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More than Just Guessing

On a weekend car trip from Waterloo to Toronto, you ask “Are we there yet?” Your dad

responds “We’ll be there in 29 days!” Would you believe him? Why or why not?

On your next math test one question asks you to solve 5.1×6.9 without using a calculator.

Your friend thinks her answer of 12 is correct and she expects to get an A+. Do you agree?

These two examples show why estimation is very important! You (hopefully) know that a

trip from Waterloo to Toronto would take much less time than 29 days. As well, 5× 6 = 30,

so multiplying greater amounts should result in a product greater than 30. If your friend

used estimation, she would have known her answer of 12 was incorrect.

An estimate is a value of something that is not exact but still close enough to be useful,

and is obtained by using known features or values of what you are trying to estimate. This

second piece is what sets apart an estimate from a guess. It is why an estimate can also be

called an educated guess or a prediction.

The above examples were guesses since they did not use features of what was known.

Prior trips, distances, speed, and landmarks (such as spotting the CN Tower) would be

useful features for determining how long it would take to reach Toronto. Rounding and

calculating similar, simpler equations would let you know if your answer is close to the

correct answer.
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What can we Estimate?

We can estimate anything which has an associated value or number. If you can ask “how

much” or “how many” of something, we can estimate the answer. Common values we can

estimate include:

� Answers to equations. How much is 4.57 × 35.21?

� Time. How much time will it take to finish your homework?

� Distance or Length. How far away is 11 metres? What is the distance between you

the chalkboard?

� Money. How much is the chair you are sitting on worth?

� The number of something. How many people are on the bus?

� And many others! What are some other things you might estimate?

We can also combine estimations to get more estimations. For example, we can combine

the speed your father will drive at, distance to your house, and number of red lights you

must stop at, to estimate the time it will take you to get home after Math Circles.

We can also estimate things without values. For example, what will happen if you don’t

study for your next science test? These are usually called predictions rather than estimations,

though they are very similar.

Methods

The following techniques will help you make estimates.

Mean

The mean of a set of numbers is the value which best represents all the terms of the

set. It can also be called the average of the numbers. To find the mean, add all the terms
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together then divide by the number of terms in the set. How is this estimation? Let’s take

an example.

Jenn always goes to the library to read after school. Every day this week she counted

the other students in the library. There were 12, 14, 15, and 11 from Monday to Thursday.

Estimate how many students Jenn will count in the library on Friday.

The mean number of students (no they aren’t bullies) is (12 + 14 + 15 + 11)÷ 4 = 13. So

13 students per day in the library was the average all week, so it makes sense that there will

be around 13 again on Friday. So 13 would be a good estimate.

Rounding

This is helpful when dealing with decimals or large numbers. If you need to answer

10.167 × 5.821 it is very close to 10 × 6. One number is a bit higher, the other a bit

lower than the original, but you know the answer will be around 60. The actual answer is

59.182107, which is very close to our estimate.

The more decimal places you use for your estimate, the closer your estimate will be to

the actual answer. However, rounding makes calculations easier to compute by hand. You

could also round off the exact answer (in this case to 59) if you will be using it for further

calculations.

If using larger numbers, say 1334+5296 round some of the smaller digits. I would estimate

1300 + 5300 = 6600 is close to the actual answer (it is only 30 off!).

How much rounding you do is up to you. Just remember the more you round the less

accurate your final answer will be.

Estimate (don’t calculate!) the answer for each of the following:

4.194 × 25.273

0.524 + 15.805

19422 − 4285

992 + 18

$5.39 − $2.88

19 × 42
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Take a Sample

How would you estimate the number of fans in a hockey arena? It would take too long

to count everyone and you might skip someone. If you lose track of what number you are at

you’d have to start over! What you can do is estimate!

Count the number of fans in a small area then find out how many smaller areas make up

the whole area. For the hockey example you may count the number of people in one row.

Then count the number of rows per section. Multiply these numbers together to get

How do we use this to estimate the number of fans in the whole arena? What else do we

need?

With this method you take small numbers that you can count and apply it to a large

area. This process is known as extrapolation.

There are some issues with this method. What if the row you count has two fans in it

and 8 empty seats, but the arena is almost filled? Your estimate will be much less than the

total number of fans. That’s why you should pick a row with an average number of people

in it. You could also pick a few random rows and calculate the mean of people in a row,

then continue extrapolating. Notice how we’re using another method (mean) to calculate

the final estimate.

Give two examples of when taking a sample is a good way to estimate.
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Accuracy

Can one estimate somehow be better than another? The answer is yes! On the other hand,

two estimates can be very different yet still be equally as reasonable. In the three methods

above, we calculated a single value as our estimate. These are all called point estimates,

since they result in a single value. That estimate may be a good one but it’s not likely that

it is the exact answer. Our challenge now becomes to make a more accurate estimate.

Factors Affecting Estimates

When Jenn was estimating the number of students who would be in the library on Friday,

notice how everyday a different number of students were in the library. Why might this be?

Maybe a few students were at basketball practise after school on Monday. Maybe there’s a

book club that meets in the library on Wednesdays. Can you think of other reasons why

different numbers of students went to the library each day?

How would your prediction change if you knew the basketball team practised again on

Friday? How about if you knew the library closed right after school on Friday for the

weekend?

All these events or factors can change the actual number which you are trying to estimate.

Usually the more factors you consider, the more accurate your estimate will be.

We now can make more accurate estimates, but they are still point estimates.

Range

A range of numbers is all the numbers between two bounds. The lower bound is the lowest

number in the range and the upper bound is the largest number in the range. For example

the range of integers (whole numbers) with lower bound 4 and upper bound 8 is 4,5,6,7,8.

Sometimes you may need to figure out what the bounds are.
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What is the range of school grades you have been in?

Now instead of having one point we can now give a range of numbers as our estimate.

Jenn could estimate that there will be about 13 students in the library. She knows that there

were as few as 11 and as many as 15 students. So Jenn’s new estimate could be 13 but with

a range between 11 and 15. We can write this as 13±2 (read “13 plus or minus 2”). This

makes sense since we want to have the range of numbers at least 11 (= 13− 2) but no more

than 15 (= 13 + 2). Note how the center number was our point estimate, and the range

spreads out equally (by 2) on either side. This will usually be the case.

The amount after the ± is called the error in our estimate, since we still expect there to

be 13 students but we are admitting we could be wrong by up 2 students.

Write all integers (whole numbers) in the following ranges.

3±3 148±2 75±1

Write the following ranges using ±.

9, 10, 11, 12, 13 61, 63, 62 108, 106, 109, 107, 110

Making a Good Range of Error

Every good estimate will have an error amount stated, since it tells how much the estimate

could be wrong by.

Let’s say there are 30 students in Robert’s class. For his birthday tomorrow he wants to

bring in cupcakes for everyone. He wants to know how many people want chocolate cup-

cakes, and the rest will get vanilla. Last year in a class with some different students, about

half the class ate chocolate and the others ate vanilla. Robert estimates that 15 people will
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want chocolate. But Robert wants to make a good estimate with error that he knows will

be right. So he says that 15±15 students will want chocolate cupcakes. Is he correct? Is

this a good estimate? Why or why not (remember the definition of estimate)? How many

cupcakes should he make of each kind?

As you can see, the error needs to be specific in order to make a good and useful estimate.

There are no set steps you must follow to produce a good error. Error is just another estimate

of how far off the point estimate could be.

One key to evaluating a good error or range is to look at factors which affect your estimate.

The more factors you look at the better you error bounds (and estimate) will be. Some factors

may make your error bounds larger while others will make it smaller.

Error when finding Mean

We already took and example of this (Jenn estimating in the library). Remember we said

that the number of students varied from 11 to 15 each day. These numbers made good error

bounds because the mean was evenly between them. What if the number of students each

day was 11, 17, 12, 12? What is the mean?

We should adjust the error so the larger difference between the highest value and mean,

or the mean and lowest value, is the error. In this modified example, 17 − 13 = 4 and

13 − 11 = 2 so our error would be 4, and thus the estimate would be 13±4. However, this

may not always be the exact process to follow.

If some factor changed the number of students in the library, like maybe volleyball practise
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was cancelled or book club meets on Tuesday, then we need to take this into consideration.

If book club doesn’t meet or the volleyball team doesn’t practice on Fridays then you

wouldn’t expect to see as many students on Friday. You would then lower the error based

on the factors. You may also modify your point estimate for the same reason! Can you see

why factors play such an important role in error and estimation?!

Error when Rounding

Error bounds with rounding are easier to calculate than other methods, and usually most

accurate. As an example: 10.146× 9.821. We would round and get the point estimate to be

10 × 10 = 100 If we round both down we have 10 × 9 = 90 and rounding both up we have

11 × 10 = 110. So one possible estimate is 100±10.

If we want a smaller error bound, only round one number at a time. 10×9.821 = 98.21 but

the actual answer is slightly more since we rounded 10.146 down to 10. 10.146×10 = 101.46

but the actual answer is slightly less since we rounded 9.821 up to 10. So the answer is

between 98.21 and 101.46. So we can estimate the answer will be 100±2. (Note that we

rounded our range so it’s from 98 to 102. It doesn’t change our estimate too much and it’s

nicer to write 2 than 1.79 especially if your numbers have many more decimals.)

Error when Taking a Sample

This is by far the hardest error to calculate! You need to combine both error for mean

and error for rounding to get a reasonable error for your sample. Factors can also change

your error as with rounding. Most of the time you will end up with a fairly large error

range. However, an estimate with a large error that takes into account many factors, is a

much better estimate than one with a small error where the estimator forgot to include some

factors!
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Just as with any skill practice makes perfect! The more you estimate, the better and

faster you will get. Estimation can come in very handy on math tests. If you finish a test

early, review your answers by estimating the answer. If your written answer is close to your

point estimate, it is likely that your answer is right (or at least you didn’t make any major

errors). If your answer is not in your estimated range, you know your answer is wrong! You

can retry the problem, and improve your mark!

Problems

1. Fill in the blank with (2 minutes, 1 hour, 7 hours, 3 days, 1 week) so each estimate is

accurate.

(a) You first see the CN tower. It will take to get to the tower entrance.

(b) “I’m going to Florida for .”

(c) “School goes by so fast! It’s like 9am and already I’ll be home in .”

(d) “Popcorn will be ready in .”

(e) “The fair is only in town for .”

2. (a) Estimate the area of a rectangle with side lengths 19.2cm and 14.9cm

(b) If the rectangle from a, has height 9.6cm, what is the volume of the prism?

3. Find a partner. Pick a wall or desk near the front. Have one partner (the measuring

stick) stand 1 metre away from the desk or wall. The other partner (the instructor)

will say ‘forward’ or ‘backward’ to move the measurement if he/she doesn’t agree. The

measuring stick and instructor must continue to estimate until both partners agree

that the measuring stick is one metre from the wall or desk. Partners switch roles and

do the same task for 7 metres then 10 metres.

4. On your next math test, you finish early. These are some of the answers you wrote

down. Estimate (DO NOT CALCULATE!) if the answers are correct. If so skip to
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the next question on your test. Only if you think the answer is incorrect, calculate the

true answer!

(a) 394 + 716 = 1000

(b) 56 + 54 = 110

(c) 689 × 19 = 13091

(d) 1975 ÷ 25 = 69

(e) $30.00 × .15 = $7.00

(f) 946−469+649−496 =

469

5. Estimate the number of dots in the following picture.

6. Describe some factors that you may need to consider when estimating the following.

(a) The number of people who live in Waterloo.
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(b) The number of steps you take to get outside this building.

(c) The time it would take you to walk from your house to school.

7. Estimate the following.

(a) The length of the pencil (or other writing utensil) you’re using.

(b) The number of squares of paper in one roll of toilette paper.

(c) Name one of your relatives. How long would it take to get to their house from

where you are right now.

8. CHALLENGE: On a trip to Mr. Auckland’s home-town of St. Thomas, you period-

ically check the speedometer in your dad’s car. The four times you check, the gauge

reads 92km/h, 97km/h, 90km/h, and 99km/h. You notice that despite the speed limit

of 80km/h your dad is speeding! You passed a sign about half an hour ago (maybe 35

minutes, you don’t really remember the exact time) that said,

St. Thomas: 251km. Right now the clock in your car says 2:47pm.

(a) Estimate the time you will arrive at Mr. Auckland’s house. Remember to include

some error bounds.

(b) What do you need to assume about the factors?

(c) What are some factors that could make you arrive sooner? What about later?

(d) If your dad misses a turn, but doesn’t realize it until 10 minutes, 28 seconds later,

estimate when your new arrival time will be (your dad still drives at about the

same speed).

9. Play this game with everyone you go home with today. Say you want to estimate the

time you will get home. Have everyone make their predictions first. They will probably

guess one time (like 8:42 or 8:47). Knowing what you do about estimation and error,

make your prediction. Once you get home, see whose guess (or your estimate) was

most accurate!
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