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Living things come in an incredible range of “packages”

However from tiny cells to large mammals all living 
things live and die, making more living things 
somewhere along the way (otherwise they die out).



The rabbit population is probably the simplest 
population model.

The graph below shows measurements of an actual 
rabbit population.

What does the graph                                                    
show?



In nature a single species almost never exists alone.

The simplest example is a predator-prey relationship of 
rabbits and foxes on an isolated island.

What does the diagram                                                    
show?



The predator-prey model is a very popular example of 
a mathematical model.

Unfortunately this model relies on mathematics beyond 
the high school level.

But we can get close...



What is a mathematical model, and what is it for?

A mathematical model should give quantitative 
answers (numbers).

A mathematical model should be able to use past and 
present information to predict the future.

A mathematical model should have parameters to 
allow it to be used in different situation.

A mathematical model should be simpler than nature.



A lot of K-12 mathematics is math for math’s sake.

But even the standard grade 9 example of a line can be 
thought of as a model.

y = mx+ b the standard formula for a line

y is the dependent variable, x is the independent 
variable and you can imagine using data to figure out 
the best values of the slope, m, and intercept b.

This is used all the time in science and is called linear 
regression.



Notice that you start with 
the data and the math then 
gives you the slope and the 
intercept.

You need to specify what  
“best fit” means.

In practice the distance 
squared at each x (input) is 
often used.

y = mx+ b the standard formula for a line



The two problems with the line are: 1) it isn’t a very exciting 
model,and 2) it has no apparent link to populations.

So what is the easiest population model?

Let’s assume the population is labelled “P” and we label the 
measurement  by a superscript starting at 0.

P 0
the initial population

Pn
the population at time n

Pn+1
=Pn

+ number born � number that died

Pn+1
=Pn

+ ↵Pn � �Pn

Pn+1
=(1 + ↵� �)Pn



I colour coded the math so that definition statements are in 
yellow, and modeling assumptions are in red.

Steps involving algebra and the final model are in blue.

I also tried to keep things ordered by using latin letters for 
variables and greek letters for parameters.

P 0
the initial population

Pn
the population at time n

Pn+1
=Pn

+ number born � number that died

Pn+1
=Pn

+ ↵Pn � �Pn

Pn+1
=(1 + ↵� �)Pn



The two parameters are the birth rate-alpha, and the 
death rate-beta.

These specify the fraction of the population that 
reproduces and dies, respectively.

If we know them the model is predictive.
P 0

the initial population

Pn
the population at time n

Pn+1
=Pn

+ number born � number that died

Pn+1
=Pn

+ ↵Pn � �Pn

Pn+1
=(1 + ↵� �)Pn



Prediction is possible since the model can be solved in 
steps with just a small amount of algebra.

You can see right away that the model depends on 
whether the term in the brackets is bigger or smaller 
than one.

This is the same as saying that                                         
the birth rate, alpha, is larger                                       
than the death rate, beta.          

Pn+1 =(1 + ↵� �)Pn

P 1 =(1 + ↵� �)P 0

P 2 =(1 + ↵� �)P 1

P 2 =(1 + ↵� �)2P 0

Pn =(1 + ↵� �)nP 0



The rabbit population graph is an example of a case 
where the birth rate is larger than the death rate.

The type of growth of 
population is called 
“exponential” because                                                       
the larger the                                                             
population, the faster                                                       
the growth.



There is one more property a really good model has: it 
should be extendable to a more complicated model.
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You have now seen some simple population models in 
action and solved some sample problems.

In this second part of the lecture I want to talk about 
how simple models get more complicated.

This could mean more mathematics or more modeling.



Let’s start with the mathematics.

One aspect of the model we found slightly troublesome was the 
way in which it gave non-integer values for the population.

A way to get rid of this is using the floor function which strips a 
number of its decimal parts (floor of 1.23 is 1)

We could forget about the model altogether and look at the floor 
function itself, and its properties.

This is an example of pure mathematics.



The above shows how the notation for the floor 
function works and one interesting property.

It is in fact easy to convince yourself that the floor 
function applied any number of times (at least once) is 
the same as the floor function applied once.

Mathematicians give this property a name: 
idempotence.

bac = b

bbacc = bbc
= b



If we write the usual formula for a line and treat x as 
the input and y as the output, with m and b known as 
parameters we could ask if the “line” function is 
idempotent.  We write things like this:

y = mx+ b the standard formula for a line

y(x) = mx+ b

y(y(x)) = y(mx+ b)

= m(mx+ b) + b

= m

2
x+mb+ b

It certainly looks like repeatedly applying the “line” 
function does not give the same result.



An example helps confirm this.  Choose m=2, b=1
y(x) = 2x+ 1

y(y(x)) = y(2x+ 1)

= 2(2x+ 1) + 1

= 4x+ 3

A mathematician would next ask “Is it ever true?”

A bit of algebra would then show:
mx+ b = m

2
x+mb+ b

But you know for two lines to be the same their slope 
AND intercept must be the same, so

m = m2 and b = mb+ b which means b = 0 and m = 1



So the only idempotent line is the line y=x.

Or another way to say it the only linear function that 
is idempotent is the one for which the output is the 
same as the input.

Mathematicians give that function a special name and 
call it the identity function.

There is actually another solution, namely m=0 and b 
is arbitrary but that is just the constant function so not 
worth pursuing.



In conclusion, the pure mathematical approach 
involves asking simple, logical questions, and finding 
correct answers to those questions.

It also involves assigning new words (this is called 
terminology) and may be even new symbols (this is 
called notation).

However it doesn’t really add much to the modeling 
itself.



If we want to focus on the modeling instead there are 
two ways to go about it.

A scientist would start with data and then try to fit 
the model to the data.

An applied mathematician                                         
would systematically make                                             the 
model more complicated.

Making sure it is still solvable.



First I want to show you how a model can improve 
realism but “mess up” the math .

Let’s return to our example of rabbits and say you 
want to acknowledge the fact that you can’t just keep 
breeding more rabbits without running out of food.

This means that the birth rate and death rate will 
depend on population.

The maximum population is called the carrying 
capacity and will label it Pc.



P (n+1) = P (n) + aP (n)

✓
1� P (n)

P (c)

◆

I claim that the model above is the simplest possible model that 
includes the carrying capacity.

Take a to be a known value, and a>0, meaning the birth rate 
outstrips the death rate.

You can see that if the population equals Pc then the term in the 
round brackets is zero and so the population remains at Pc.  

Also, for small populations the term in the brackets is really 
small and you get the exponential model back.



P (n+1) = P (n) + aP (n)

✓
1� P (n)

P (c)

◆

Next notice that when the population is below Pc then 
the term in the brackets is positive and so population 
increases. 

Finally, you can also see that when the population is 
above Pc then the term in the brackets is negative and 
so population decreases.



P (n+1) = P (n) + aP (n)

✓
1� P (n)

P (c)

◆

So from a modeling point of view the above model 
seems to work very well.  The population of rabbits 
grows to reach the carrying capacity.

The problem with the math side of things is easy to see 
as well.  We simply can’t write down the solution in a 
formula like we did for the exponential model.

That’s why you probably wouldn’t see a problem like 
this in your schoolwork.



P (n+1) = P (n) + aP (n)

✓
1� P (n)

P (c)

◆

A computer has no trouble solving it, though.

You just need to give it a and Pc (a=1, Pc=1000 below).



The last slide neatly encapsulates the role of computation in 
applied mathematics.

It is literally everywhere, just the way it is in our lives (I am on 
my phone literally a quarter of every day).

Yet math is often taught using computation as a crutch (how 
many adults would have trouble with long division without a 
calculator...) as opposed to as a tool.

Next week we will explore more of the usefulness of 
computation, but there is one more thing I want to do this 
week…



There are many important cases in which the act of modeling 
itself is a separate point from solving, or simulating the model.

This is because mathematics is a different “language” to describe 
the world.

It may not be poetic (“my love is like a red, red rose” does not 
work as a math statement) but it is logical.

So let’s return to the rabbits and foxes problem and create a 
model for it.

We will need some new notation since we have two populations.

Fn, Rn
population of foxes (rabbits) at time n, respectively



We will also need to have parameters for birth and death rates 
that differ for the two populations.

For the foxes this should be pretty much like it was for the single 
population.

Fn+1 = Fn + (↵F � �F )F
n

You can see that the only difference is that the birth and death 
rate parameters now have a subscript to remind us that these 
should be the parameters for foxes and not for rabbits.

We could do something similar for the rabbits, except that the 
death rate shouldn’t just be the “natural” death rate like it is 
above for foxes, it should account for foxes eating rabbit.



Rn+1 = Rn + ↵RR
n � �RR

n � �RnFn

Rn+1 = Rn + birth � natural death � hunting
hunting depends on Rn

and Fn

Fn+1 = Fn + (↵F � �F )F
n

This is the simplest possible model for the rabbit and fox 
populations.

Now let’s critique it?  Is there something a bit off about it?  
Simple models shouldn’t be so simple they impose something silly, 
so does this one do so?

In fact there is a critique you can make, and you can do it either 
on mathematical grounds or biological grounds…



Rn+1 = Rn + ↵RR
n � �RR

n � �RnFn

Fn+1 = Fn + (↵F � �F )F
n

Mathematically, it seems odd to have the term that multiplies 
the two populations together appears in only one of the two 
equations.

Biologically, you could argue that hungry foxes don’t have as 
many babies, so a more reasonable model would be:

Rn+1 = Rn + ↵RR
n � �RR

n � �RnFn

Fn+1 = Fn + �FR
nFn � �FF

n

Indeed, this is a very famous population model called the Lotka-
Volterra model and forms the basis of a very large field of math.


