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1 Class Problems

Problem 1.1. Counting to 9999: Two players take turns making 1, 2, 3, 4, or 5 “counting
moves”. In the first player’s first counting move, they must say one of the numbers 1, 10,
100, or 1000. Then, in every subsequent counting move made by either player, they say a
number that is either 1, 10, 100, or 1000 more than the number that was previously said,
without adding a number that would require carrying (e.g. you can’t add 1 to 9, or 10 to
191) or saying a number greater than 9999. The player that says the number 9999 wins.

Problem 1.2. Moving Rooks: A rook stands on the top-right corner of an 8⇥8 chessboard.

(a) On each player’s turn, they can move the rook as many squares as they want, either
horizontally to the left or vertically downwards. The player who places the rook on the
bottom-left corner of the chessboard wins.

(b) What if the player who places the rook on the bottom-left corner of the chessboard loses
instead?

(c) What would the answers to the previous two questions be if we started with an n ⇥m
chessboard?

Problem 1.3. Moving Kings: A king stands on the top-right corner of an 8⇥8 chessboard.

(a) On each player’s turn, they can move the king either one square to the left, one square
downwards, or one square diagonally down and to the left. The player who places the
king on the bottom-left corner of the chessboard wins.

(b) What if the player who places the king on the bottom-left corner of the chessboard loses
instead?

(c) What would the answers to the previous two questions be if we started with an n ⇥m
chessboard?

Problem 1.4. What do the previous three games have in common?

Problem 1.5. There are two islands, one with n flags and one with m flags. (n and m are
whole numbers.) Two players play a game: On each player’s turn, they may travel to one
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island and take 1, 2, or 3 flags away. The player who takes the last flag wins.

Problem 1.6. There are three piles of stones. The first pile contains 50 stones, the second
60, and the third 70. Two players play a game: On each player’s turn, they must divide
every pile containing more than one stone into two smaller piles. Every pile must have at
least one stone. The player who leaves piles of individual stones is the winner.

Problem 1.7. There are two piles of stones. Two players play a game: On each player’s
turn, they can either take as many stones as they like from a single pile, or take the same
number of stones from both piles. The player who takes the last stone wins.

Problem 1.8. Two players play the following game on a rectangular chocolate bar made up
of smaller square blocks. The bottom-left block of the chocolate bar is poisoned. On each
player’s turn, they must eat one small block of chocolate, together with all the blocks that
are above it and to the right of it. The player who gets poisoned loses. Find the winning
strategy if the size of the chocolate bar at the beginning is:

(a) 2⇥ 7

(b) 4⇥ 4

(c) The winning strategy for the general n by m board is an open research problem. We do
know, however, that the first player can always win. Why is this the case?

2 Problems to Ponder

Stargazing

Problem 2.1. Two players take turns placing bishops on the squares of an 8⇥8 chessboard.
On each player’s turn, they must place a bishop so that no other bishop on the board can
capture it. The player who cannot move loses.

Problem 2.2. Two players take turns placing kings on the squares of a 9 ⇥ 9 chessboard.
On each player’s turn, they must place a king so that no other king on the board can capture
it. The player who cannot move loses.

Problem 2.3. A knight is placed on the top-right corner of a chessboard. Players alternate
moving the knight either two squares to the left and one square up or down, or two squares
down and one square to the left or right. The player who cannot move loses.

Problem 2.4. Two players take turns placing knights on the squares of an 8⇥8 chessboard.
On each player’s turn, they must place a knight so that no other knight on the board can
capture it. The player who cannot move loses.
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Problem 2.5. What would the winning strategy be for Counting to 9999 if we made the
following two modifications to the rules?

1. “Carrying moves” are allowed.

2. You can make up to 8 counting moves on each turn.

Problem 2.6. Using only the digits 1, 2, 3, 4, 5, two players compose a 2019-digit number
n by selecting one digit at a time as follows: The first player selects the first digit, then the
second player selects the second digit, then the first player the third, and so on, in order.
The first player wins if and only if n is divisible by 9; otherwise, the second player wins.

Smudging the Telescope

Problem 2.7. Consider the following two games:

(a) Two players play a game with the divisors of 216. They alternately say a divisor of 216
which has not been said before, and is not a divisor of a divisor that has been said before.
(For example, if player A says “36”, then neither player is allowed to say “1”, “2”, “3”,
“4”, “6”, “9”, “12”, “18”, or “36” any more. They can still say “8”, “24”, “27”, “54”,
“72”, “108”, or “216”.) The player who says 216 is the loser.

(b) A queen stands one square to the left of the top-right corner of an 8 ⇥ 8 chessboard.
On each player’s turn, they can move the queen as many squares as they want, either
horizontally to the left, vertically downwards, or diagonally downwards and to the left.
The player who places the queen on the bottom-left corner of the chessboard wins.

Explain the relevance of these two games to today’s session, and find the winning strategies
for these two games. Can you show who has a winning strategy in the general case of part
(a), where two players play the game with the divisors of n?

Problem 2.8. Here is a ri↵ o↵ a problem in a previous problem set: Two players play a
game on a regular n-gon. (Previously, we had n = 1000.) On each player’s turn, they must
draw one diagonal of the polygon so that it does not cross any of the diagonals that have
already been drawn. The first player that cannot move loses.

Problem 2.9. Consider the following game played with a deck of 2n cards numbered from 1
to 2n. The deck is randomly shu✏ed and n cards are dealt to each of two players. Beginning
with A, the players take turns discarding one of their remaining cards and announcing its
number. The game ends as soon as the sum of the numbers on the discarded cards is divisible
by 2n+1. The last person to discard wins the game. Assuming optimal strategy by both A
and B, what is the probability that A wins?

Problem 2.10. This game begins with two piles of 5000 and 2018 stones respectively. In
turn, two players take some stones from one of the piles. The number of stones a player may
take on their turn must be a positive integer multiple of the number of stones in the other
pile. The player who takes the last stone wins. Which player has a winning strategy?
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Looking at your Blurry Pictures

Problem 2.11. Generalise the previous problem to piles of m and n stones, where m � n.
Which player has a winning strategy?

Problem 2.12. Two players play a game starting with n stones. On each player’s turn,
they can take away either one stone, or half the stones, rounded down if there are an odd
number of stones in the pile, as long as the pile contains 2 or more stones. The player who
takes the last stone loses.

Problem 2.13. What would the winning strategy for Two Piles be if you started with more
than two piles of stones? In other words, suppose there are k piles of stones with a1, · · · , ak
stones in them. On each player’s turn, they can take as many stones as they want from one
pile. The player who takes the last stone wins.

Problem 2.14. Let n � 1 be an odd integer. Alice and Bob play the following game, taking
alternating turns, with Alice playing first. The playing area consists of n spaces, arranged
in a line. Initially all the spaces are empty. On every turn, a player must make one of the
following two moves:

1. Place a stone in an empty space.

2. Remove a stone from a nonempty space s, place a stone in the nearest empty space to
the left of s (if such a space exists), and place a stone in the nearest empty space to
the right of s (if such a space exists).

Furthermore, a move is permitted only if the resulting arrangement of stones has not occurred
previously in the game. The player who is unable move loses. Prove that Alice has a winning
strategy.

Solutions to these problems will not be given. For hints or solutions to individual problems,

feel free to email the presenter at kris. siy@ uwaterloo. ca . Problem sources are also

available from the presenter by request.
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