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Intermediate Math Circles
Wednesday, February 15, 2017
Problem Set 2

1. Write down the adjacency matrix for each of the following graphs.

(a) (b) :
U1 U2 U3 v ’ V2 ' Ve
ffu4 u v

2. Draw a graph corresponding to each of the following adjacency matrices.

12001

01 1 20110
A=|1 12|, A44=1]01101
120 01021
10110

3. Explain how to decide whether or not a graph is simple by looking at its adjacency matrix
alone. Decide which of the following adjacency matrices corresponds to a simple graph
without drawing the graph.

01 1 01

01 0 8 8 1 1 1 01 11

A= (1020, A=|] | | o] A=[1 1001

0 2 0 1100 01 001

1 1 1 1 0

4. (a) Let G be a graph with vertices vy, vy, ..., v, and adjacency matrix A.

(i) Define B to be the n x n matrix whose (i, j)-entry is given by
BZJ — A’L,lAIJ —"_ A'L,2A2,] + tt —"_ Ai,TLATL,j'
Show that B; ; is the number of walks of length 2 from v; to v;.

Hint: Remember that A, is the number of edges from v; to v;. With this in
mind, how can we interpret each product A; ;A ;7
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(ii) With B as above, define C' to be the n x n matrix with (i, j)-entry
Cij = Bi1Arj + BigAsj+ -+ BinAy.

Show that C; ; is the number of walks of length 3 from v; to v;.

(b) A graph G and its corresponding adjacency matrix A are given below. Use the results
of part (a) to compute the number of walks of length 2 from v; to v.

U2
202 11 1 1]
200001
100001
@‘/@ A=11 000 02
100001
11121 1]

Us

5. Let G be a graph. If GG is not connected, show that there is some way to order the vertices

of G so that its adjacency matrix has the form

[ Al,l A1,2 Al,m 0 0 T 0 i
A2,1 A2,2 AQ,m 0 0 T 0
A= Am,l Am,2 Am,m 0 0 0
0 0 0 Am+1,m+1 Am+1,m+2 Am+1,n
0 0 0 Am+2,m+1 Am+2,m+2 Am+2,n
L 0 0 0 An,m—H An,m—i—? An,n 4 xn

for some integer m with 1 < m < n. Explain why this is never possible when G is con-
nected.

. For each sequence d below, use the Havel-Hakimi algorithm to draw a simple graph with
degree sequence d or show that such a graph does not exist.

(a) d=(3,3,3,2,1)
(b) d=(4,4,4,2,2)
(c) d=(5,4,3,2,2,2,2,2)

. Explain why the backtracking process following the Havel-Hakimi algorithm always pro-
duces a simple graph.



