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Approximations & Estimations

Introduction

When solving problems, we often face situations where we don’t have enough information

to solve the problem. Occassionally, we might even wonder if it’s worth going through the

trouble of solving the problem - there might be a way of getting around the problem.

Estimation is a valuable tool that helps make progress, even when faced with the toughest

problems.

Making good estimates requires an excellent understanding of the problem you’re solving

and how the numbers you’re dealing with relate to that problem. For example, with a

couple of given numbers you can get a reasonable estimate of the temperature of the Sun!

Numeric Approximations

Numeric approximations are ways of doing relatively difficult arithmetic operations quickly.

We’ll go over two of the most useful ones.

Fractions

Fractions come up regularly in our daily lives. You might be interested in knowing how big

your slice of pizza is or how to split your water amongst others if you’re stranded in a

desert.

A simple way to find decimal approximations of complicated fractions is to compare them

to known ‘easy’ fractions. For example, you know that 1
2

= 0.5, 1
4

= 0.25 etc. So, if you

were asked to find the decimal value of 1
3
, you know that it should lie in between 0.25 and

0.5.
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Example 1

Estimate the decimal values of the following fractions (round your answer to one decimal

place):

(a) 5
12

(b) 7
13

(c) 9
19

(d) 17
9

Hint: These fractions may come in handy:

(i) 1
2

= 0.5

(ii) 1
3

= 0.333...

(iii) 1
4

= 0.25

(iv) 2
3

= 0.666...

Square Roots

Another useful tool is approximating square roots. This is of particular interest in

geometry problems, thanks to the Pythagorean Theorem for right-angled triangles. The

Pythagorean theorem says that if you’ve got a right-angled triangle (Figure 1), the sum of

the squares of the base and height of the triangle is equal to the square of the longest side

or hypotenuse.
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C
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t)
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Figure 1: The Pythagorean Theorem

In other words:

(base)2 + (height)2 = (hypotenuse)2

The small two is there to remind us that we’re multiplying each term by itself i.e.

(base)2 = (base)× (base) etc. The small two is actually called an exponent or power.

When we say 34 = 3× 3× 3× 3 we mean to ‘raise 3 to the power of 4’. In other words, it’s

a shorthand to indicate that we’re multiplying 3 with itself, 4 times.

This is a central theorem in geometry and is used everywhere from physics and chemistry

to computer science.

Usually, you’re given two sides of the right triangle and asked to find the third. The issue

here is that we often need to find the decimal value of a square root.

To approximate square roots, we follow a similar technique to that we used for fractions.

This requires us to know a few perfect squares (which are given in Table 1).
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Table 1: The first 10 square numbers and their roots
12 1
22 4
32 9
42 16
52 25
62 36
72 49
82 64
92 81
102 100

Now, how exactly do we approximate square roots? Well suppose you’re asked to find
√

29.

You immediately know that the answer should be between 5 and 6 because 52 = 25 and

62 = 36.

Since 29 is close to 25 than to 36, you know that
√

29 should be slightly closer to 5 than to

6. Let’s start with a guess that the answer is approximately 5.5 i.e.
√

29 ≈ 5.5.

5.52 = 30.25 which is a bit too high. This means that our new guess needs to be a bit

lower. How about 5.4? Well, 5.42 = 29.16 which is really close to our answer (within 1

decimal place).

If we were asked to approximate
√

29 to one decimal place, we could stop here and simply

write
√

29 ≈ 5.4.

However, if we wanted a greater precision in our answer, we could go and find the second

and third decimal places.

So we know
√

29 ≈ 5.4 to one decimal place. If we wanted an answer to two decimal places,

we’d first notice that our approximate answer is still a tiny bit too big (0.16 too big). So

we’d go down by 0.01 in our new guess and write 5.39.

5.392 = 29.0521 which is still a bit too big. However, 5.382 = 28.9444 which is too small.

This means that if we need a better approximation of
√

29, we’d need to go to three

decimal places.

Our previous guess of 5.39 was still too big. So we go to three decimal places and make our

guess a bit smaller and write 5.389.

5.3892 = 29.041 is still a tiny bit too big. We could keep going in exactly the same way as

we did for two decimal places. Doing so would give us an answer of
√

29 ≈ 5.386.
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The important idea here is that approximating square roots is usually a trial and error

process. As with anything, you can get significantly faster at it with practice.

Example 2

(a) Find the decimal approximations of the following square roots (to two decimal places):

(i)
√

43

(ii)
√

77

(b) A right triangle has a base of 40 cm and a height of 39 cm (See Figure 2). What is the

approximate length of the hypotenuse (to one decimal place)?

B A

C

40 cm

39
cm

(Hypotenuse)

Figure 2: Example 2(b)

Orders of Magnitude

Talking about the order of magnitude of a number is a way of talking about it’s

approximate size in relation to other numbers. If two numbers are 1 order of magnitude

apart, we mean that one of our numbers is approximately 10 times as big as the other.

For example, the numbers 7 and 45 are 1 order of magnitude apart. Similarly, the numbers

5 and 900 are 2 orders of magnitude apart - this means that we need to multiply 5 times

100 to approximately get 900.
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Now although you may say that 7× 10 = 70 is not close to 45, remember that as an

approximation, it is fine. Similarly, although 500 and 900 are still quite apart from each

other, they’re close to each other when compared to say 50.

You might not immediately see the benefits of talking about the order of magnitude, but

they’re very helpful when dealing with large numbers. To understand orders of magnitude

better, we need to take a detour and learn a bit about scientific notation.

Scientific Notation

Consider the number 4,900,000. It’s rather inconvenient to write it out completely due to

the large number of zeros. Notice that we can rewrite the number in the following way:

4, 900, 000 = 49× 100, 000

This is still inconvenient due to the large number of trailing zeros. We can further rewrite

this as:

4, 900, 000 = 49× 100, 000 = 49× 10× 10× 10× 10× 10

Repeated multiplication is just exponentiation (or raising to a power). This means that we

can rewrite our number as:

4, 900, 000 = 49× 10× 10× 10× 10× 10 = 49× 105

By convention, we usually pull out another factor of 10 and write the first number (the

pre-multiplier) as a number between 0 and 10:

4, 900, 000 = 49× 105 = 4.9× 106

You can try multiplying this expression out and verify that you end up back at the original

number.

Writing numbers out in this manner i.e. as a product of a number between 0 and 10 and 10

raised to some power, is called scientific notation.

6



The general format for writing a number in scientific notation is as follows:

(Number between 0 and 10)× 10(order of magnitude of the number)

To find the order of magnitude of a number, we simply count the number of digits in the

number and subtract 1 i.e.:

(Order of magnitude of a number) = (Number of digits in the number)− 1

So, the order of magnitude of 5 is 0. This means that in scientific notation, 5 is 5× 100.

100 is defined to be 1, which means that our scientific notation and regular notation

represent the same number i.e. 5.

Similarly, the order of magnitude of 6,470 is 3, which means that the scientific notation for

6,470 is 6.470× 103. In other words, the order of magnitude of a number, is the number to

which 10 has to be raised in the scientific notation of that number.

Example 3

Write the following numbers in scientific notation:

(a) 4

(b) 9.5

(c) 55

(d) 177

(e) 1,390

(f) 15,092,700

Writing numbers in scientific notation is useful because we can compare large numbers very

quickly. Scientific notation is used a lot in physics, chemistry and biology (hence the name)

as scientists often have to deal with numbers as small as an atom, to those as big as the

entire universe.
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Fermi Problems

Enrico Fermi (1901-1954) was an Italian-American physicist, famous for his work in

atomic physics. In fact, his group was responsible for building the world’s first nuclear

reactor.

Figure 3: Enrico Fermi

Fermi was famous amongst his colleagues for being able to do quick estimations, sometimes

without any actual data. For example, Fermi was able to estimate the strength of an

atomic bomb at the Trinity test by noticing the distance moved by a few pieces of paper

he’d dropped from his hand, during the blast. He was surprisingly close to the actual

strength of 21 kilotons, with his estimate of 10 kilotons of TNT.

Unsurprisingly, a large number of seemingly impossible estimation problems are called

Fermi Problems. These problems involve finding approximate answers to seemingly

extremely difficult questions. For example, “How many drops of water are there in Lake

Ontario?” is one such problem.

Solving such problems involves making reasonable assumptions about the circumstances of

the problem and understanding what factors contribute most to the solution. Learning how

to solve Fermi problems is best done by....solving Fermi problems!
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Example 4

How many piano tuners are there in Chicago?

Hint: The population of Chicago is approximately 9 million

Remember that Fermi problems have no real ‘right’ answer - all answers will be ‘wrong’ to

some extent. The point of doing them is to improve our skills of doing the best we can

when we’re given limited information.

If you don’t know some fact required to solve the problem accurately, DO NOT look it

up. Instead, try making a reasonable guess/assumption as to what it might be.

These problems may seem uncomfortable at first due to the nature of the estimations

involved, but it’s important to remember that we only require an approximate answer

that’s on the same order of magnitude.

The best way to get better at Fermi problems is to try and remember some common facts,

make reasonable assumptions whenever necessary and of course, practice. The point of

making such estimates is to try and understand what the actual solution to the problem

looks like.

Certain problems can be very difficult or even impossible to solve conventionally. In these

situations, it might be helpful to find an approximate solution as a means of checking if

we’re headed in the right direction.

Example 5

How many hairs are on an average human head?

Example 6

If everyone in this room lied down head to toe, how long would the resulting line be?

9



Problem Set

Try doing all questions WITHOUT using a calculator or the internet. Remember that

we’re doing estimations which means that for estimation/approximation problems, as long

as your reasoning is justified and your answer is within reasonable limits, you’re right. This

is especially true for the Fermi problems where your answer would ideally be on the same

order of magnitude as the actual answer.

When you compare your answers to the Fermi problems to those in the solutions (available

online), you might not always be close. This is alright. They key to solving these problems

is in your initial assumptions and estimates, check those first instead of your final answer.

In other words, the reasoning behind your estimate is more important than your

final answer.

1. Estimate the decimal values of the following fractions (to one decimal place):

(a) 7
8

(b) 22
7

(c) 52
5

Note: This is a mixed fraction. This can be converted to an improper fraction if you

wish.

(d) 29
11

(e)
√
41
12

Hint: Try estimating the square root first and then round the answer.

2. Estimate the following square roots to the indicated number of decimal places:

(a)
√

30

(b)
√

71

(c)
√

120

(d)
√

4.5

(e)
√

3
7

Hint: You may have to estimate the fraction first.
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3. Write the following numbers in scientific notation:

(a) 4,792

(b) 187,863

(c) 12.359

(d) 190,483,203,443,217

4. Estimate the length of the hypotenuse of the following triangle (Figure 4):

B A

C

12.89 cm

19
 c

m

(Hypotenuse)

Figure 4: What is the approximate length of the hypotenuse?
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5. When doing estimation problems, it’s always important to be aware of what your

ultimate goal is. Try estimating the length of the hypotenuse in this triangle (Figure 5):

B A

C

 89.67 units

11
8.

77
 u

ni
ts (Hypotenuse)

Figure 5: This estimation is easier than it looks

Do you think your estimate is bigger or smaller than the actual value?

Hint: This problem is easier than it looks - there’s a way to do this without estimating

any square roots.

6. If an elephant is on one side of a weighing balance, how many 6th graders need to stand

on the other side to balance it out?

7. How many pizzas are eaten by an average 6th Grade class in a year?

8. If we put together all the bars of chocolate eaten by everyone in a typical Grade 6 class,

how big would our big chocolate bar be?

9. You’re making your own shrink ray at home. How small would you have to be such that

a normal apple appears the size of the Earth to you?

Hint: The diameter of the earth is about 13,000 km.

10. If you drew a straight line with a ballpoint pen until it ran out of ink (it was initially

full), how long would the line be?

Hint: The volume of a cylinder is π × (radius)2 × (height) where π ≈ 3.14.
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