\\\ WWW.CEMC.UWATERLOO.CA | The CENTRE for EDUCATION in MATHEMATICS and COMPUTING

Intermediate Math Circles
Wednesday, March 22, 2017
Problem Set 6

1. Find the coordinates of the point that divides the distance

(a) from (7,1) to (3,5) internally in the ratio 1:1 (i.e. find the midpoint)
(5% 5% = (5,3)

20 2
(b) from (—4,8) to (2, —4) internally in the ratio 1:5
d
Label A(—4,8) and B(2, —4). We want some point P(z,y) such that —— =
PB

1
5.

Y
A(-478) A

P(x,y)

B(2,-4)

Since the AP and PB could be the hypotenuses of similar right triangles according
to the ratio 1:5 we can apply these ratios to the horizontal (x-value) and vertical (y-
value) components of these triangles.
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r-component
y-component

¢p_1 AC 1
DB 5 PD 5§
r = (=4) — 1 y—38 1
2 7 = — —
x i 4 i :4 Y B .
5. & oy —40= -4 -y
b1 +20=2—1 by = 36
6z = —18 y=
r=-3
Therefore, P(-3, 6) is the desired internal point.
(c) from (—4,8) to (2, —4) internally in the ratio 2:1
Again, we want some point P(z,y) such that dar = g
dpp 1
r-component y-component
T+ 4 _ o y—8 _ 9
2—x —4—y
r+4=4-2x y—8=-—-8—-2y
3xr =20 y=20
r=0

Therefore, P(0,0) is the desired internal point.
(d) from (4,—5) to (—1,2) internally in the ratio 3:2

Label C'(4,—5) and D(—1,2). We want some point ¢(x,y) such that jCQ = 2
QD
y
A
D(-1,2)
N ) X
Q(x.y)
C(49'5)
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r-component y-component

o4 3 y—(=5) _3

11—z 2 2—y 2

2% — 8= -3z y+5_3

5z = 5 2-y 2
- 204+ 10=6 — 3y

5y = —4

4

Y=75

Therefore, Q(1, —%) is the desired internal point.

2. (a) Find the coordinates of point P which divides the length from A(4, —2) to B(—6,8)
externally in the ratio of 3 : 1. By externally, I mean find point P on the same line
as AB, but beyond the line segment AB.

Y
P(X,y) A
B('698)
N > x
A(4,-2)
Q1)
. dpa 3 : .
We can some point P(x,y) such that —— = —. The ratio tells us that P is closer to
PB
B on Z45.
r-component y-component
— 9 _
izr g J_3
—6—x 88—y
4—z=-18—-3z —2—y=24-3y
2x = —22 2y = 26
x=—11 y =13

Therefore, the desired external point is (—11,13).
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(b) For the same points A & B above, find the coordinates of point Q which divides the
length of AB externally in the ratio of 1: 3

d 1
Let Q(r,t) be some point such that —ed _ C
QB
r-component y-component
4—r 1 —2—-1 1
—6—7r 3 8—t 3
12—-3r=—-6-2 —6—-3t=8—1
18 =2r —14 =2t
r=9 = -7

Therefore, the desired external point is (9, —7).

3. Show that the line joining the midpoints of the two sides of triangle with vertex (1,1) is
parallel and equal to half the base (=5, —1), (3, —9).

y
A

Y(1,1)
N(-2,0) /“
y
X(-5,-1)
M(23'4)
Z(3>'9)
Find the midpoints of line segments XY and Y Z.
—-5+2 1-1
N=Mol———5~)
- (_27 0)
1+3 1-9
]\/f - ]\/{YZ( 2 5 T)
- (2a _4)
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Find the slopes of line segments XY and Y Z.

—4-0
MNM 2 (—2)
=1
3—(=5)
T ()
=1

Since myy = myy, therefore NM|| XY

Find the length of line segments XY and NM.
dxy =+/[3 = (=5)2 + (-9 — (1))
= V8 + 82
=82
dvyr = V/[2 = (=2)]? + (=4 - 0)?
= /42 + 42
1
=42 = §dXY

Therefore dxy = %d Xy

. Given the points A(—3,0), B(—2, —5), C(2,1), find a point P that PA||BC and PC L BC.
Let P(z,y) be our desired point.

We know the following facts about slopes of parallel and perpendicular lines. These facts
can be used to find two equations in terms of z and y.

PA|IBC PC 1 BC
- 1
mpa = Mmpc mpc = ey
O—y _1-(-5) -y 1
3z 2- (-2 > .32
-y :§:§ 1—y 2
—3—£L' 4 2 2—I:_§
2y =943z 3(1—y)=—-2(2—1)
0=3z—-2y+9 (2) 3—3y=—4+2z

0=2x+3y—7 (1)
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Using these two equations we can now use elimination to solve for x and y.

(2) x 2 6r —4y + 18 =10
(1) x 3 —(6x +9y —21 =0)
—13y +39 =0
y=3
0=2x+9-7
0=2x+2
r=—1

Therefore, our desired point is (—1, 3)

5. 2015-16 Problem of the Week (POTW)- Level C- Week 10
The dots on the diagram are one unit apart, horizontally and vertically. Determine the
area of the figure.

One method for determining the area is by creating a rectangle around the figure and
then subtracting away the areas of the surrounding rectangles.

)\ ............
. 5 2 .
N ) J*
sl :
yaRE
€1 s 22y,
0.04..'03 .....
).\’
25 21
A:7x9—(?+?+8+2)
=63 — (23 + 10)
=63 —33

=30

Therefore the area of the figure is 30 units squared, whatever those units may be.
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6. 2015-16 POTW- Level D- Week 10
In the diagram, A(0,a) lies on the y-axis above the origin. If AABD and ACOB have
the same area, determine the value of a.

.\"

A, a)
EQ©0,2)

DO, -1)

2 B(2,-1) F3.-1)

We can find the area of ACOB by using the same approach shown in question 6 and since
ANADB is a right triangle finding the area can be done using the formula.

1
ACOB:32—§(2><3+3><1+1><2)

1

1

—9— ~(11)

2

181

DO =T o

2

Aapp = 5(2)(a+1)

ACOB:a+1
7
R 1
5 a+
D
a = —
2

Therefore the have of a is g
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. 2013-14 POTW- Level D

3
The line y = _é_lx + 9 crosses the x-axis at P

and the y-axis at Q.

Point T'(r, s) lies on the line segment PQ.

The area of APOQ is three times the area of
ATOP.

Deterime the values of r and s, the coordi- )
nates of T.

9

3
12 y=-gxt9
We are given that Apog = 3Arop
1
Apoq = 5(9)(12)

54 = 3%(12)(3)

54_183
18 18
s=3

3
We are given that y = —IF + 9 and Q is where the line crosses the y-axis. Thus, Q is the

y-intercept and it’s location is (0,9). To find P (the x-intercept) we can set y = 0 and
solve for z.

3
y:—1x+9

3

3

1
3221.77
12 =2z
=12

Now we know P(12,0) which tells us the dimensions of our right triangle formed by the
line, the x-axis and y- axis. By dropping a perpendicular line from T to the x-axis and
calling the intersection M we form a similar triangle to AQOP. We can find the dimensions
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of ATMP in terms of r and s.

Q0 TM
oP MP
9 3
12 12—7r

12—r=4
r=238

Therefore the coordinates of T are (8, 3).
. 2010-11 POTW- Level D L

Line [; has equation y = max+k. Line [ cross
the y-axis at point P and [, crosses the x-axis
at the point Q. PQ is perpendicular to both

line /; and line [5.
Determine the y-intercept of /5 in terms of m

y
/P
and k. / (0,b))

We are given the following

li :y=mxz+k = P(0,k) is the y-intercept
1
mpg = ——
PQ -

Therefore we know Lpg -y = —+x + k.

Now to find Q. We know Q crosses the x-axis and is on Zpg. Thus be setting x =
in our equation for .Zpg we can find Q’s coordinates.

Now since Zp( is perpendicular to both /; and I, we know the two lines must be parallel.
l1||ls = mgy = m where my is the slope of Iy

Now we have the slope of [5 and a point, Q(km,0) on the line. We can use these to find
the y-intercept of ls.

y =mz + by
0 =m(km) + by
by = —m’k

Therefore the y-intercept in terms of m agd kis (0, —m?2k)
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9. 2012 Canadian Team Mathematics Contest Individual Problems Q3

1
The line x = 2 intersects the lines y = —2x +4 and y = ix + b at points a distance of 1
unit from each other. What are the possible values of b?

Find the intersection of y = —2x 44 and
T =2

15 / y:—2$+4

=0

2.5 3 3.

Thus P(2,0).

Since the points are a distance of 1 unit
from each other. There are two possible
lines y = %33 + b, call them [; and [, and
therefore two possible values for b. Let
1 and )2 be our two intersections with

[, and Iy,
lQ1(2.1) I :Qa(2, 1)
y:%x—kbl y:%x—ka
1:%(2)+b1 _1:%(2)+b2
by =0 by = —2

Therefore the possible values for b are 0 and —2.

10
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10. 2013 Canadian Team Mathematics Contest Individual Problems Q3
Find the area of the triangle formed by the lines 4z — 3y = 0, x + 2y = 11 and the x-axis.

We need to find the point of intersection
amongst the three lines.

4 —3y =0 (1)
4
y:§x
42y =11 (2)

(1) —4(2) 4x—3y=0

—(4x + 8y = 44)
11y = —44
y =4 sub into (1)
Az — 3(4) = 0
dr =12
=3

Therefore the point of intersection between the two lines other than the x-axis is (3,4).
The x-intercepts of the other two lines are the other two points of intersection and based

of the questions we can deduce they are (0,0) and (11,0).
Knowing these points gives us the height of the triangle, h = 4 and the base b = 11.

A= (3) @ay

=22

Therefore the area of the shaded triangle formed by the lines is 22 units squared.

11
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11. 2011 Hypatia Q1

In the diagram, I} and E are the midpoints of AB and BC respectively.
y

d

A(0,6)

X

B(0.0) E C(8.0)

(a) Determine an equation of the line passing through the points C' and D.
(b) Determine the coordinates of F', the point of intersection of AE and C'D.
(¢) Determine the area of ADBC.

(d) Determine the area of quadrilateral DBEF'.

(a) Points D(0,3) and C(8,0) allow quickly determine the y-intercept, point D, and slope
of the line rn = —3. Therefore the equation of the line is y = =22 +3  (1).
(b) We know E is the midpoint of B(0,0) and C(8,0). Thus E(4,0). From there we

can quickly determine, as we did in (a), the slope and y-intercept for .Z4r. Thus the
equation for Zup is y = =3z + 6 (2).

Now by substitution we can find the intersection of the two lines, point F.

(1) = (2) 8x(—g$+3):(—;x+6)x8
—3x +24 = —-122 4+ 48
9z =8
T=3 sub into (1)
3 (8
=—|=z 3
sl3)
y=-1+3=2
8
F(=,2
(37)

(c) We can find the midpoint of B(0,0) and A(0,6) to be D(3,0). Since ADBC' is a
right triangle we know Appc = £(8)(3) = 12.

12
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(d) Looking at the diagram we can find the area of the quadrilateral by taking the differ-
ence of ADBC and AFEC.

ADBEF - ADBO - AFEC

=12 S(4)(2)

Apper = 8

12. Find the length of the following line segments between points O(0,0,0), A(—6,1,0), and
B(0,3, —4).

(a) OA
dos = /(—6)2 + 12+ 02
=V36+1+0
= /37
(b) BA

dpa = /(0= (—6))* + (3 1) + (0 — (—4))?
=+v36+4+16

13. A square-based pyramid has a height of v/31m and a base area of 100m?. What is the
length of the slant of the pyramid (length from the corner of the base to the top of the

pyramid)?

We are given h = v/31 m.
s =Vb%+ 52+ h?

s =52+ 52 + 31

s =1/81
s=9

Therefore the length of the pyramids
slant is 9 m.

13
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14. 1998 Pascal Q21

Q is the point of intersection of the diagonals of one face of
a cube whose edges have length 2 units. The length of OR
is

(A)2 (B) /8 (©) 5

(D) V12 (E) V6

We know to use the Pythagorean Theorem for three-dimensions, but before we can apply
the result we need to find the missing two lengths.

Consider the face of the square which Q is located. We know Q is the intersection of
the diagonals of the square. We also know these diagonals of a square are perpendic-
ular bisectors from a problem during the lecture. In other words, ZAQB = 90° and
AQ = QC = DQ = QB. Now since AAQ B is an isosceles triangle we know ZQAB = 45°.

D C

A B

The pythagorean theorem in three-dimensions works with axes perpendicular to each other.
Drop a perpendicular line from Q to AB.

N

A M B

Our next step is to find the lengths of AM and QM. Since AAQ@B is an isosceles triangle,
then the perpendicular line to M is also a bisector of AB. Thus AM = MB =1

LQAB+ ZAMQ + ZMQA = 180° (Angle Sum Theorem-AST)
45° +90° + ZMQA = 180°
/MQA = 45°

This tells us that AAMGQ is also an isosceles triangle and thus AM = M@ = 1. Now we
can finally apply the Pythagorean Theorem in three dimensions.

dpg = V22 4+ 12412
=V4+1+1
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15. 2014 Pascal Q23

In the diagram, the shape consists of 48 identical cubes
with edge length /n. Entire faces of the cubes are
attached to one another, as shown. What is the smallest
positive integer n so that the distance from P to () is an o
integer?

(A) 17 (B) 68 (C) T
(D) 28 (E) 3

Place your x-,y-, and z-axes at point P.

dpq = \/(—4VA)? + (6V)? + (4v/n)
=/36n + 16n + 16n
= v 68n

Note that the value under the square root must be a perfect square for

the distance from P to Q to be an integer.
68 xXn=2x34xXn

=2X2x17xn
=22x17xn
n=17

16. 2013 Pascal Q22

A water tower in the shape of a cylinder has radius 10 m
and height 30 m. A spiral staircase, with constant slope, ”.’HF-_-_':I;{)J-H"\
circles once around the outside of the water tower. A

vertical ladder of height 5 m then extends to the top of om
the tower. Which of the following is closest to the total =
distance along the staircase and up the ladder to the top T 30 m

of the tower?
(A) 726 m (B) 320.2 m (C) 746 m

(D)676m  (E)45.1m

15
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S5m

30m
25m

~

2n(10m) = 20mtm

When we unravel the cylinder’s sides we get a rectangle and can apply the Pythagorean
Theorem.

d = +/(20m)2 + (25)2
— 5./(47)% + 52

= 5V 1672 + 25

16



