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Graph Theory I

Motivating Puzzles

– Can you trace out the following figures without
taking your pen off the paper and without tracing
any line twice?

– At a party, some pairs of people shake hands. Let k be the number of people that shook hands
with an odd number of other people. Show k is even.

– Colour the regions of the following map with as
few colours as possible, in such a way that regions
sharing a border always get different colours.

“Real-Life” Examples

– A mailman has the following map and is required
to travel each road segment exactly once and re-
turn home. Is this possible? Does it matter where
the mailman lives?

– I give you a list of all direct flights in the world; find the least number of connections to get
from Aarhus to Zuni Pueblo.

– In a subway system, install a minimum number of “repair centres” at stations so that each
station either has one, or is adjacent to one.
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Basic Facts

The elements of a graph consist of vertices (dots) and edges (lines
between vertices). Sometimes vertices are called nodes as well. The
notation uv stands for an edge which connects vertex u to vertex v.

Each vertex has a degree, which is the number of edges incident to it.

The Handshake Equation. For any graph,∑
all vertices v

degree(v) = 2 · {number of edges}

A graph G

y

v

G has 4 vertices
and 5 edges

degree(y) = 2,
degree(v) = 3.

For example, in the graph G pictured, the sum of the degrees is 2 + 3 + 3 + 2 = 10, which indeed
equals 2 times the number of edges. We now show how the handshake equation is proven, using a
very useful and general technique called double-counting.

Each edge uv has two “endpoints,” one at u and one at v. We illustrate the end-
points in the figure at the left with tick-marks.

How many marks (endpoints) are there? We compute the number of marks in two
different ways. First, every vertex v is surrounded by a number of marks equal
to its degree, so in total there are

∑
v degree(v) marks. Second, every edge has

two marks, one on each end, so the number of marks also equals 2 ·#edges. This
completes the proof of the handshake equation.

Now let’s return to the first motivating problem: “At a party, some pairs of people shake hands.
Let k be the number of people that shook hands with an odd number of other people. Show k is
even.” We can interpret this as a problem about a graph: define a vertex for every person, and
whenever people u, v shake hands, we put the edge uv into our graph. Let’s consider the handshake
equation modulo 2. The even numbers in the sum

∑
v degree(v) disappear modulo 2, and the odd

numbers each contribute 1. Thus the left-hand sum equals the sum 1 + 1 + · · ·+ 1 of k ones, i.e. it is
k. But the right-hand is 0 modulo 2 (i.e., even), hence k is also 0 modulo 2 (i.e., even) and we are done.

A (simple) path starts at a vertex, then travels an edge to another vertex, and continues this pat-
tern a finite number of times, never repeating a vertex. A graph is connected if there is a simple
path between any pair of vertices.

Exercise: Show that if there is a simple path from u to v and v to w, there is one from u to w.

Trees

A (simple) cycle is similar to a simple path, but with the same starting and ending vertex.
– How are the number of edges and the number of vertices in a simple cycle related?
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A tree is a connected graph with no simple cycles. One is shown on the left.

Exercise: show that between any vertices u, v in a tree, there is exactly one simple path.

In a tree, a vertex of degree one is a leaf. We now prove that every tree has a leaf1. We use a proof
by contradiction: suppose for the sake of contradiction there there is a tree in which every vertex has
degree at least 2. Let v1 be any vertex of the tree. Then v1 has a neighbour, call it v2. Moreover,
since the degree of v2 is at least two, v2 has a neighbour distinct from v1, call it v3.

v1 v2 v3 v4

1

Since the degree of v3 is at least two, v3 has a neighbour distinct from v2, call it v4. We claim that
v4 and v1 are distinct. Why? Otherwise, v1-v2-v3-v4 would be a cycle, which cannot exist in a tree.
Likewise, v4 has a neighbour v5 distinct from all of v1, v2, v3. We can continue in this way as long
as we like, getting a simple path of any finite length. But this contradicts the fact that the original
graph has a fixed finite number of vertices.

Exercise: Show in fact every tree has at least two leaves.

We now show that in a tree, the number of edges equals the number of vertices minus one. We use a
proof by induction; this is a concept we now abstractly explain for those who have not seen it before.

Proof by Induction

Suppose we have a statement like

every tree with n vertices has n− 1 edges

which we want to prove is true for all integers n ≥ 1. Let H(n) be short for the underlined statement,
so we want to prove H(n) is true for all integers n. (The statement H(n) is sometimes called the
inductive hypothesis.) A proof by induction has two parts:

• We show that H(1) is true. (This part of the proof is called the base case.)

• For all integers k ≥ 2, show that if H(k− 1) is true, then H(k) is true. (This part of the proof
is called the inductive step.)

Once we prove the base case and the inductive step, we are done! Why? Well, we know that H(1)
is true. Furthermore, setting k = 2 in the inductive step tells us if H(1) is true, then H(2) is true.
But we know H(1) is true, so H(2) is also true. Moreover, setting k = 3 in the inductive step tells us
if H(2) is true, then H(3) is true, hence H(3) is also true. Continuing in this way, we deduce that
H(n) is true for all positive integers n ≥ 1.

1Actually the trivial tree with only one vertex has no leaf. Can you see the hole in the proof?
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A common analogy is a line of dominoes named H(1), H(2), H(3), . . . where a domino falls over when
it is true. The inductive step means that whenever a domino falls over, so does the next domino.
The base case means that the first domino falls over. Then it’s easy to see that all the dominoes fall
over.

Now we actually give the full proof.

Base case, n = 1. All we need to do is check that every tree with 1 vertex has 0 edges, which is
easy to verify.

Inductive step, assume H(k−1) is true and prove H(k) is true. To prove H(k) is true, let’s look at
any tree T with k vertices. We proved earlier that T has at one leaf vertex, call it v, so v has degree
1. Let e be the unique edge incident to v. It is not hard to see that if we delete v and e from the
tree T , this results in a smaller graph which is also a tree, call it T ′. This is pictured in the diagram
below.

e

v ⇒

T T ′

1

We know T has k vertices, hence T ′ has k− 1 vertices. We know by the “inductive hypothesis” that
H(k− 1) is true. Therefore T ′, a tree with k− 1 vertices, has (k− 1)− 1 edges. We know that T has
one more edge than T ′, so T has k − 1 edges. Thus H(k) is proven and the inductive step is done!
This completes the proof.

Directed Graphs

In a directed graph, each edge has a head vertex and a tail vertex.

A directed path always has to follow the direction of the edges. For
example, the graph to the right has a directed path from a to e to d to
c. If thought of as a road map, the edges could be considered one way
streets.

vu

e
tail 

of e

head 

 of e

b

a c

de

A directed cycle is similar to a directed path, but like the simple cycle, the directed cycle has the
same starting and ending vertex.

Exercise: Show a directed graph with no directed cycles, on n vertices, can have more than n − 1
edges.
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Problems

1. Show that in any graph, there are two vertices of equal degree.

2. Given six people, each pair of them are friends or strangers. Show that there is a triple of
people who are mutual friends OR a triple of people who are mutual strangers.

3. Show that if a graph has n vertices, each with degree at least
(n− 1)

2
, then it is connected.

4. How many paths are there from A to B in the following acyclic directed graph?

A B

5. How many edges is an n-vertex graph required to have in order to guarantee it is connected?

6. Show that for every graph, exactly one of the following is true.

A. We can colour the vertices red and blue so that no adjacent points are coloured the same

B. The graph contains an odd cycle of odd length

−→ A graph with property A is called “bipartite”

7. A planar graph is a triangulation if every face has exactly 3 edges (it is ok if they are not

straight lines). Show that in a triangulation, the number of edges =
3

2
· {number of faces}.

8. A graph is k-regular if every vertex has degree k. For all k ≥ 2, find all k-regular triangulations.
(Hint: use Euler’s formula)
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9. A Hamiltonian path is a simple path that vis-
its every vertex (exactly once). Show that the
pictured graph does not have a Hamiltonian path
(Hint: see problem 6)

10. An odd number of odd people are standing in a field. Assume that for all people A, B, C,

distance(A, B) 6= distance(A, C).
Simultaneously, each person shoots the closest person to them with a water gun. Prove someone
stays dry.

11. Show that, if every vertex in a graph has degree at most k, then it is possible to use k + 1
colours to colour the vertices so that adjacent vertices are not the same colour.

12. Show that, if every vertex in a graph has degree at least k, then there is a simple path containing
k + 1 vertices.


