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Number Systems

As we come across different situations, we need to extend our number systems.

N: The natural numbers are the set of all non-negative integers 0,1,2,3...
Consider x + 2 = 1.
2 cannot be a number in N, thus we need to extend our number system to include negative integers.

Z: The set of all integers 0, +1,+2,£3...
However, again our system is not sufficient. If we consider 2x = 1, z must be %, thus we need to
extend our number system to include fractions.

Q: The set of all rational numbers is denoted by Q = { : a,b € Z,b # 0}.
However, there are numbers on the number line which do not correspond to a rational number such
as m and /2.

Q: The set of all irrational numbers are the real numbers which are not rational.
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R: The system of numbers that correspond to all the points of the number line is called the set of
real numbers.
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What if we wish to find the root of a negative number, such as 22 = —1. We will define the complex

number system to handle this.



C: The set of all complex numbers is denoted by C = {z + yi : z,y € R}.
For z = x + yi, x is called the real part and y is called the imaginary part. 7 is a new symbol with
the property that i = —1.

Addition and Multiplication are defined by:
(a+bi)+ (c+di) = (a+c)+ (b+ d)i.
(a+ bi)(c+ di) = (ac — bd) + (ad + cb)i.

The Complex Plane: Imaginary
axlis

The real numbers have a geometric repre-
sentation of points on a number line, the
complex numbers are associated with points
on a plane.We label the horizontal axis the

real axis and the vertical the imaginary axis. Real axis
The geometric representation of the complex _L >
number z = x + yi is the point (z,y) in the

plane.

Polar form:

For any point in cartesian coordinates, we can also use polar coordinates.
(z,y) < (r,0)

by (z,y) — (Va2 + ¢, arctan(3))

or backwards (r,0) — (rcosf, rsinf)
We define the modulus of the complex number 2z = x + y2 to be:

llz]] = /2% + y2. This is just the distance from the point z to the origin.
Furthermore, the angle 6 is called the argument of z.

Find the polar form of any complex number z = a + bi.
From the diagram, sinf = S and fm A
cost) = 2.

Rearranging we get rsinf = b

and rcos# = a, and thus we have r

2z = rcosf + irsinf. This gives us the b
polar form for any complex number z.
z = r(cosf + isinf). Which we denote B >
as rcist

(@b)

One reason for converting complex numbers into polar form is that multiplication is made easier.
If 2y = ri(cost +isinby) and zo = r3(coshy + isinbs)
Then z129 = rirafcos(0; + 02) + isin(0; + 65)].



Exercise: Prove this.

De Moivre’s Theorem:

Theorem

For any real number # and integer n,

(cosf + isinf)™ = cosnb + isinnd.

Corollary Following immediately from the theorem we get:
If 2 = r(cosh + isinf) then, for any integer n,

2" = r"(cosnb + isinnd)

Exercise: Calculate (v/3 + i)''. We could expand using the Binomial Theorem, but it is easiest
to convert to polar coordinates and use De Moivre’s Theorem.
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We have v/3 + i = 2(cos% + isin¥)
and so using the corollary we get:

(V3 + i)n' = 2" (cos i + isingT)
— 211(\/%77,)

= 1024+/3 — 1024i.

We can also define the complex exponential function by

e = cosf + isinf

This complex exponential obeys the usual laws of exponents because
e?e’® = ¢!0+%) (by multiplication of complex numbers in polar form)
(e?)" = e (by De Moivre’s Theorem)

The polar form of a complex number z can now be written as
z = re?,

where r = |z] and 6 is the argument of z.

Since €™ = cosm + isinm = —1 + 07, we obtain the famous equation, due to Euler, that connects the
numbers 7, e, 7, 1 and 0, namely
e +1=0.



However, the complex numbers are not the end of the number system, we will now take a look at a
set of numbers called the Quaternions.

H = {a + bi + ¢j + dk} with a,b,¢,d € R are called the Quaternions. The quaternions are an
extension of the complex number system. As a set, the quaternions H are equal to R*, a four-
dimensional vector space over the real numbers.

Multiplication is defined by:

i?=j52=k>= -1

Thus it can be shown that ij =k, jk =i, ki = 5,51 = =k, kj = —i,1k = —J

Hamilton Product

For two elements a; + byt + ¢1j + d1k and as + bai + coj + dok, their Hamilton Product

(a1 + b1i + c1j + dik)(ag + bt + c2j + dok) is determined by the product of the basis elements and
the distributive law: ajas + a1bai + aycaj + ardak + biagi + b1byi? + bycoij + bidaik + cragj + c1boji +
0102j2 + Cldgjk’ + dl(lgki + dlbgkl + dlcgk’j + dlkoQ.

Now basis elements can be multiplied using our above rules.

(a1a2 — ble — C1Cy — dldg) + (&1[)2 + b1a2 + Cldg — dlcg)i + (a102 — b1d2 +crag + dlbz)] + (aldg + blcg —
Clbg + dlag)k.



Problems

1. Let z =4+ and w = —3 + 2i be complex numbers. find (i)z +w, (ii) z —w , (iii)z?w, (iv) the
real and imaginary parts of w?.

2. Convert the complex number i, —1 + 7, v/3 — 3i, and —4 to polar form.

3. Multiply the complex number z; = 2(cos% + isin%) by the complex number
29 = \%cos(%ﬂ + isinIT).

4. Express each of the following number rcisf = r(cosf +isinf) in the standard form x +iy where
r,y eR
i) 4cis2m i) v/3cis(4F) iii) 2cis( =)

5. Calculate (2 + 7)% using De Moivre’s Theorem. Check your answer by using the Binomial
Theorem.

6. Use De Moivre’s Theorem to show that
c0s20 = 2co0s?0 — 1
s1n260 = 2sinfcosh

7. Calculate the Hamilton Product z;2 where:

21 =vV2—-3i+j—4kand 2o =3+i—j+ 2k
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