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Number Theory

• Number theory, can be described as the mathematics of discovering and explaining
patterns in numbers.

• “There is nothing in the world which pleases even famous men quite so much as to
discover, or rediscover, a genuine mathematical theorem.” (G. H. Hardy)

• Number theory can be dissected into many different areas:

1. Elementary Number Theory

2. Algebraic Number Theory

3. Analytic Number Theory

4. Diophantine Equations

5. Algebraic Geometry

6. Langlands Program

7. ...

• The beauty of number theory is that it often has simple to state problems with amaz-
ingly difficult proofs. We will see one such example today of an easy to state problem
with a not so easy solution.

Congruent Number Problem
Determine which positive integers N can be expressed as the area of a right angled triangle
with side lengths all rational.

For example, the number 6 is a congruent number since it is the area of the famous 3-4-5
right angled triangle.
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• Can you find another congruent number?

• Can you find infinitely many such numbers?

• Can you find a number which is not a congruent number?

• Can you determine which numbers between 1 and 8 that are congruent numbers?

Some Sample Solutions

Infinitely Many Solutions

• (Easy way) Take the solution from the 3-4-5 triangle and multiply it by any positive
integer greater than one to get a new triangle with a new area! For example, multiply
everything by 10 to get a 30-40-50 triangle and this has area A = 1

2
(30)(40) = 600.

• Solutions found in this way are plentiful but uninteresting since there is a ’primitive’
way to discover them.

Squarefree

• To restrict this, we will from now on be looking for squarefree solutions, solution where
no positive integer squared divides the area.

• For example 12 is not square free since 22 evenly divides 12, 50 is not square free since
52 = 25 divides 50 where as 10 is squarefree since 10 = 2 · 5 and thus no square divides
10.

• If the area N of a congruent number is not squarefree, say N = s2t where s > 1 is an
integer, then divide the base, height and hypotenuse of the triangle by s to show that
t is a [smaller] congruent number.
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• In this way there is no harm in assuming that the area is squarefree because find-
ing the squarefree congruent numbers means we can find non-squarefree numbers by
multiplying every side of the triangle by s to get congruent numbers of the form s2t.

Pythagorean Triples

• Another way we can find more congruent numbers is to find Pythagorean triples, that
is integer solutions to

x2 + y2 = z2

• There is a well known parameterization of these solutions given by:

x = d(m2 − n2) y = 2dmn z = d(m2 + n2)

where d,m, n are integers and m and n have opposite parity (Exercise 1).

• These triangles with base x and height y have area A = 2d2(m3n −mn3) which give
infinitely many values (even when d = 1!)

• In fact, if a number N is congruent then there must be some integers d,m, n that we
can plug in to achieve the area N .

Table using Pythagorean triples, d = 1, x = m2 − n2, y = 2mn, z = m2 + n2 and m > n are
coprime integers (they share no common divisor) with opposite parity.

m n (x, y, z) A = xy/2 Squarefree part
2 1 (3,4,5) 6 6
3 2 (5,12,13) 30 30
4 1 (15,8,17) 60 15
4 3 (7,24,25) 84 21
5 2 (21,20,29) 210 210
6 1 (35,12,27) 210 210
5 4 (9,40,41) 180 5
7 2 (45,28,53) 630 70
8 1 (63,16,65) 504 126

Algorithm to Find Congruent Numbers

• In fact one can use Pythagorean triples to show that all numbers that are congruent
must eventually appear as the square free part of the previous table.

• However this algorithm is terribly inefficient. For example, Don Zagier was the first
person to give an explicit triangle to show that the number 157 is a congruent number.
The smallest side lengths are given by:
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x =
411340519227716149383203

21666555693714761309610

y =
6803298487826435051217540

411340519227716149383203

z =
224403517704336969924557513090674863160948472041

8912332268928859588025535178967163570016480830

For the previous solution, the smallest m and n values (minimizing m + n) correspond to:

m = 443624018997429899709925

n = 166136231668185267540804

N = mn/2 =
22 ·34 ·52 ·132 ·172 ·372 ·1012 ·157 ·174012 ·469972 ·1578412 ·3564412 ·49472032 ·5267710957612

If you’re searching based on the smallest m + n and you were looking at 100000 numbers a
second, it would take you around 5.89 · 1034 years to find this solution.

So how did Don Zagier find this solution?

The Number 1 is Not Congruent

• What about showing that numbers are not congruent?

• For example, the number 1 is not congruent.

• To prove this, we would need to show that no matter how hard we try, there cannot
be a triangle with rational side lengths and area 1.

• To show that ’no object’ exists, we often use a mathematical technique called ’Proof
by Contradiction’, assume the object exists and then in some way or another, we break
math.

• In this case, we also use a technique due to Fermat called Infinite Descent.

Numbers Between 1 and 8 Which Are Congruent

• Based on our discussion earlier, we need only to look at the squarefree numbers.

• The numbers 1,2,3 are all not congruent.

• The numbers 5,6,7 are all congruent.

• How does one find a quick criteria for determining if a number is congruent?
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A Powerful Theorem

Theorem 1 (Tunnel’s Theorem). Let n be an odd positive squarefree integer. Then if the
number of triples of integers x, y, z satisfying

2x2 + y2 + 8z2 = n

is not exactly double the number of triples satisfying

2x2 + y2 + 32z2 = n

then n is not congruent.

The second piece to this theorem involves even squarefree numbers.

Theorem 2 (Tunnel’s Theorem). Let n be an even positive squarefree integer. Then if the
number of triples of integers x, y, z satisfying

8x2 + 2y2 + 64z2 = n

is not exactly double the number of triples satisfying

8x2 + 2y2 + 16z2 = n

then n is not congruent.

Example The above theorems are useful to show that a number is not congruent. For
example, since

2(0)2 + (±1)2 + 8(0)2 = 1

2(0)2 + (±1)2 + 32(0)2 = 1

and these are the only integer solutions to these equations. Both equations have two solu-
tions. As the number of solutions to these equations are equal, Tunnel’s theorem states that
1 is not a congruent number.

A Powerful Conditional Theorem

Theorem 3 (Tunnel’s Theorem). Let n be an odd positive squarefree integer. Assume the
Birch Swinnerton-Dyer conjecture. Then if the number of triples of integers x, y, z satisfying

2x2 + y2 + 8z2 = n

is exactly double the number of triples satisfying

2x2 + y2 + 32z2 = n

then n is congruent.
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As with the unconditional statement of Tunnel’s Theorem, the conditional theorem as deals
with the case where n is an even squarefree number.

Theorem 4 (Tunnel’s Theorem). Let n be an even positive squarefree integer. Assume the
Birch Swinnerton-Dyer conjecture. Then if the number of triples of integers x, y, z satisfying

8x2 + 2y2 + 64z2 = n

is exactly double the number of triples satisfying

8x2 + 2y2 + 16z2 = n

then n is congruent.

Example The above conditional theorems are useful to convince oneself that a number is
congruent (but do not form a formal proof unless the Birch-Swinnerton Dyer Conjecture is
true). For example, since

2x2 + y2 + 8z2 = 5

2x2 + y2 + 32z2 = 5

have no integer solutions and so, conditional on the Birch Swinnerton-Dyer conjecture, 5
is congruent by Tunnel’s Theorem (of course we know unconditionally they are congruent
numbers since we generated the triangles for them!) Similar statements hold for 6 and 7.

Elliptic Curves

• The question remains: “How did Don Zagier find this solution?”

• He used the theory of elliptic curves and found a rational point on the elliptic curve
y2 = x3 − 1572x.

• Next time we will start with how the congruent number problem relates to eliiptic
curves and study these vastly rich arithmetic objects!
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