
Primes and Open Problems in Number Theory
Part II

A. S. Mosunov

University of Waterloo

Math Circles

February 14th, 2018



Happy Valentine’s Day!
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Perfect day to read “Love and Math”!
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Recall



Prime Numbers

I We were looking at prime numbers, those numbers that are
divisible only by one and themselves.

I We computed all prime numbers up to 100:

2,3,5,7,11,13,17,19,23,29,31,37,41,
43,47,53,59,61,67,71,73,79,83,89,97, . . .

I We saw three di↵erent arguments for the infinitude of primes
due to Euclid, Euler, and Erdős.

I We learned about Prime Number Theorem (PNT), which
states that there are “roughly” x/ lnx prime numbers up to x .

I This week, we will look at other famous results and
conjectures about prime numbers, starting from the Twin
Prime Conjecture.



But before that. . .

EXERCISE!



Exercise: Heuristics on Prime Numbers
1. Use PNT to prove that the probability of choosing a prime

among integers between 1 and x is “approximately” 1/ lnx .
2. What is the probability of choosing a random integer that is

not divisible by a positive integer p?
3. Let n be a random number  x . Clearly, this number is prime

if it is not divisible by any prime p such that p < x . Give a
heuristic explanation why the probability of n being prime is

’
p<x , p is prime

(1�1/p).

4. It was proved by Mertens that the above product is
“approximately” equal to c/ lnx , where c = 0.577215 . . . is a
constant. Does this result match Exercise 1?

5. To make our heuristics coherent with PNT, we introduce the
constant µ = 0.561459 . . ., so that

’
p<x

µ

p prime

p�1

p
⇠ 1

lnx
.



Twin Prime Conjecture



Twin Prime Conjecture

I Question. Are there infinitely many prime numbers p and q
such that |p�q|= 2?

I Twin Prime Conjecture states that the answer to the above
question is “yes”.

I A prime number that is either 2 less or 2 more than another
prime number is called a twin prime.

I Exercise. Find all twin prime pairs up to 100.

I Answer. The twin prime pairs up to 100 are

(3,5),(5,7),(11,13),(17,19),(29,31),(41,43),(59,61),(71,73).

I The largest known twin prime discovered in 2016 is

2996863034895 ·21290000+1

and it has 388342 decimal digits.



Bounded Gaps Between Primes

I The first formal statement of TPC was given by de Polignac
in 1849. To this day, TPC remains unsolved.

I Simper question. Is there a number N such that there are
infinitely many distinct primes p and q satisfying |p�q| N?

I Answer. Yes! In 2013, Yitang Zhang showed that one can
take N = 70000000.

I Here is an article about Yitang Zhang in The New Yorker
magazine: https://www.newyorker.com/magazine/2015/
02/02/pursuit-beauty.

I In 2014, this bound was reduced to N = 246 by James
Maynard and Terrence Tao. Assuming the validity of the
Generalized Elliott-Halberstam Conjecture, the bound is
N = 6.

https://www.newyorker.com/magazine/2015/02/02/pursuit-beauty
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Twin Prime Heroes

Figure: From left to right: Yitang Zhang, James Maynard, Terrence Tao.
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First Hardy-Littlewood Conjecture

I Question. For a positive real number x , how many twin
primes are there up to x?

I Answer. We do not know :( But we can make a pretty good
guess!

I Let p
2

(x) denote the total number of twin primes p  x .

I In 1923, Hardy and Littlewood conjectured that

p
2

(x)⇠ 2C
2

x

(lnx)2
⇠ 2C

2

xZ

2

1

(lnu)2
du,

where

C
2

= ’
p�3

p prime

p(p�2)

(p�1)2
= 0.66016 . . .

is a constant. This statement is called the First
Hardy-Littlewood Conjecture (FHLC).



Exercise: FHLC via Pólya’s Heuristics

1. This exercise is based on the article of G. Pólya, Heuristic
reasoning in the theory of numbers, 1959.

2. Use FHLC to argue that the probability of choosing a twin
prime up to x is “approximately” 2C

2

/(lnx)2.

3. Let x be a large integer chosen at random. Find the
probability that both x and x+2 are prime numbers.

4. Use the relation

’
p<x

µ

p prime

p�1

p
⇠ 1

lnx

to argue that

1

2 ’
3p<x

µ

p prime

p�2

p
⇠ 2 ’

p�3

p prime

p(p�2)

(p�1)2
1

(lnx)2
,

where the quantity on the right is precisely 2C
2

/(lnx)2.



The Man Who Knew Infinity

I If you want to know a bit more about (Ramanujan and) Hardy
and Littlewood, watch the movie The Man Who Knew
Infinity (2015)!

Figure: Poster for The Man Who Knew Infinity.
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Cousin Primes
I Why stop at twin primes? Introducing. . .

I Cousin primes. Primes which di↵er from each other by 4.

I Exercise. Find all cousin prime pairs up to 101.

I Example. The cousin prime pairs up to 101 are

(3,7),(7,11),(13,17),(19,23),(37,41),
(43,47),(67,71),(79,83),(97,101).

I Let p
4

(x) denote the total number of cousin primes p  x .
The First Hardy-Littlewood Conjecture covers the distribution
of cousin primes as well:

p
4

(x)⇠ 2C
2

x

(lnx)2
⇠ 2C

2

xZ

2

1

(lnu)2
du,

where C
2

is the same constant as for twin primes.

I In fact, it also covers k-tuples of prime numbers. This is why
it is also called the k-tuples Conjecture.



Triplets of Primes

I Question. If there are twin primes and there are cousin
primes, are there many triplets of the form (p,p+2,p+4)?

I Exercise. Find a triplet of primes of the form (p,p+2,p+4).
How many such triplets are there?

I Question. Are there many triplets of the form
(p,p+2,p+6)? What about (p,p+4,p+6)?

I Conclusion. Not every triplet makes sense! Those k-tuples
that make sense are called admissible.

I The k-tuples Conjecture covers the distribution of all
admissible k-tuples.

I There is a lot of computational and theoretical evidence that
k-tuples Conjecture is true. However, it is still unsolved.

I The Second Hardy-Littlewood Conjecture states that
p(x+ y) p(x)+p(y). It is widely believed that this
conjecture is false.



BREAK



Large Gaps Between Primes



Large Gaps Between Primes

I Question. How large gaps between consecutive primes can
be?

I Exercise. Let p
n

denote the n-th prime, and define the n-th
prime gap as g

n

= p
n+1

�p
n

. Compute the first 15 values of
g
n

.

I Answer. The first 15 values of g
n

are

1,2,2,4,2,4,2,4,6,2,6,4,2,4,6, . . . .

I The Twin Prime Conjecture states that g
n

= 2 for infinitely
many n.

I Exercise. For each k = 5,10,100, find a positive integer n
such that n,n+1, . . . ,n+k�1 are all composite.

I Exercise. Prove that g
n

can be arbitrarily large. That is, for
each positive integer m there exists n such that g

n

>m.



Large Gaps Between Primes

I Answer. For each positive integer m, let m! = 1 ·2 · . . .m.
Then m consecutive numbers

(m+1)!+2,(m+1)!+3, . . . ,(m+1)!+(m+1)

are all composite.

I Therefore there exist consecutive primes p
n

and p
n+1

such
that

p
n

< (m+1)!+2< (m+1)!+(m+1)< p
n+1

.

I For such n, we have g
n

>m.

I This bound is very bad. For example, g
30

= 14, while

p
3610490805

=87178291199< 14!+2< 87178291219= p
3610490806

.



Maynard’s Result
I Exercise. Use Prime Number Theorem to prove that the

average gap between primes up to x is “approximately” lnx .

I Answer.

Average =
length([0,x ])

p(x)
⇠ length([0,x ])

x

lnx

= lnx .

I Question. Let G (x) be the largest gap between primes up to
x . How far is the value G (x) from the average lnx?

I In 1938, Robert Rankin proved that

G (x)> c
(lnx) · (ln lnx) · (ln ln ln lnx)

(ln ln lnx)2
,

where c  1.78 is a positive constant.

I Erdős o↵ered a $10000 prize for a proof or disproof that the
constant c may be arbitrarily large. This was proved in 2014
by Ford, Green, Konyagin, Tao, and, independently, by
Maynard.



Maynard’s Result

Figure: James Maynard receives a $10000 cheque from Ron Graham.
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Other Results and Conjectures

I In 2015, Ford, Green, Konyagin, Maynard and Tao proved that

G (x)> c
(lnx) · (ln lnx) · (ln ln ln lnx)

ln ln lnx

for some positive constant c .

I In 1936 Cramér proved that, assuming the Riemann
Hypothesis,

g
n

 c
p
p
n

lnp
n

for some positive constant c .

I He also conjectured that g
n

 c(lnp
n

)2 for some positive
constant c .



Homework

I Watch one of the movies or youtube videos, or read one of the
books mentioned in the past two lessons.

I Subscribe to Vsauce or Numberphile youtube channels!
Links to few amazing videos are below.

I How to add 1+2+3+4+ . . . and get �1/12 in the end:
https://www.youtube.com/watch?v=w-I6XTVZXww. Do
you see how this sum is related to the Riemann zeta function?

I How to count past infinity: https:
//www.youtube.com/watch?v=SrU9YDoXE88&t=21s&

index=3&list=PLZRRxQcaEjA5WaVaMtEB86yVXSH-XZ8eT.

I How to clone spheres: https:
//www.youtube.com/watch?v=s86-Z-CbaHA&t=123s&

index=6&list=PLZRRxQcaEjA5WaVaMtEB86yVXSH-XZ8eT.
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THANK YOU FOR COMING!


