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“We need a super-mathematics in which the operations are as unknown as the quantities they
operate on, and a super-mathematician who does not know what he is doing when he performs

these operations. Such a super-mathematics is the Theory of Groups.”
- Sir Arthur Stanley Eddington

So what is a Group, Really?

So far we’ve seen a bunch of groups, but we still don’t have a formal definition. You could argue
that we have a pretty good feel for groups, so maybe a formal definition isn’t necessary. Here are
some things that we think a group should have:

• Groups need to have an operation.

• Groups need to have an identity element.

• Every element in a group needs to have an inverse.

Is that all? Or is there some other structure hiding in the background. We are now going to define
a group formally, and we’ll see that we weren’t that far off. In the following definition and from
here on in, the symbol ∈ means “is an element of” or simply “ in.”

Definition (Definition of a group). A group is a set G with an operation · such that

1. For any elements a, b, c ∈ G, (a · b) · c = a · (b · c) (this is called associativity).

2. There exists an element e ∈ G, which we call the identity, such that a · e = e · a = a for all
a ∈ G.

3. For all a ∈ G, there exists an element a−1 ∈ G such that a · a−1 = a−1 · a = e. We call such
an element the inverse of a.

Sometimes, if it is clear which group we’re working in and what the operation is, we might
ignore the operation and simply write a · b as ab.

At this point, we can look at this definition an it’s not hard to believe that the groups we’ve
seen so far are all in fact groups. However, a natural question arises: why in the world would we
make such an abstract definition?

This is a perfectly valid question, and it is often definitions like this that turn people off pure
mathematics. As we will see, there is incredible power in stripping off everything except for these
bare bones. Now, if we prove something only using properties 1,2, and 3 of a group, then we have
automatically proved it for anything that satisfies these properties. We’ve already seen an infinite
number of groups, so if we prove something in this abstract setting, we’ve proved it for an infinite
number of things. Amazing! We’ll see this in all it’s glory a little later.

1



Even more cats!

Before we prove things in general, let’s explore two more examples of groups. While we’re going
through these, it is important to check in your head that these are indeed a group by checking that
the cat we’re talking about satisfies properties 1,2, and 3 above.

Cat 10 - (Poly(n), ∗)

This group is the group of symmetries of a regular n-gon (a 3-gon is a triangle, a 4-gon a square
etc). A symmetry of a triangle, say, is something I can do to a triangle when you’re not looking,
that when you look back, you can’t tell I’ve done anything. For example, with a triangle, you can
rotate 120 degrees around the centre, or you can flip it in three-dimensional space.

Let’s write down all the elements in Poly(3). Below, the labels on the corners of the triangle
aren’t really there, they are just there for our benefit so we can keep track of what each symmetry
does. This group has order 6, and here are the elements.
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The symmetry e is simply the do nothing symmetry. Keep the triangle as is. The second
symmetry, r1 is a clockwise rotation around the center of the triangle by 120 degrees. The symmetry
f1 is obtained by flipping around the vertical axis. See if you can figure out how you get the rest
of them, and convince yourself that these are all the possible symmetries of a triangle.

So, these 6 symmetries are our group elements, so how does the operation work? Well, whatever
the operation is, it better take in two symmetries and spit out another one. It is defined in the only
way you reasonably can, if you have two symmetries, create another one by composition. That is,
do one and then the other!

For example, let’s look at r1 ∗ r1. If we do r1 and then do r1 again, we get

c b
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a c

b

which is the same symmetry as r2. So we have r1 ∗ r1 = r2. Let’s see another example. Performing
r1 then f1 we see
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which is f3, so r1 ∗f1 = f3. Now that we know the formal definition of a group, we can ask whether
or not this is a group. If so, what is the identity element? What are the inverses of all the elements?

Cat 11 - (Q8, ·)

This next group is called the quaternions. Quaternions are extremely important in physics, and play
an important role in advanced algebra. We’ll just be looking at them as groups (unfortunately).

The elements of the quaternions are Q8 = {1,−1, i,−i, j,−j, k,−k}, so |Q8| = 8. How does the
operation work? Well, the first four elements should look familiar to you, where i is that special
thing from the complex numbers that has the property i2 = −1. The multiplication in Q8 is defined
similarly to cat 5: treat i, j, and k has variables, except with the following rules.

i2 = j2 = k2 = −1 and ij = k.

From these rules, and with a bit of ingenuity, we can work out what all the other multiplications
give us. For example, let’s try to work out what ji is. Well,

jik = jiij = −jj = −(−1) = 1.

We also have (−k)k = 1, so (−k)k = jik. Since we’re in a group k has an inverse (it’s −k, but let’s
pretend we don’t know that). Multiplying on the right by k−1 we get

(−k)kk−1 = jikk−1 =⇒ −k = ji

so ji = −k. One of the exercise on sheet two is to draw out the multiplication table, which is an
important exercise to understand this group.

As an aside, note here that ij = −ji, which is a similar property to a cross product in R3 as
a vector space. This is not a coincidence, and it turns out that the existence of the quaternions is
responsible for the existence of a cross product in R3. As a fun fact, the only other cross product
that exists is in R7, and it corresponds to the existence of something called the octonions (which
don’t even form a group, but instead form some other algebraic structure).

Creating new cats from old ones - Direct products

Here is a way we can take two groups and create a new one, it’s called a direct product. We’ll first
do an example which will indicate how it’s defined in general.

Take for example, (Z∗
7,×) and (Z4,+). Then we can define the direct product of these two

groups, and denote it (Z∗
7 × Z4, ·), or simply Z∗

7 × Z4.
The elements of this group are of the form (a, b) where a ∈ Z∗

7 and b ∈ Z4. Given two such
elements, our group operation is performed in the most natural way possible, by just performing
the old group operations in each of the coordinates. For example, (4, 2) and (3, 1) are in this group,
where the first coordinates are in Z∗

7 and the second are in Z4. Then the group operation will be
performed as follows.

(4, 2) · (3, 1) = (4× 3, 2 + 1) = (5, 3)

where the × is from (Z∗
7,×) and the + is from (Z4,+).
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In general we define the direct product of two groups G×H as you would expect. The elements
are of the form (g, h) where g ∈ G and h ∈ H, and the operation is given by (g1, h1) · (g2, h2) =
(g1 • g2, h1 ∗ h2) where • is the operation in G, and ∗ is the operation in H.

Once again, we can ask the same age old questions: what is the identity, and what do the
inverses look like?

What is True for All Groups?

So a small while ago, we defined what a group was in general, with the promise of reaping the
rewards of this seemingly unnecessary abstraction. Here we will see one simple, but powerful
result.

Theorem 1. Say we are in a group. If ab = ac, then b = c.

Proof. Since every element has an inverse a−1 exists. Multiplying on the left by a−1 we get

ab = ac

⇒ a−1(ab) = a−1(ac)

⇒ (a−1a)b = (a−1a)c

⇒ eb = ec

⇒ b = c

where the second step was possible by property 1 of being a group, the third step used the existence
of inverses, and the fourth step used the existence and properties of the identity. This completes
the proof. �

One thing to note about this is that a proof is simply an argument which cannot be refuted
about why something is true. Nothing more, nothing less.

So, as we mentioned before, since we only used the properties in the definition of a group, this
theorem will be true for all groups, which is pretty amazing if you think about it.

At first glance, this result seems pretty boring, but let’s explore one consequence in particular.
Let’s look at the multiplication table for a group, say (Z3,+).

+ 0 1 2

0 0 1 2
1 1 2 0
2 2 0 1

.

Notice that every row and every column has all the elements in it. This is not a coincidence and
is a direct consequence of the theorem we just proved. If one row had two entries which were the
same, that would imply some element a and two others b and c where ab = ac but b 6= c, which is
simply not possible in a group (as we so fantastically showed).

In other words, filling out the multiplication table for a group is a little like solving a sudoku.
Let’s see what we can get out of this fact.

What Groups Can Exist?

Let’s begin answering this question, first for groups of order 2. Well, in a group with 2 elements,
one of them had better be the identity, so let’s call our elements {e, a}. Then the first row and
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column of our multiplication table below are fixed by the property the identity has, leaving us only
one option for the bottom right entry to ensure no entry is repeated in any column or row.

e a

e e a
a a e

.

The amazing thing about this is that it doesn’t depend on the operation. Regardless of what the
group is, if it has two elements, this is what its multiplication table must look like! For example,
the multiplication table for (Z∗

6,×) is
× 1 5

1 1 5
5 5 1

and the multiplication table for (Z2,+) is

+ 0 1

0 0 1
1 1 0

.

So, if we only care about structure, there is only one group of order 2.
How about when |G| = 3? Well, let our elements be {e, a, b}, where e is the identity. Let’s start

filling out the table, as before, the first row and column are forced by the property the identity has.

e a b

e e a b
a a
b b

.

Now, if we put an e in the middle, then that forces a b to go in the middle right entry, which cannot
happen because then two b’s will appear in the right column. Therefore, the middle entry must be
a b. From here we only have one choice for the rest of the entries and we get

e a b

e e a b
a a b e
2 b e a

.

Compare this to the multiplication table for (Z3,+) above. Notice anything? Since we only had
one way we could possibly fill out this table, we can deduce that if we only care about structure,
there is only one group of order 3.

This leads nicely into the following definition of groups being isomorphic, or essentially the
same regardless of what we name the elements or what the operation is.

Definition. Two groups are isomorphic if you can relabel the elements of one with the elements
of another in such a way as to (after possibly reordering the elements) make their multiplication
tables look the same.

If we were in a spelling bee and I had to use isomorphic in a sentence, I would say that any two
groups of order 3 are isomorphic.
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Subgroups

Subgroups are what they sound like. They are subsets of groups, which when looked at by them-
selves, form a group when they use the same operation from the group they used to live in.

For example, let’s look at the group (Z,+), and consider the subset 2Z ⊂ Z, where

2Z = {. . . ,−4,−2, 0, 2, 4, . . .}.

We can ask the question, is (2Z,+) a group? Well, let’s check. Does it have an identity? Yes,
because it contains 0, which was the identity from the old group. Does everything have an inverse?
Yup! Is it associative (does it satisfy property 1 of a group)? Definitely, because the bigger group
was associative.

At this point you might think that we’ve provent that 2Z is a subgroup of Z. However, we still
need to check one more thing, and that is whether or not it is closed. What I mean by that is if
I take two things in 2Z and add them together, do I stay in 2Z? Or, putting it another way, is +
really an operation on 2Z? A bit of thought will convince you that if you add two even numbers
together, you get another even number, so (2Z,+) is a subgroup of (Z,+).

Let’s look at another subset of Z. Consider the set {−4, 0, 4}. It has the identity, and everything
has an inverse. However, 4 + 4 is not in the set, so this does not form a subgroup.

Let’s look at another example, (Z6,+). We will now find all subgroups of Z6.
First, every subgroup has to have the identity, so let’s start with that. Consider {0}. This has

the identity, everything has an inverse, and if I take two things in there and add them together, I
stay in there! Excellent, we found a subgroup.

Let’s try to find another one. Let’s take {0, 3}. Again, we check that this has an identity,
3 + 3 = 0 so everything has an inverse, and it is closed under the operation, so this is another
subgroup!

This time, let’s look at {0, 2}. This has the identity, but the inverse of 2 isn’t in there, so let’s
throw it in. Now we have {0, 2, 4}. A quick check will convince you that this is a subgroup as well.

Let’s now start with {0, 5}. Not everything has an inverse, so let’s throw in 1 to give us {0, 1, 5}.
Now everything has an inverse, but 1 + 1 is not in there. In fact, 1 + 1 + 1 and 1 + 1 + 1 + 1 are
also not in there, so we better throw those in too. This leaves us with {0, 1, 2, 3, 4, 5}, which is the
whole group (also a subgroup)!

You can keep looking, but once you exhaustively search all possibilities you will find that these
are all the subgroups of (Z6,+). They are {0}, {0, 3}, {0, 2, 4}, and Z6. As a curiosity, these groups
have order 1, 2, 3, and 6 respectively, all of which divide 6 = |Z6|. Coincidence?

Let’s explore these subgroups a little more, and see what they look like in the multiplication
table. Let’s draw it out for (Z6,+).

+ 0 1 2 3 4 5

0 0 1 2 3 4 5
1 1 2 3 4 5 0
2 2 3 4 5 0 1
3 3 4 5 0 1 2
4 4 5 0 1 2 3
5 5 0 1 2 3 4

Now let’s see what each subgroup looks like in this table. The following tables are what the
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subgroups {0},{0, 3}, and {0, 2, 4} look like respectively living inside Z6.

+ 0 1 2 3 4 5

0 0 1 2 3 4 5
1 1 2 3 4 5 0
2 2 3 4 5 0 1
3 3 4 5 0 1 2
4 4 5 0 1 2 3
5 5 0 1 2 3 4

+ 0 1 2 3 4 5

0 0 1 2 3 4 5
1 1 2 3 4 5 0
2 2 3 4 5 0 1
3 3 4 5 0 1 2
4 4 5 0 1 2 3
5 5 0 1 2 3 4

+ 0 1 2 3 4 5

0 0 1 2 3 4 5
1 1 2 3 4 5 0
2 2 3 4 5 0 1
3 3 4 5 0 1 2
4 4 5 0 1 2 3
5 5 0 1 2 3 4

.

You can now do every question on sheet 2. Go nuts!
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