-b=0

a2x+1)-b(2x+1)=0

(a=b)2x+1)=0

Since a#b,2x+1=0 :>x=_?l and yzi.

Solution 3
(1) The parabola can be written as, y = x> +a(2x +1).

) If 2x+1=0,then x= _?1 and y= % by substitution
Line (2) is true for all values of a and hence (_?1, i) is a point that is always on the given

parabola.

Solution 4
Let the common point be (p, ¢) for all a.
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", p:q2+2ap+a
For a=0, q=p2
For a=1, q=p2+2p+1

-1 1
. 2p+1=0, p=—and g=—
4 4 > q 4

Hence the point is (_—1, l)
2 4

Verification as in Solution 1.

(b) The vertices of the parabolas in part (a) lie on a curve. Prove that this curve is itself a parabola
whose vertex is the common point found in part (a).

Solution
Calculating the coordinates of the vertex of y = x*+2ax+a,

y=xz+2ax+a2 —a*+a
y=(x+a) —a*+a
. Vertex is (—a, —a’+ a).
We can determine the required by letting x =—a and y = —a*+a.
Substitute @ =—x into y = —a® +a to obtain y= —x? —x.
1

2
Completing the square of y=—x” —x gives y= _( X+ %) + 7

(_—1, l) is the vertex of y = —x? —x.
2 4

A ‘millennium’ series is any series of consecutive integers with a sum of 2000. Let m
represent the first term of a ‘millennium’ series.

(a) Determine the minimum value of m.

(b) Determine the smallest possible positive value of m.

Solution 1 - Parts (a) and (b)
Series is, m+(m+1)+(m+2)+...+(m+(k - 1)) =2000

Therefore, (m+ k= 1)(m + k) — (m —21)m =2000

2
k(2m + k —1) = 4000

Parity Argument

If kis odd then 2m + k —1 is even and vice-versa.

(Note: This is true because if k is odd then k—1 isevenasis 2m so 2m+k —1, is itself even. A
similar argument can be made for k an even integer to show that 2m+k —1 is odd.)

One of the factors of 4000 must be 1, 5, 25 or 125 which gives the eight cases listed below.

Note:

12
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If we had used m+(m+1)+ ...+ (m+k)=2000, we would have arrived at
(k+1)(2m+ k)= 4000 and then the parity argument is virtually identical to that presented just

above.

Listing of Possibilities

k 2m+k—1 m
1 4000 2000
5 800 398
25 160 68
125 32 —46
4000 1 -1999
800 5 -397
160 25 -67
32 125 47

(a) minimum value of m is —1999
(b) smallest possible positive value of m is 47

Solution 2 - Parts (a) and (b)
Note that this argument is very similar to the previous but initially it looks different.
With n integers in the series: m+m+1+...+[m+(n—1)]=2000

%n(n +2m—1)=2000

n? +(2m—1)n-4000 =0
Since n is a positive integer this expression factors.
Since the sum of the roots is —(2m —1), an odd integer, the roots must be one odd and one
even.
The product of the roots is 4000.
The odd divisors of 4000 are 1, 5, 25 or 125.

Factorization 2m-1) m
(n—1)(n + 4000) 3999 2000
(n—5)(n +800) 795 398
(n—25)(n+160) 135 68
(n—125)(n+32) -93 -46
(n+1)(1n - 4000) ~3999 ~1999
(n+5)(n—800) 795 397
(n+25)(n—160) 135 67
(n+125)(n—32) 93 47

(@ -1999

(b) 47

Possible Solution - Part (a)
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10

ABCD is a cyclic quadrilateral, as shown, with
side AD = d, where d is the diameter of the
circle. AB=a, BC=aand CD=b. Ifa, b
and d are integers a # b,

(a)

If we start with a negative number m and add consecutive integers the sum will remain negative
until we have added the integers from m to |m| at which time the sum will be 0. To reach a

positive sum we add one more term, giving us a sum of | m | +1. Thus if we add the numbers

—1999, ..., 1999, 2000 we get a sum of 2000. However, if we start with an integer m less than
~1999 and add until we get to |m|+1 the sum will be greater than 2000, and will get even

larger if we add further integers. Thus the minimum value for m is —1999.

This argument recognizes that —1999 is an answer but also justifies that m =—-1999 is the
minimum answer.

prove that d cannot be a prime number.

(b) determine the minimum value of d.

(a)

Solution
Join A to C and since £ ACD is in a semicircle,

ZACD=90°.
Let ZABC=q., .. ZCDA =180°— o (cyclic quad.)
From AABC, AC* =a* +a* -2a° cosa.

From AACD, AC? =d* —b” and cos (180°—o.) :S

or cos oL =—.
d
By substitution, d* —b* =24 - 2a2(_7b)

d> —db® =24*d +24°b
d(d* - b)=24>(d +D)

2a*>=d(d-b),d b

Note that this relationship could also be reached in the following way:
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(b)

15

A Possible Second Method for deriving, 2a% = d(d-D)
Using AOBC for example,
2 2
From AOBC, a’ = d— + d— - 2(2)(2) Ccos Ot
4 4 2 N2

2
nat="(1-
a 2( cos 0l

b

_2 _

But cosoc—é—
2

By substitution, 2a* = d(d — b) as before.

From here we can use the above relationships to arrive at a contradiction.
From 2a* = d(d — b), if we start by assuming d is a prime then d =2 or d 3.

Casel d=2
If we make the substitution d =2 in 2a”* = d(d — b) then we have,

2a* =2(2-b)
a*=2-b
b+a*=2.
Since a and b are integers then this implies a = b =1 which is not possible since we are told that
a and b must be different.

Case2 d=3,daprime

Students should start by looking at the relationship, 2a° =d (d—-Db). If d>3 and we look at
the left and right side of this relationship then d must divide into the left hand side. Since d > 2,
it is not possible that d | 2. So clearly, then, d must divide a’. However, we made the
assumption that d is prime and greater than 2 so d not only divides a” but d also divides a.

This is not possible, however, since d is the diameter of the circle and is larger than a. Our
original assumption that d was prime must be incorrect and so d must be a composite number.

Note:
Students should observe that there was nothing in our proof that prevents d from being a
composite number. In part (b) an example is given to show this possibility.

Solution
Note that d is not prime so d #2, 3,5, 7, etc.
Try d =4, 2a* =4(4-b)
a® =2(4-b).
If b=1or3 then a®> =6 or2 soais notan integer.
If h=2 then a=2 but a# b so this is not possible.
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Try d=6, 24> =6(6-b), a> =3(6-b).
If b=1, 2,4 or5 then a is not an integer.
If 5=3 then a=3 but a+#b as before.

Try d =8, 24> =8(8—b), a*> =4(8-1b).

~.b =" gives a =2, an acceptable solution.

So the minimum value of d is 8.

16
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1. (a)  If one root of x?+2x—c=01is x= 1, what is the value of ¢?

Solution 1
If x =1, by substituting, ¢ =3.

Solution 2
By division,
x+3

x—lix2+2x—c

2
X —X

3x-c

3x-3

—c+3
If the remainder is zero, —c+3=0

c=3.

(b) If 22*~* =8, whatis the value of x?

Solution
22x — 4 — 23

Therefore, 2x -4 =3

X =

SIS

(¢) Two perpendicular lines with x-intercepts —2 and 8 intersect at (0, »). Determine all values of

b.
Solution 1
If the lines are perpendicular their slopes are negative y
reciprocals. \
Thus, i X é =-1
-8 2 0, b)
b* =16, b==14. /\
(-2,0) 8,0
Solution 2

Using Pythagoras, [(b—0)” +(0-8)*]+[(6-0)> +(0+2)*| =10
2b* =32, b==4.

Solution 3
The vertices of the triangle represents three points on a circle with (-2, 0) and (8, 0) being the



1998 Euclid Solutions

3.

(a)

(b)

(c)

(a)

coordinates of the end points of the diameter. This circle has centre C(3,0) and r=5. The

equation for this circle is (x — 3)2 + y2 =25 and if we want to find the y-intercepts we let x =0
which gives b=14.

The vertex of y=(x— 1)2 + b has coordinates (1,3). What is the y-intercept of this parabola?

Solution
The vertex of parabola is (1, b).

Therefore, b = 3.

The required equation is now y = (x —1)% +3.
For the y-intercept, let x=0.

Thus, y,, =(0-1)* +3=4.

What is the area of A ABC with vertices A(=3,1), B(5,1) and C(8,7)?

Solution
Drawing the diagram gives a triangle with a height of 6 and a base of 8 units.
The triangle has an area of 24 square units.

In the diagram, the line y=x+1 intersects the y
parabola y= x*-3x-4 at the points P and Q.
Determine the coordinates of P and Q.

N
Solution

Consider the system of equations y=x+1, y= x?-3x—4.
Comparison gives x +1= x> —3x-4
xX*—4x-5=0
(x=5)(x+1)=0.
Therefore x =5 or x=-1.

If x=5,y=6andif x=-1, y=0.
The required coordinates are P(—1,0) and Q(5, 6).

The graph of y =m” passes through the points (2, 5) and (5, n). What is the value of mn ?
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(b)

4. (a)

(b)

Solution
Since (2,5)ison y=m", 5= m?.

Since (5, ) is on y=m", n=m".

So mn= m(m5)=m6 :(m2)3 =5°=125.

Jane bought 100 shares of stock at $10.00 per share. When the shares increased to
a value of $N each, she made a charitable donation of all the shares to the Euclid
Foundation. She received a tax refund of 60% on the total value of her donation.
However, she had to pay a tax of 20% on the increase in the value of the stock.
Determine the value of N if the difference between her tax refund and the tax paid
was $1000.

Solution
Jane’s charitable donation to the Euclid Foundation was 100N dollars.
Her tax refund was 60% of 100N or 60N dollars.
The increase in the value of her stock was 100(N —10) or (100N —1000) dollars.
Jane’s tax payment was 20% of 100N —1000 or 20N —200.
From the given, 60N — (20N —200) = 1000
Upon simplification, 40N = 800
N = 20.
Therefore the value of N was 20.

Consider the sequence #; =1, t, =—1 and ¢, = (n—_?)tn _, where n=3. What is the value of
n —
f998?

Solution 1
Calculating some terms, t; =1, 1, =1, 1, =0, t, = %1, ts=0, 1= %1 etc.
-1

By pattern recognition, #;99g = 1997 °

Solution 2
; _ 1995t 1995 y 1993t
1998 = 799711996 = 7997 * 1995 1994

_ 1995 1993 1991 3.1

T 1997 1995 1993 5 32
o
~ 1997

The nth term of an arithmetic sequence is given by #, =555 —"7n.
If §, =t +1t, +... +1,, determine the smallest value of n for which S, <0.
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5. (a)

Solution 1
This is an arithmetic sequence in which a =548 and d =-7.

Therefore, S, = [2(548)+(n—1)(=7)]= [~ 7n+1103].

We now want ~(~7n+1103) <0.

Since n>0, -7n+1103<0

4
n>1577.

Therefore the smallest value of n is 158.

Solution 2

n n
For this series we want, Y <0, or » (555-7k)<0.
k=1 k=1

Rewriting, 5551~ 700+

1110n-Tn*> -Tn <0

0% —1103n >0

1103
or, n>—.
7

The smallest value of n is 158.

Solution 3
We generate the series as 548, 541, 534, ..., 2, -5, ..., =544, - 551.

If we pair the series from front to back the sum of each pair is —3.

Including all the pairs 548 — 551, 541 - 544 and so on there would be 79 pairs which give a
sum of —237.

If the last term, —551, were omitted we would have a positive sum.
Therefore we need all 79 pairs or 158 terms.

A square OABC is drawn with vertices as y

shown. Find the equation of the circle with i

largest area that can be drawn inside the square. B(0, 4)
C(-2,2) A(2,2)

0(0, 0)
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Solution

The square has a side length of 2/2.

The diameter of the inscribed circle is 2+/2 , SO its radius is V2.
The centre of the circle is (0, 2).

The required equation is x* +(y — 2)2 =2o0r x> +y>—4y+2=0.

(b) In the diagram, DC is a diameter of the larger circle centred at
A, and AC is a diameter of the smaller circle centred at B. If
DE is tangent to the smaller circle at F, and DC =12,
determine the length of DE. D

Solution

Join Bto Fand Cto E.

FB1 DE and DFE is atangent .

Since DC is a diameter, £ DEC =90°.
Thus FB| EC.

By Pythagoras, DF = v92_32 =72,
Using similar triangles (or the side splitting theorem)

we have,

OR
DE_DC EC_12
DF DB FB 9
DE 4 4
—=— EC=_FB
672 3 3
DE =82 or /128 EC=4

By Pythagoras, DE =8+/2 or /128.

6. (a) Inthe grid, each small equilateral triangle has side length 1. If
the vertices of AWAT are themselves vertices of small
equilateral triangles, what is the area of AWAT?
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(b)

Solution 1 A
AT? =17 +4% —2(1)(4)cos 60° =13 1
Since AWAT is an equilateral triangle with a side of /60°

length /13, its height will be %(«/ﬁ ) . The area of

AWAT is thus, ;[(f)(«/ﬁ)]\/l— = ?«/g . It is also possible to use the formula for the area

of a triangle,

Area = %ab sin ¢. Since the triangle is equilateral, area of AWAT = J3AT? = 13;6 .
Solution 2

Since the small triangles have sides 1, they have a

height of g

Consider rectangle PQTU .
Then

| AWAT | = | PQTU |- | AAPW | —| AWQT | -| ATUA |
= (PQ)(QT) — 5 (AP)(PW) — - (WQX(QT) - 5 (TU)(UA)

= (35)(243)- 1

T2

)(2.5) — 1 (243)- ;(3.5)(*/23)

I~ 1 J/_
_ 73— 543
4
1343
4
In AABC, Mis apointon BC such that BM =5 and A
MC=6. If AM =3 and AB=7, determine the exact 7
value of AC. 3
B 5 M 6 C
Solution
32_72-5% 13

From AABM,cos<B=———=—.
-2(7)(5) 14

From AABC, AC? =72 +112 ~2(7)(11)(13) = 27.

Therefore, AC =+/27.
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7. (a) The function f(x) has period 4. The graph of one 3’\
period of y= f(x) is shown in the diagram. Sketch
the graph of y=%[f(x—l)+f(x+3)],f0r -2<x<2. 2
-2 0 >
=3 1 [ 2 3
-2
Solution 1
@ f(x)  flx=1)  f(x+3) y
\
S =1+ f(x+3)] (
2 0 2 2 2 2
-1 -2 0 0 0
0 0 -2 -2 -2 —2\__0F o
1 2 0 0 0 -3 -1 1 2 3
2 0 2 2 2
)

Now plot the points and join them with straight line segments.

Solution 2

Since f(x) has period 4, f(x+3)= f(x-1).

Therefore, y = [f(x=1)+ f(x+3)]= [ f(x=1)+ f(x=1)] = f(x-1).

The required graph is that of y = f(x —1) which is formed by shifting the given graph I unit to
the right.

(b) If x and y are real numbers, determine all solutions (x, y) of the system of equations
X% - xy+8=0
x?—8x+ y=0.

Solution 1
Subtracting,

xz—xy+8:O

x> —8x+y=0

—xy+8x+8—y=0

8(1+x)—y(1+x)=0
(8-y)1+x)=0

y=8 or x=-1
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8. (a)

(b)

If y =8, both equations become x> -8x+8=0 , x=4% 242.
If x =—1 both equations become y+9=0, y=-9.
The solutions are (-1, -9), (4 +242, 8) and (4 —22, 8) )

Solution 2
2

It xz—xy+8:O,y=x +8.
X

And x? —8x+y=0 implies y=8x — x°.

2
x“+8
=8x—x°

Equating,

or, x> = 7x* +8=0.
By inspection, x =—1 is a root.
By division, x> —7x* +8=(x + 1)()62 —8x+ 8).

As before, the solutions are (-1, -9), (4 +24/2, 8) )

In the graph, the parabola y = x? has been translated to
the position shown. Prove that de = f.

> <

(_d,O)\ \/ o
(0, - f)
Solution

Since the given graph is congruent to y = x? and has x-intercepts —d and e, its general form is
y=(x+d)(x—e).

To find the y-intercept, let x = 0. Therefore y-intercept = —de.

We are given that the y-interceptis — f .

Therefore —f =—de or f=de.

In quadrilateral KWAD, the midpoints of KW and AD y

are M and N respectively. If MN :%(AW+ DK),

prove that WA is parallel to KD. 2 4
M N




1998 Euclid Solutions

Solution 1
Establish a coordinate system with K(0, 0), D(2a, 0) on y
the x-axes. Let Wbe (2b,2¢) and A be (2d, 2e). /
Thus M is (b,c) and Nis (a+d, e). W(2b,2c)  A(2d, 2¢)
KD has slope 0 and slope WA = e
1 d-b M(b, c) N(a +d, e)

Since MN = (AW + DK)

Va+d—b)* +(e-c) K(0,0) D(2a,0)

= ;(Za +12d - 2b)* +(2¢ - 2¢)? )

_ ;(2(1 +2)(d =) + (e~ c)z)
Squaring both sides gives,
(a+d-b)* +(e-c)* =d* +2a\/(d—b)2 +(e—c)? +(d—b)* +(e—c)*

a® +2a(d - b)+(d - b)* :az+2a\;“s(d—b)2+(e—c)2 +(d - b)?

Simplifying and dividing by 2a we have, d —b =+ (d — b)* +(e—c)* .

Squaring, (d —b)* =(d - b)* +(e—c)*.
Therefore (e—c)* =0 or e=c.
Since e = c then slope of WA is 0 and KD||AW.

Solution 2 y
Join A to K and call P the mid-point of AK . A
Join M to P, Nto P and M to N. W(2b,2c)  A(2d, 2e)
In AKAW, P and M are the mid-points of KA and KW.

Therefore, MP = % WA . M(b, c) N(a+d, e)

Similarly in AKAD, PN = KD. > 5

K(0, 0) D(2a, 0)

Therefore MP+ PN = MN .

As aresult M, P and N cannot form the vertices of a triangle but must form a straight line.
So if MPN is a straight line with MP||WA and PN|| KD then WA|| KD as required.

Solution 3

We are given that AN = ND and WM = MK .

Using vectors,

(1) MN=MW+WA+AN (from quad. MWAN)
(2) MN=MK+KD+DN (from quad. KMND)
It is also possible to write, MN = -MW + KD — AN ,
(3) (This comes from taking statement (2) and making
appropriate substitutions.)

10
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If we add (1) and (3) we find, 2MN = WA + KD.

But it is given that 2‘W‘:‘WV‘+‘E€‘

From these two previous statements, MN must be parallel to WA and KD otherwise
2| MN|<| AW |+| DK |

Therefore, WA|| KD.

9.  Consider the first 2n natural numbers. Pair off the numbers, as shown, and multiply the two
members of each pair. Prove that there is no value of n for which two of the n products are equal.

1 2 3 n=-2) m-1) n m+1) m+2) Mm+3)---2n-1) 2m
| ' — ' |

Solution 1
The sequence is 1(2n), 2(2n-1),3(2n-2), ... k2n-k+1), ..., p2n-p+1), ... n(n+1).

In essence we are asking the question, is it possible that k(2n—k+1) = p(2n— p +1) where p and k

are both less than or equal to n?’
k(2n—k+1)=p(2n-p+1) (supposing them to be equal)

2nk — k> +k = 2np—p2 +p
p2 —k? +2nk-2np+k—-p=0
(p—k)(p+k)+2n(k - p)+(k-p)=0
(p-k)(p+k)-2n-1]=0
(p—k)p+k-2n-1)=0
Since p and k are both less than or equal to n, it follows p+k —2n—1#0. Therefore p = k and they
represent the same pair. Thus the required is proven.

Solution 2
The products are 1(2n+1-1), 2(2n+1-2), 3(2n+1-3),..., n(2n+1-n).
Consider the function, y=x(2n+1-x)=—x*+(2n+1)x = f(x).



1998 Euclid Solutions 12

The graph of this function is a parabola, opening down, with y

. _ 1

1ts vertex at x—n+§. *
The products are the y-coordinates of the points on the
parabola corresponding to x =1, 2, 3, ..., n. Since all the
points are to the left of the vertex, no two have the same  y-

coordinate.

Thus the products are distinct. * \ > X
f X=n+ %

Solution 3

The sum of these numbers is 2n2n+1) or n(2n+1).

n(2n+1) 1
——=n+—.
2n
The 2n numbers can be rewritten as,
1 (Zn—l) 1 3 1 1 I 1 1 3 1 (211—1)
n+—-— Nt ——— n+———,n+t—+—,n+—+—,,n+—+ :
2 2 2 2 2 2 2 2 2 2 2
The product pairs, starting from the middle and working outward are

Their average is

_ 12 1
_ 12 9

2 2
ne(rs) (5
2 2

2 2
Each of the numbers ( ) is distinct for k =1, 2, 3, ..., n and hence no terms of P, are equal.

Solution 4

The sequence is 1(2n), 2(2n—1),3(2n-2), ..., n[2n - (n-1)].

This sequence has exactly n terms.

When the kth term is subtracted from the (k + 1)th term the difference is
(k+1)[2n—k]-k[2n—(k-1)]=2(n-k). Since n> k, this is a positive difference.

Therefore each term is greater than the term before, so no two terms are equal.

10. The equations x2+5x+6=0 and x> +5x-6=0 each have integer solutions whereas only one of
the equations in the pair x*+4x+5=0and x> +4x-5=0 has integer solutions.

(a) Show that if x>+ px+qg=0 and X%+ px—q=0 both have integer solutions, then it is

possible to find integers a and b such that p2 =a’+b%. (ie. (a, b, p) is a Pythagorean triple).
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(b) Determine g in terms of a and b.
Solution
(a) We have that X%+ px+q=0 and X%+ px —q =0 both have integer solutions.
_ptypP-4
For x2+px+q=(),itsr00tsare p \‘5 4

(b)

In order that these roots be integers, p2 —44q must be a perfect square.
Therefore, p2 —4q = m? for some positive integer m.

—px\p’+4q
2

Similarly for X%+ px—q =0, it has roots and in order that these roots be

integers p2 + 44q must be a perfect square.
Thus p2 +4qg = n? for some positive integer n.
Adding gives 2p2 =m? +n® (with n>m since n” = p2 +4q
> p2 —4q= mz)
And so p2 = lm2 +ln2 =(n+m)2 +(n_m)2.
2 2 2 2
We note that m and n have the same parity since m” = p* —4¢ = p*(mod 2) and

n? = p? +4q=p*(mod2).

. + - e +
Since 22 and % are positive integers then p2 =a® +b? where a = % and
p="""

2
+ j—
From (a), a:% and b=" 2m orn=a+band m=a-b.
From before, p2 +4qg = n’
4g2 =n2 — p2
q =n —-p
=(a+b)’ —(a2 +b2)
4q =2ab.

Therefore, g = %b.

13
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