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Number Theory I

First things first...

Factors are natural numbers that divide evenly into a given number. For exam-
ple, 3 is a factor of 6 since 2× 3 = 6.

A multiple of a number is the product of that number multiplied by a whole
number. For example, 6 is a multiple of 3 since 3× 2 = 6

A prime number is a natural number greater than 1 that is only divisible by 1
and itself. All other numbers that are not prime (or 1) are called composite numbers.

A prime factor is a prime number that is a proper factor of a number. For
example, 2 and 5 are prime factors of 10 but the other factors of 10 (1 and 10) are
not prime factors.

Prime factorization is an expression showing a composite number as the prod-
uct of its prime factors.

Examples:

1) a) What are the factors of 28?
28: 1,2,4,7,14,28
b) Which of these factors are prime numbers?
2 and 7 are the prime factors of 28
c) Complete the factor tree for 28
d) What is the prime factorization of 28?
28 = 2× 2× 7

28

2 14

2 7
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Greatest Common Factor

The Greatest Common Factor (GCF) of two or more numbers is the largest
factor that the numbers have in common. This can also be called the Greatest Com-
mon Divisor (GCD).

How to find GCF:

Method 1: Write out all the factors of each number, circle the factors that the
numbers have in common. The GCF is the largest factor that was circled.

Method 1 can become difficult and time consuming when the numbers become
large. Fortunately, there is another method that uses prime factorization to help
determine the GCF.

Method 2: Use a factor tree to find the prime factors of each number. Circle
any prime factors that the numbers have in common. The GCF is the product of
the circled prime numbers.

Example:

Use both methods to determine the Greatest Common Factor (GCF) for each of
the following.

a) 28 and 32

Method 1:
Write out all of the factors of 28 and 32:
28: 1, 2, 4, 7, 14, 28
32: 1, 2, 4, 8, 16, 32
The largest factor that both numbers have in common is 4. Therefore, the GCF of
28 and 32 is 4.

Let’s show that this can also be found using method 2.
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Method 2:
Draw a factor tree for 28 and 32.

28

2 14

2 7

32

4

4

8

22 2

2 2

28 = 2× 2× 7 32 = 2× 2× 2× 2× 2

To find the Greatest Common Factor we look for all the prime factors the num-
bers have in common. We see that 28 has two 2s and so does 32. They have no
other common prime factors so the GCF of 28 and 32 is 2× 2 = 4

b) 14 and 47
Method 1:
Write out all of the factors on 14 and 47:
14: 1, 2, 7, 14
47: 1, 47
Since 47 is prime, the largest factor that 14 and 47 have is common is 1. Thus, the
GCF of 14 and 47 is 1.
Note: Two numbers whose GCF is 1 are called co-prime.

Method 2: Draw a factor tree for 14 and 47.

14

72 47
14 = 2× 7 47 is prime.
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The numbers 14 and 47 do not have any prime factors in common. Thus, the
GCF of 14 and 47 is 1.

Exercises:

1) Determine the Greatest Common Factor for each of the following.
a) 25 and 90 b) 64 and 82 c) 84 and 138 d) 342 and 243
e) 350 and 475 f) 1072 and 1112 g) 453 and 354 h) 121 and 212

2) Determine the GCF for each of the following.
a) 35, 49, and 98 b) 27, 57, 78, and 96 c) 1212 and 2121

3) Flo the florist has 24 tulips and 42 roses that she would like to use to create
beautiful bouquets with. What is the largest number of identical bouquets that she
can create without having any left over flowers? How many tulips and roses will be
in each bouquet?

4) Miss King has baked 84 chocolate cupcakes, 108 red velvet cupcakes, and 128
vanilla cupcakes to sell at the bake sale next week. Each box must contain an equal
number of each type of cupcake. What is the largest number of each type of cup-
cakes per box? How many cupcakes will she have left over?

5) Poppy is planting flowers in her rectangular shaped garden. She would like to
plant a border of evenly spaced daisies. If the garden measures 24m by 18m, what
is the minimum number of daisies she should plant?

6) Sally is making loot bags for a birthday party. She has 72 candy bars, 84
lollipops, and 48 gum balls. What is the largest number of identical loot bags she
can make without having any candy left over? How many candy bars, lollipops, and
gum balls are in each bag?

7) Ted’s bathroom floor measures 64cm by 96cm. He plans to cover the entire
floor with identical square tiles (that have positive integer side lengths). What is
the minimum number of tiles that Ted needs to cover the floor?

8) A rectangular shaped birthday cake measures 14cm by 42cm by 21cm. If the
cake is to be cut into square pieces with positive integer side lengths, what is the
largest size of cube she can cut so that there are no left overs? How many pieces of
cake are there?
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Least Common Multiple

The Least Common Multiple (LCM) of two or more numbers is the lowest
number that is a multiple of each of the numbers.

How to find LCM:

Method 1: Write out all of the multiples of each number until you find one in
common.

This method works well but can become tedious with large numbers. There is
another method that works just as well and involves the use of prime factorization.

Method 2: Write out each number as a product of prime numbers. Then circle
all of the prime factors of the smallest number and any prime factors that appear in
the larger number that did not appear in the smaller number. The Least Common
Multiple is the product of the circled prime numbers.

Example:

Use both methods to determine the Least Common Multiple for each of the fol-
lowing.

a) 8 and 10

Method 1:
Write out some multiples of 8 and 10:
8: 8, 16, 24, 32, 40
10: 10, 20, 30, 40
The lowest multiple of 8 that is also a multiple of 10 is 40. Thus, the LCM of 8 and
10 is 40.

Let’s show that this can also be found using method 2.
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Method 2:
To help find the prime factorization of 8 and 10 we will use a factor tree.

4

8

2

2 2 5

10

2

8 = 2× 2× 2 10 = 2× 5

To find the Least Common Multiple we take all the prime factors from the smaller
number and multiply them by any prime factors from the larger number that were
not in the prime factorization of the smaller number. In this example, there are
three 2s in 8 and one 2 and one 5 in 10. So the LCM of 8 and 10 is 2×2×2×5 = 40.

b) 28 and 32:
Method 1:
Write out multiples of 28 and 32:
28: 28, 56, 84, 112, 140, 168, 196, 224, 252
32: 32, 64, 96, 128, 160, 192, 224
The lowest multiple of 28 that is also a multiple of 32 is 224.

Method 2:
Draw a factor tree for 28 and 32.

28

2 14

2 7

32

4

4

8

22 2

2 2

28 = 2× 2× 7 32 = 2× 2× 2× 2× 2
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To find the Least Common Multiple for 28 and 32 we multiply all the prime
factors of the smaller number (28) by all the prime factors that are in the larger
number (32) that are not in the smaller number. Thus the LCM of 28 and 32 is
2× 2× 7× 2× 2× 2 = 224.

Exercises:

1) Determine the Least Common Multiple for each of the following.
a) 25 and 45 b) 20 and 50 c) 32 and 42 d) 16 and 56
e) 42 and 120 f) 80 and 115 g) 165 and 300 h) 180 and 1440

2) Determine the LCM for each of the following.
a) 35, 49, and 98 b) 27, 57, 78, and 96 c) 1212 and 2121

3) Jim is having a BBQ at his house next weekend where he plans to serve ham-
burgers. At the grocery store, hamburgers come in packages of 12 and hamburger
buns come in packages of 8. What is the minimum number of packages that he
should buy so that there are no hamburgers or buns left over?

4) Ned is building a shed in his backyard. He purchased bricks from the hardware
store that measure 18cm wide, 24 cm long and 16cm high. What are the dimensions
of the smallest cube he could build? What is the volume?

5) Stacey, Jackson, and Kelly work at different stores in the mall. Stacey gets a
break every 120 minutes, Jackson gets a break every 180 minutes, and Kelly gets a
break every 360 minutes. If they each work from 9:00 am to 5:00 pm, will they all
have a break at the same time? If yes, at what time?

6) Complete the following table.
A B C D E F

1st Number 2nd Number GCF of A and B LCM of A and B A×B E ÷ C

136 420

275 350

228 462

a) What do you notice about the relationship between columns D and column F?
b) Determine an equation to describe the relationship between column D and
column F.
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7) Using the equation from question 6b, determine the Least Common Multiple
of 76 and 42. Check your answer by calculating the LCM(76,42) using method 1 or
method 2.

8) If the LCM of two numbers is 9660, the GCF is 4. If one of the numbers is
140, find the other number.

Extra Problems

1) a) When is the GCF of two numbers a and b equal to a or b?
b) When is the LCM of two numbers a and b equal to a or b

c) When is the LCM of two numbers a and b equal to a× b?

2) There are 9 two digit prime numbers such that when you reverse the digits the
number is still prime. Find all nine prime numbers.

3) At MC High School each class is given an identification number found by mul-
tiplying the ages of the students in the class together. The students are between
13-19 years old. If you are told that Ms Blackboard’s class identification number is
3340724400, how many students are in the class and what are their ages?


