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Introduction

This installment of math circles is intended to give you a taste of number theory, in all its beauty
and glory. The idea is to present you with some ideas and questions, and have you work things
out getting your hands dirty with some questions. The questions are both computational and
exploratory, some have well defined answers, and some don’t. You are not expected to answer all
of them, but you are expected to explore to your heart’s content. The more you explore, the more
beauty you will find hidden away.

Clock Arithmetic

We are all familiar with number systems (whatever they are), say for example, the real numbers
R, or the rational numbers Q, or the integers Z. What all of these things have in common is not
only that we’re quite familiar with them, but that if you take any two things in one of these and
multiply or add them together, you get another member of the number system. We might ask
ourselves, what else could we consider?

Well that’s simple, a clock of course!
Consider a clock with seven numbers, 0 through 6, with the 0 at the top. What we’re going to

do now, is to try to imitate arithmetic operations on this clock. We will call this clock the integers
modulo 7. We denote it Z7 and it consists of the seven elements

Z7 := {0, 1, 2, 3, 4, 5, 6}.

But how do we do math in Z7? Well, kind of as you would expect to do math on a clock. For
example,

3 + 4 ≡ 0 mod 7

1 + 2 ≡ 3 mod 7

5 + 6 ≡ 4 mod 7.

So addition is just what you would do on a clock! So what is −3 mod 7? Well -3 does not live
in Z7 (since it’s not one of 0,1,2,3,4,5 or 6), so which element is it? Whatever it is, call it Bob, it
better have the property that Bob + 3 ≡ 0 mod 7. Therefore we have

−3 ≡ 4 mod 7.

Alternatively, we could just count backwards around the clock, either way will work and no harm
will come to you! Let’s do some more examples. What about 22 + 11? Well we have

22 + 11 = 33 ≡ 5 mod 7 OR 22 + 11 ≡ 1 + 4 ≡ 5 mod 7.
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Look at that, it doesn’t seem to matter if we convert 22 and 11 to mod 7 before or after doing the
addition. It turns out that this is always the case. It doesn’t matter when you reduce things to
live inside Z7, no harm will come to you.

Ok, so we’ve dealt with addition and subtraction (since subtraction doesn’t really exist, it’s
just adding by negative numbers), but what about multiplication and division? Well multiplication
will work as we expect. Given two numbers, multiply them together and then keep subtracting (or
adding) multiples of 7 until you end up in Z7. Piece of cake! For example

3 · 4 ≡ 5 mod 7

5 · 3 ≡ 1 mod 7

2 · 3 ≡ 6 mod 7.

So, what about division or inverses? What is 1
3 mod 7? Well, let’s think about it for a moment. The

element that equals 1
3 , whatever it is, call it Jenny, had better have the property that (Jenny) ·3 ≡ 1

mod 7. Well, since 3 · 5 ≡ 1 mod 7, and 2 · 4 ≡ 1 mod 7, we see

1

3
≡ 5 mod 7 and

1

2
≡ 4 mod 7.

Let’s draw up a table of inverses for Z7.

x 0 1 2 3 4 5 6

x−1 ∗ 1 4 5 2 3 6

Notice here that every non-zero element appears exactly once in both rows.
Now, let’s change our attention to Z15 for a change of scenery. Everything works as before and

we ask the same questions. What is 1
2 in Z15? Well, since 2 · 8 ≡ 1 mod 15, we see 1

2 ≡ 8 mod 15.
Let’s have a look at the table for Z15.

x 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14

x−1 ∗ 1 8 ∗ 4 * * 13 2 ∗ ∗ 11 ∗ 7 14

Now that’s weird, a whole bunch of non-zero elements don’t actually have inverses in Z15. Notice
that the numbers which appear in the second row are exactly the numbers which appear in the first
row that have an inverse. Also, 14 is its own inverse in Z15 and 6 is its own inverse in Z7. Does
this always happen?

Before we do some questions, we make a quick definition.

Definition. If a in Zn has an inverse for all a 6= 0, then we say Zn is a field.

Now go ahead and try some questions from group 1, and question 3 is certainly one to devote
some time to and think long and hard about.

Greatest Common Divisors and Euclid

So we now shift our attention (seemingly randomly, but it won’t be so random after all) to the
greatest common divisor of two numbers. This is exactly what it sounds like. For example the
greatest common divisor, or gcd, of 12 and 15 is

gcd(12, 15) = 3
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since 3 is the largest number that goes into both 12 and 15. One way to do this is to write out the
divisors of 12 and 15, for which we get

{1, 2, 3, 4, 6, 12} and {1, 3, 5, 15}

and we notice that 3 is the largest number that appears in both. This method is fine, and given
enough time will always work. What if I asked you to calculate gcd(2625, 15015)? Well, here’s
where Euclid comes in.

This algorithm is best illustrated by an example. Say we wanted gcd(26, 38). Staring at it, we
know it’s 2, but let’s use Euclid to reinforce this.

38 = (1)26 + 12 (1)

26 = (2)12 + 2 (2)

12 = (6)2 + 0. (3)

Start with the largest number and write it as some multiple times the smaller number plus a
remainder. Take the smaller number and the remainder (26 and 12 in the case of equation 1) and
repeat. Keep going until your remainder is 0, and the last non-zero remainder is your greatest
common divisor. Magic!

Let’s do another example, gcd(13, 8).

13 = (1)8 + 5 (4)

8 = (1)5 + 3 (5)

5 = (1)3 + 2 (6)

3 = (1)2 + 1 (7)

2 = (2)1 + 0 (8)

so gcd(13, 8) = 1. So, this is all well and good, but let’s do something radical. Let’s do the
Euclidean algorithm backwards! Why would we want to do this you ask? Well, it will give us
solutions to diophantine equations as in question 2 above!

1 = 3− 1 · 2 from equation 7

= 3− 1(5− 1 · 3) from equation 6

= 2 · 3− 1 · 5
= 2(8− 1 · 5)− 1 · 5 from equation 5

= 2 · 8− 3 · 5
= 2 · 8− 3(13− 1 · 8) from equation 4

= 5 · 8− 3 · 13.

This might seem pointless, but if we recall question 2a), we have now found integers x = 5 and
y = −3 that solve the diophantine equation 8x + 13y = 1. Why do we care, well the questions
below will answer that!

Before we do the next batch of questions, we have a simple definition to make.

Definition. The set of elements in Zn which have inverses is called the group of units and it is
denoted Z∗

n.
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For example, we have

Z∗
7 = {1, 2, 3, 4, 5, 6} and Z∗

15 = {1, 2, 4, 7, 8, 11, 13, 14}.

Now it’s time to do some questions from group 2 below. Questions 9 and 12 are worth pushing
yourselves to think about.

Before we begin the next section, it is worth noting here that question 9 guides you through a
proof that Zn is a field if an only if n is a prime number. From here on in, we will only really be
paying attention to Zp for p prime.
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