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Intermediate Math Circles
October 27 2021
Problem Set 1

1. Let a = ZEGF, b= ZFEG. Since AB || CD, we know that alternate interior angles are
equal so a = 50°. Observe that a and the angle 13x form a straight angle. Then,

a+ 13z = 180
50 + 132 = 180
x =10

Similarly, using b, the 50° angle, and the angle 3x = 30,

b+ 50+ 30 = 180
b+ 80 =180
b =100

Since y is an external angle to AEFG, y = a+ b = 150°.
Therefore, x = 10°, y = 150°.

2. ANABD is isosceles since AB = BD. Therefore /BDA = /BAD = 52°.

Then in ABAD,
ZABD =180° — ZA— ZBDA

= 180° — 52° — 52°
= 76°

Since AB || DC, we have ZBDC = ZABD = 76°.
Since BD = BC, ABDC ' is isosceles. Therefore, /ZBDC = Z/BCD = 76°
Therefore, by sum of interior angles of a triangle, ZDBC" = 180° — 76° — 76° = 28°.

3. In a square, the corner angles are 90°. The triangle is equilateral (all sides equal), so we
know all the angles are equal and hence must be 60° each.

If we look at the place where the triangle and two squares meet (where z is located), we
notice it is made up of four angles; two corner angles of a square, one corner angle of a
triangle, and x. These four angles form a complete revolution, so they must sum up to
360°.

Then,

x + 90+ 90 + 60 = 360
x + 240 = 360
x = 120°

Therefore the measure of angle z is 120°.
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4. Since ZFJI = 111° is part of a straight angle with ZF JG, we have that ZFJG = 69°.

We see that because GF = GJ, AFGJ is isosceles, with equal base angles ZFJG and
LGFJ, we get ZGFJ =69° and so ZFGJ = 42°

Because FG || [H, ZFGI = ZGIH = 42°. Also, AIHG is isosceles since GH = HI, so
ZIGH = ZGIH = 42°

Since GH || FI, /FIG = /IGH = 42°.
Using AFJT, we sce LFJI + /FIJ + ZJFI =180

111 +42+ ZJFI = 180
SLJFT =27°

5. Since ABCD is a square, BC = CD. Since ACDE is equilateral, CD = DE = EC.
Therefore, BC = CD = DE = EC and so BC' = EC.

B C

A D

By the properties of a square, ZBC'D = 90°. By the properties of equilateral triangles,
/DCFE = 60°. Therefore /BCE = /BCD + ZDCFE = 90 + 60 = 150°.

Since BC = EC, ABCF is isosceles. So /EBC = ZBEC = z. In this triangle, we have

/BCFE + x4+ x =180
150 4+ 22 = 180
x = 15°

So ZBEC =z = 15°.
Note that 60° = ZDEC = /BED + /BEC = ZBED + 15.
Therefore, /BED = 60 — 15 = 45°.
6. Consider the angles opposite to the angles marked y. Since they are opposite angles, they
are equal to y.

The quadrilateral formed in the overlap must have angle sum 360°. We know two of the
angles are .

The other two angles are actually the missing angle of the two isosceles triangles. In the
left triangle, this angle is 180 — 2z; for the triangle on the right, it is also 180 — 2.

These four angles have to sum to 360°. Therefore,
y+y+ (180 — 2x) + (180 — 2z) = 360
2y 4 360 — 4z = 360
2y = 4x
Yy =2x

..y = 2z is our desired relationship.
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7. Let ZSPR =x. Then, ZQPR = /ZQPS + ZSPR = 12° + .

Since PS = SR, ASPR is isosceles and so /PRS = Z/SPR = x. Since PS = PQ, APQS
is isosceles and so ZPQS = ZPSQ = vy.

Then
12+ y+y =180
2y = 168
y = 84°
Since QSR is a straight line, y = ZPSQ is external to APSR, so 84° =y =z + x = 2.

Therefore, x = 42°. And ZQPR = /ZQPS + ZSPR =12+ x = 12 + 42 = 54°.

8. Since we are using angle bisectors, let ZLNO = ZONM =z, /ZNLO = ZOLM =y, and
ZLMO = ZOMN = z.

But 68° = ZLNM = ZNLO + ZOLM = 2x, so x = 34°.

We also have ZLON = 180 — (z + y) = 146 — y, ZLOM =180 — (y + z), and ZNOM =
180 — (z + 2) = 146 — z.

ZLON, Z/NOM, and ZLOM form a complete revolution.
So, ZLOM =360 — ZLON — ZNOM = 360 — (146 —y) — (146 — 2) =68 + y + =

Using the entire triangle,

LLNM + ZNLM + ZLMN = 180
68 + 2y + 22 = 180
20422 =112
Y+ 2z = 56
Therefore, substituting back in, we get ZLOM = 68 4 56 = 124°.

9. Since AB = AF, AABF is isosceles, so ZAFB = ZABF = a.
Since ZAFB and ZDFFE are opposite angles, /DFE = ZAFB = a.

ZABE is external to ACBE, so ZABE = ZACE + ZBEC and a = = + z follows. (1)
LADC is external to ADFE, so ZADC = ZDFE + ZDEC and y = a + z follows. (2)

Substituting (1) into (2) for a, we obtain y = x + z + z. Rearranging and simplifying we
obtain x — y + 2z = 0. This is the equation relating z, vy, z.
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10. Since AE bisects Z/BAC, we can let t = /BAE = /EAC.
Since CB = CD, ABCD is isosceles so y = Z/CBD = Z/CDB.

In AABD, by the sum of interior angles of a triangle,
224 (90 +y) +y = 180
90 + 2z + 2y = 180
2x + 2y =90
x+y=45
In AABE, using the sum of interior angles,

r+ (90 +y) + LAEB = 180
90+ (z +y) + LAEB = 180

90 + 45+ LAEB = 180 (from above)
45+ LZAEB =90
LAEB = 45° (as required)

11. Since APQR is isosceles, then Z/PRQ) = ZPQR = 2z°.
Since ZPR(Q and ZSRT are opposite angles, then ZSRT = /PRQ = 2z°.
Since ARST is isosceles with RS = RT, then

1
ZRST =  (180° — ZSRT)
1
— 5 (180° - 22%)
= (90 — x)°

12. Since PQ) = PR and QS = R, we can label the diagram as
shown.

Note that ZSPR = 180 — 2y. Using ASPR, we see the angle
sum gives us

180 = LSPR+ ZPSR+ ZPRS

180 = (180 — 2y) + = + (z + y) 5
180 =180 — y + 2z
y =2

So ZPRS =x 4y =2+ 2z =3z = 3(LQSR) as required.
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13. Since ZTQP and ZRQU are opposite angles, then ZRQU = LZTQP = x°.
Similarly, ZQRU = ZV RS = y°.
Since the angles in a triangle add to 180°, then
ZQUR = 180° — ZRQU — ZQRU = 180° — x° — ¢°.
Now, ZWQP and ZWQR are supplementary, as they lie along a line.
Thus, ZWQR = 180° — LZWQP = 180° — 2x°.
Similarly, /W RQ = 180° — ZW RS = 180° — 2y°.
Since the angles in AWQR add to 180°, then

38° 4 (180° — 2°) + (180° — 2°) = 180

218° = 22° + 2y°
x° +y° = 109°

Finally, ZQUR = 180° — 2° — y° = 180° — (z° + y°) = 180° — 109° = 71°.
14. Since points Y, W and @ form a straight line segment, then ZY WV = 180° — ZVWQ and
so ZYWV = 180° — 125° = 55°.
Since @) is the final position of @ after folding, then ZQ'WV = ZQWV.
Thus, ZQ'WV = ZQWV = 125° and so ZQ'WY = ZQ'WV —-/ZYWN = 125°—55° = 70°.

S

Since Q'W and R'Y are parallel sides of the piece of paper, then ZR'YW +/Q'WY = 180°,
and so ZR'YW =180° — ZQ'WY = 180° — 70° = 110°.
Finally, ZPYV is opposite ZR'YW so Z/ZPYV = /ZR'YW = 110°.
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15. If the diagonals bisect each other the we need to show AF = EC' and BE = ED.

Here is the parallelogram with certain angles marked.

A B

In AAEB and ACED

LEAB = ZECD (alternate angles)
AB = CD (property of a parallelogram)
LEBA = ZEDC (alternate angles)

Therefore, NAAEB = ACED (ASA congruency)
Therefore:

AFE = EC (corresponding sides of congruent triangles)
BE = ED (corresponding sides of congruent triangles)

Therefore the diagonals bisect each other.



