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Limits of Sequences II:

Definition of a limit

Recall:

Definition: (Formal Definition of a Limit:)

We say that L is the limit of the sequence {an} as n goes to
infinity,

if for every ε > 0 there exists an N ∈ N such that if n > N,
then

| an − L |< ε.

In this case we write
lim

n→∞
an = L.

We may also say {an} converges to L and write an → L.

If no such L exits, we say that {an} diverges.
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Limits of Sequences II:

Example

Example: Show that lim
n→∞

1√
n

= 0.

Let ε > 0.

I x > 1
ε2 ⇒ ε2 > 1

x ⇒ ε > 1√
x
.

I If 1
ε2 < N ≤ n⇒| 1√

n
− 0 |< ε.
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Example:

Consider {(−1)n+1} = {1,−1, 1,−1, . . .}.

Does {(−1)n+1} have a limit?

Is lim
n→∞
{(−1)n+1} = 1? Is lim

n→∞
{(−1)n+1} = −1?

Or both?

Answer: Assume lim
n→∞
{(−1)n+1} = L and ε = 0.5. Choose the

cutoff N such that if n > N then

| (−1)n+1 − L |< 0.5.
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Pick k0 ∈ N such that 2k0 + 1 ≥ N.

Then

a2k0+1 = 1

=⇒ | 1− L |< 0.5

=⇒ L ∈ (0.5, 1.5)
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Uniqueness of Limits

Problem: Can {an} have two different
limits?

Assume lim
n→∞

an = L and lim
n→∞

an = M with

L < M. Consider M+L
2 .

Let ε = M−L
2 .

Consider an0 . If n0 is large enough, then

an0 ∈ (M − ε,M + ε)

and
an0 ∈ (L− ε, L + ε)

which is impossible!
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Example

Often, it is difficult to tell if a sequence converges or if so, what its
limit might be.

Example: Consider the recursively defined sequence

a1 = 1 an+1 = cos(an).

Does {an} converge? If so, what is lim
n→∞

an?
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. . .
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a72 = 0.7390851332, a73 = 0.7390851332, a74 = 0.7390851332,

suggests that {an} converges to some L.
In fact,

cos(L) = L.
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