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Clock Arithmetic

The Clock Analogy

Suppose the clock reads 1o clock.

a. What time would it be after 2 hours?

b. What time would it be after 12 hours?

After 2 hours, it would be 3◦ clock.

We can simply add 1 + 2 = 3

After 12 hours, it would be 1◦ clock since a clock cycles

back to the same time every 12 hours. However unlike

the first example, if we add 1 and 12 normally, we get 13

but 13 isn’t on the clock. Is there a way to compensate

for this?

YES! - We use something known as modular/clock

arithmetic.

In a clock, you may view 13o clock as the same 1o clock. Alternatively, you may interpret

that shifting 13 hours ahead on a clock is the same as if you were shifting 1 hour ahead.

We write this mathematically as:

13 ≡ 1 mod 12

We use the ≡ (equivalence) symbol to indicate they mean the same thing on a clock. This

means that 13◦ clock is the same thing as 1◦ clock in a 12 hour system. The mod 12 indicates

the clock cycles every 12 hours.

Similarly, we can add 12 hours again to 13 to get 25◦ clock. We still understand that it is
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the same as 1◦ clock. We write this as

25 ≡ 1 mod 12

Exercise. Can you think of anything else that is equal 1◦ clock. How would you write this

mathematically?

Exercise. What is is 17◦ clock equal to on a 12 hour clock i.e the number must be less than

12. Express your answer mathematically as well.

The Relation between Modular Arithmetic and the Remainder

Example. Suppose the clock reads noon. What time would it be after 35 hours?

Hint: What time is it after 12 hours? How about after 24 hours? What time is it after

every 12 hours?
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We can interpret this as the clock cycling (twice) returning to the 12o clock position and

then a further 11 hours passes by.

Essentially, to determine the time after a certain amount of hours has passed. We determine

the maximum groups of 12 we can form (since this returns the clock back to whatever time

it was on before)and how many hours left over. Back in the previous example, only the 11

hours actually moved the hour hand, since the other 24 hours moved the hour hand back to

it’s initial position.

This is the same as finding the remainder!

Rule: After forwarding time by n hours, we can find the current time by finding the re-

mainder when you divide n by 12.

Example.

35
dividend

≡ 11
remainder

mod 12
divisor

Exercise. Simplify the following times i.e how would you read it on a clock and write the

answer mathematically. Remember, we can simply find the remainder to find that time.

1. 15◦ clock

2. 56◦ clock

3. 42◦ clock

4. 48◦ clock
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Cycles of Different Length

There are many other things in our lives that repeat or cycle after a certain amount of time

- days of the week, months of a year, degrees in a circle, seasons in a year. We can also use

modular arithmetic to events that repeat. If the length of the cycle is n. We refer to it as

modulo n.

For example, since a clock cycles every 12 hours, we refer to it as modulo 12. In a circle

where one full revolution is 360 degrees, it is modulo 360. Since there are 7 days in a week,

so we refer to it as modulo 7.

Ideally, we prefer a value between 0 and the length of the cycle. For example, one full

rotation is 360◦. We could have a degree measurement of 362◦, but we understand that is

the same as 2◦.

Likewise, we understand that 14o clock is 2o clock.

Reduce the following modulo n.

a. 7 ≡ mod 3

b. 24 ≡ mod 3

c. 32 ≡ mod 30

d. 15 ≡ mod 6

Addition

Going back to the clock example. We already know that

13 ≡ 1 mod 12

Question: What if we shift the hour hand by 2 additional hours after 13 hours have passed.

Will it be the same time after shifting the hour hand an additional 2 hours after an hour
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has passed?

Answer: Since shifting 13 hours lands the hour hand in the same position as if it passed by

an hour, shifting an additional two hours to both 13 and 1 shift the clock to 3◦clock

13 + 2 ≡ 1 + 2 mod 12

15 ≡ 3 mod 12

Theorem 1. Suppose a and b are whole numbers and a ≡ b mod n, then

a + m ≡ b + m mod n

where m is a whole number

Here is something interesting, we do not necessarily need to add the same value to both sides

of the equivalence symbol.

Example. Is the statement below true or false? If it true, can you provide another example?

If it is false can you provide a reason why?

23 + 2 ≡ 11 + 14 mod 12

We summarize our results as follows.
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Theorem 2. If a ≡ b mod n and c ≡ d mod n, then

a + b ≡ c + d mod n

Exercise. Simplify the following

1. 9 + 5 mod 12

2. 13 + 15 mod 12

3. 22 + 14 mod 10

4. 34 + 37 + 64 + 18 mod 12

Exercise. Reduce the expression 90987 + 7269 + 2341014 + 758776 mod 10

Hint: What is the remainder of any number when you divide by 10?

Multiplication
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Modular Arithmetic provides us with an even greater advantage when we are dealing with

multiplication.

Again, let’s start with the clock again. Since we already know that

23 ≡ 11 mod 12

i.e shifting 23 hours ahead is the same as shifting one hour ahead.

23 ≡ 11 mod 12

23 + 23 ≡ 11 + 11 mod 12

23 + 23 + 23 ≡ 11 + 11 + 11 mod 12

3 × 23 ≡ 3 × 11 mod 12

This makes sense intuitively. Since shifting 23 hours ahead is the same as shifting 1 hour

ahead, then shifting 23 hours 3 times should be the same as shifting 3 hours ahead.

Exercise.

1. What happens when we shift 23 hours 12 times?

2. What time will it be after we shift the clock 23 hours ahead 14 times?
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In general, we can reduce numbers when multiplying in the same way we do with addition.

Theorem 3. If a ≡ b mod n and c ≡ d mod n, then

a× c ≡ c× d mod n

Exercise. Reduce the following

1. 44 × 56 mod 12

2. 41 × 67 × 25 mod 5

3. 2 × 30 + 4 × 37 mod 8

Problem. Jerry has 44 boxes in his track. The cans of soda in each box are packed oddly

so that there are 113 cans of soda in each box. Jerry plans to pack the sodas into cases of 12

cans to sell. After making as many complete cases as possible, how many sodas will Jerry

have leftover.
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Exponentiation.

Example. Reduce the following expression below

9 × 9 × 9 × 9 × 9 mod 7

Exercise. What is the remainder when 237 is divided by 7?

Gregorian Calendar

Here’s an interesting challenge. Can you determine what day of the week were you born on?

You could could ask your parents of course or use the internet, but what fun is there to that.

Using Modular Arithmetic, we can find the day of the week of any date - past, present, or

future - using the Gregorian Calendar.

The Doomsday for any Year For any given year, there is a particular day of the week

call the Doomsday. The Doomsday for any given year is the day of the week of the last day

of February. This date is very important, because it is the only date that can change nearly

every 4 years.

To be able to properly do calculation with days of the week, we need to convert the days

of the week into numbers. In addition, since the length of every week is 7, we will be using

modulo 7.
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Table 1: Representing the Days of the Week using Numbers
Day Number

Sunday 0
Monday 1
Tuesday 2

Wednesday 3
Thursday 4

Friday 5
Saturday 6

For example, the doomsday for the year 2000 was Tuesday. We express this as

D2000 ≡ 2 mod 7

The Doomsday for the year 1900 was Wednesday:

D1900 ≡ 3 mod 7

We can use these two Doomsday for the years 1900 and 2000 to determine the Doomsday

for any year in the 20th and 21st century.

• Let Y represent the last two digits of the year (eg. Y = 23 represents the year 2023).

• Let L represent the number of leap years that occur after 2000 up to year Y.

After 00, of every century, every fourth year is a leap year.

1. How can we find the number of leap years between 2000 and 2026 then?

2. How can we find the number of nonleap years between 2000 and 2026 then?

The Doomsday for a leap year comes 366 days after the Doomsday for the previous year,

but the Doomsday for a non-leap year comes 365 days after the Doomsday for the previous
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year. Thus the formula for DY . The Doomsday in a year Y of the 21st century is

DY ≡ D2000 + 365 × (Y − L) + 366 × L mod 7

DY ≡ D2000 + 365 + L mod 7

DY ≡ D2000 + Y + L mod 7

The Doomsday for any year is the day of the week of the last day of February in the

year. To find the Doomsday, D, for any given year, use the following formula:

D ≡ D00 + Y + L mod 7

Where D00 is the Doomsday for the 00 year of the given century, Y is the last two

digits of the given year, and L is the quotient when Y is divided by 4. (L is the number

of leap years after 00 year.)

Finding the day of the Week for any Date

If we know the Doomsday for any given year, then we can determine the day of the week

for any specific date of that year. However, it requires us to know remember key dates that

always fall on the same day of the week as the Doomsday of the same year. The chart below

summarizes all the days that occur on the same day as the Doomsday of a specific year.

Table 2: Dates that always occur on the same day of the week as the Doomsday
Months Dates

First Two Months Feb 1st/2nd, Feb 28th/29th
Even Months April 4th, June 6th, August 8th, October 10th, Dec 12th
Odd Months May 9th, July 11th, Sept 5th, Nov 7th

The remaining step is to subtract or add days from these reference dates modulo 7.

Example. Find the day of the week for November 25th 1966. First find the Doomsday for

1966.
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D ≡ D1900 + Y + L mod 7

≡ 3 + 66 + 16 mod 7

≡ 3 + 3 + 2 mod 7

≡ 1 mod 7

We need to choose a key date around November 25th that occurs on the same day of the

week as Doomsday. The closest date is Nov 7. Nov 25 is 18 days after Nov 7, so we find that

1 + 18 ≡ 1 + 4 mod 7

≡ 5 mod 7

12



Problem Set

1. Reduce each expression modulo n

(a) 8 mod 4

(b) 8 mod 2

(c) 53 mod 7

(d) 35 mod 4

(e) 120 mod 4

2. Assuming it is 2o clock pm. What time would it be after 1000 hours?

Hint: 1000 = 10 × 10 × 10.

3. The following questions involves divisibility of 2.

(a) What are the possible remainders when you divide any number by 2?

(b) How can you tell by just looking at the number the remainder of any number

when divided by 2.

(c) Using part a and part b, reduce the expression:

108 + 2534 + 3976 + 321539 mod 2

4. Which of the following are congruent to 3 modulo 4. Draw out your answer on a

number line.

5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16

5. Captain America is initially facing Iron Man. In order to dodge an attack from Iron

Man, Captain America spins around 772◦ counterclockwise. When he stops, how much

must he rotate in order to face Iron Man again?

6. Reduce the following

(a) 220 mod 3

(b) 510 mod 3

(c) 220 × 510 mod 3

7. I have 5 trays with 8 muffins each and I divide it evenly among 4 friends, and I ate the

leftovers. How many muffins did each of my friends eat? How many muffins did I eat?
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8. What is the last digit of 3729?

9. You may have heard that a leap year occurs EVERY 4 years. That is not quite true,

a leap year occurs almost always every 4 years. To identify if the current year is a

leap year, it must fulfill 3 criteria.

(a) The year must be evenly divided by 4

(b) The year CAN BE evenly divided by 100, it is not a leap year UNLESS;

(c) the year is also evenly divisible by 400.

Which of the following years, 1900, 2000, 2100, and 2200 are leap years?

10. Find the day of the week of each important day in history

a. July 1, 1687 Constitution Act of 1867 (Canada Day)

b. Feb 15, 1965 The Maple Leaf becomes Canada’s official flag

c. Your Birthday Celebration of being yourself

d. June 6, 1944 D-Day (Allied Invasion of Normandy)

e. May 24, 1918 Women are granted the right to Vote

in Canadian Federal Elections

11. What are the tens and units digit of 71942.

12. What is the remainder of 1259421 when divided by 9?

Hint: Notice that 1259421 = 1 × 107 + 2 × 106 + 5 × 105 + . . . 2 × 10 + 1
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