
Mathematical Modeling
Marek Stastna

Back when I was in high school, a rather large poster in my math classroom advertised
the fact that “Math was everywhere”. This seemed at the time to contradict my experience.
The kind of math I was learning in class, and even the kind I was learning in a weekly
math enrichment group, didn’t appear in any of my other classes. Some classes used really
elementary math, may be arithmetic and a touch of geometry, but most avoided math as if
it was something dirty.

In my first two years of university I got into the rigorous side of mathematics; couldn’t
get enough really. Working from first principles on this or that property, starting with
assumptions and definitions and deriving results in a deductive manner. At this time I more
or less ignored other subjects, though when forced to, I did take non math classes and noted,
yet again, that the math I was learning in math class, didn’t really appear in my electives
(even when it should have like in first and second year physics).

Somewhere in third year the attraction of this purely deductive sort of mathematics lost
its lustre for me. It seemed to me then, and it still does now, that I needed to learn more
about how to get new results and how to apply the consequences of the mathematics I had
learned, as opposed to building bigger and bigger mental constructions that seemed, in the
end, to have little substance. Finally, in my 3B term I took a course that combined a lot of
mathematics and a lot of physics. It was a long wait, but I still work in a field related to
this course almost twenty years later.

These notes are about mathematical modelling. This is an old topic that, under other
names, used to be practiced by the classical mathematicians like Gauss and Euler, but is now
generally disregarded by those who study pure mathematics. The most important question
for a mathematical model is “What are we modelling?” There are entire fields of what used
to be called natural philosophy which are examples of this. After all, calculus was invented
as a tool for classical mechanics. But there is a surprising utility to be found in building
models, using mathematics to study them, and only then looking for places where these
models can be found to be useful. Since this approach is easier to put into practice (because
we don’t need to assume that everyone comes in with the same background knowledge), it
is the one we will take in these notes.

Let’s start with a really simple game. Two players start with ten coins each and one
‘game’ coin that they can flip to come up heads or tails. Player 1 wins if the coin comes up
heads and Player 2 wins if the coin comes up tails. The loser pays the winner one coin. This
game, by design, is so simple it is almost its own mathematical model! So let’s start with
some basic assumptions:

1. The coin comes up either heads or tails (never lands on its side)

2. The coin is fair (heads are just as likely as tails)
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So what happens in the game? Say we track the number of coins each player has. If, after
five turns, the ‘game’ coin came up with THHHH (I flipped a loonie during writing) where
I have chosen the notation that T denotes tails and H denotes heads, then Player 1 has won
four times and Player 2 has won once. So that Player 1 has 13 coins and Player 2 has 7.

That’s pretty easy so far. Now say we changed the game and the two players started
with only two coins each. Then after one turn T Player 1 is down to 1 coin and Player 2
has 3 coins. After two turns TH the players are even at two each. After three turns THH
Player 1 is up to 3 coins and Player 2 is down to 1 coin. So far this is no different from the
first game played with 10 coins. But after four turns, THHH the game is over, since Player
1 now has all the coins and Player 2 has none (and hence cannot play).

You probably are protesting at this point, saying something like, ‘hold on that’s not a
mathematical result, the coin flips are random’. That is true (in part) so let’s play again. I
flip my loonie a few times again and come up with TT so that this time the game lasts 2
turns and Player 2 has won all four coins. The third time I get THHTHH so that Player
1 has 2,1,2,3,2,3,4 coins after 0,1,2,3,4,5 and 6 turns, respectively. So for our three tries the
game lasted 3, 2 and 6 turns. This means that the length of the game, like the flip of the
coin is, in some sense random, and we would call it a random variable.

Now this game is so simple that we could actually use probability theory to solve it
completely. But that is not what I am after. Instead, I have written a short program to
play the game over and over again. I record the length of each game and finally I calcite an
estimate for the average game length. I come up with a value of 4 for the average number
of flips before the game ends. The cool thing about having the data from my computer
program handy, though, is that I can ask all sorts of other more complicated questions. So
for example I could ask for the percentage of game that go longer than 10 coin flips. A
one line calculation in Matlab (right up there with Mortal Kombat when it comes to my
favourite pieces of software, ever) tells me that about 6.28% of the time the game will go
ten flips or more. Going even one flip more, to 11, lowers the percentage to 3.2% and going
up to twenty or more flips lowers the percentage to a puny, 0.18%. In fact with a million
games played, the computer came up with the longest game as one that took 40 flips (which
is kind of amazing when you think about it).

But how do we know the computer program is right? Well we could compute something
which we can predict very easily using paper and pencil calculations and see if the computer
gives the correct result. What is something simple we can predict? How about the percentage
of games that end after two turns? Since the first flip results in either Player 1 or Player
2 winning, the game will end after two turns if the second flip is the same as the first flip.
With a fair coin that happens exactly 50% of the time. With a million games played the
computer predicts 50.04%, which is a very good result.

Now I could use the same simulation to see how the average length of game changes as
the number of coins the players start with changes. In minutes I get that, if the players start
with three coins each, the average game lasts 9 turns, with 4 coins each it lasts 16 turns,
with 5 coins each it lasts 25 turns and with 6 coins each it lasts 36 turns. The pattern is
pretty easy to spot and we conjecture that the average game length is the number of coins
the players start with, squared. This is an example of using computation to motivate a
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conjecture that one could subsequently try to prove rigorously.
Let’s ask one more question, and that is ‘How long does the computer take to give

results?’. Well with my aging Powerbook laptop, the one million game calculation took just
under 26 seconds. It took about 2 minutes to write the program, though granted I have
had a lot of experience with this kind of programming. Even if you factor all that in, you
have to conclude that the programming approach is pretty time efficient, and pretty good
at predicting all manner of quantities. In fact for more complicated models, the computer
based approach has the attraction that it allows one to make pictures of the results (various
types of graphs). The eye is an amazing instrument and one of the huge changes in how
we communicate over the last twenty years or so, is the ability to present and manipulate
graphical results on the screen, and letting the eye make up the brain’s mind, so to speak.

So in summary, I have shown you the example of a very simple game that could be
analyzed using off the shelf probability theory or using a computer simulation. I showed just
how easy it was to answer a variety of mathematical questions using the simulation, and how
you might confirm that the simulation is actually programmed correctly. For this example
simulation is not necessary, but it would be very easy to make the probability analysis much
harder and here the simulation would come out as the clear winner. For example we could
allow the players to employ a betting strategy, or we could make the outcome of the game
more complicated (say using a pair of dice; something we will do during our in class session).

Finally, it is worth mentioning that while the game presented may seem very simple,
it is actually closely related to the so-called random walk problem, which can be used in
models of everything from Brownian motion to financial derivatives. So what starts out
as a silly seeming mathematical game, can lead to profound conclusions with far reaching
consequences. And that’s way better than the cheesy poster in my old high school classroom.

Activity: Repeat the game using a die. For exactly the same game you could take
Player 1 to win if the die comes up with 1,2 or 3 and Player 2 wins if the die comes up with
4,5 or 6. Now you could simulate an unfair coin by letting Player 1 win only if the die comes
up with 1 or 2. Does the average game length increase or decrease?
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