
CEMC at Home

Grade 4/5/6 - Tuesday, March 24, 2020

Connect-the-Dots - Solution

Question 1: In each of the following pictures, find a way to trace over every line exactly once,
moving from dot to dot without lifting up your pencil.

Solution: One way to do this is to start from the dot marked “1” and
trace over all the outside lines of the picture in order, until returning
to dot 1. Then, finish with the line connecting dot 1 to dot 2. Or, you
can start from the dot marked “2” and trace over all the outside lines
in the picture, returning to dot 2 and finishing with the line from dot
2 to dot 1.

The important thing is that you have to start at either dot 1 or dot 2,
since these are the ones with an odd number of lines (or edges) coming
out of them. Every time you pass through a dot (other than at the
beginning or end), you use up an even number of the edges passing
through that dot. So, the only way to use up all the edges for a dot
(or vertex ) with an odd number of edges is to make sure that vertex is
the first or last vertex!
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Solution: Here, notice there are exactly two dots (vertices) that have
just one edge coming out of them. You must start tracing at one of
these vertices, and finish at the other – as soon as you get to one of
these vertices, you can’t get back to the rest without tracing over the
same line twice! So, one way to trace this is to start at the bottom-
left vertex, move to the bottom-left corner of the square, trace around
the perimeter of the square until you return to where you started,
and then trace through the remaining diagonal lines to finish at the
top-right vertex.

Solution: One way to trace out this diagram is to trace the outside
(perimeter) of the pentagon, starting and ending at vertex 1, and then
to trace over the inside lines in the pentagon in the following order:
1 → 3 → 5 → 2 → 4 → 1.
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Solution: One possible tracing is 1 → 2 → 3 → 4 → 5 →
6 → 7 → 8 → 5 → 2 → 7 → 4 → 1 → 6 → 3 → 8 → 1.
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Question 2: For each of the following pictures, explain why it is impossible to trace over every line
exactly once, moving from dot to dot without lifting up your pencil.

Solution: Notice that in this picture, there are four dots (vertices) that have
only one edge coming out of them. Unless one of these vertices is your
starting point, as soon as you get to that vertex, you can’t get back to the
rest of the picture without tracing over the same line twice, so you have to
finish there. So, after you start tracing, you can only get to one of these dots
before you are forced to stop, making it impossible to reach all four of them.

Solution: As mentioned earlier, every time you pass through a dot (except at
the beginning and end), you use up an even number of its edges. So, if you
are going to use up all the edges exactly once, at most two of your vertices
(dots) can have an odd number of edges touching it. But in this picture, all
four of the dots have an odd number of edges, so there’s no way to trace over
them all exactly once.

Question 3: In the picture below, is it possible to trace over every line exactly once, moving from
dot to dot without lifting up your pencil? If yes, show how. If no, explain why not.

Solution: No, it is not possible to trace over all the lines in this picture
exactly once, since all four of the dots have an odd number of edges coming
out of them (so the same argument works as in the last example).

As the story goes, this particular picture can be used to represent a map of the city of Königsberg
back in the 1700s. Each dot represents a landmass, and each edge represents a bridge between the
landmasses. The people in this city used to go for walks around town, trying to find a route crossing
each bridge exactly once. No one could figure out a way to do this, so they asked the mathematician
Leonhard Euler to explain why this was impossible. He came up with the explanation provided here!

Question 4: Suppose you are given a picture like the ones in problems 1., 2., 3., above, with dots
connected by a series of lines. Just by looking at the picture, how can you tell whether it is possible
to trace over all the lines exactly once without lifting up your pencil?

Solution: As mentioned in the previous problem, if there are more than two dots that have an odd
number of lines coming out of them, then there is no way to trace over all the lines in the required
way. It turns out that there’s also no way to draw such a picture where only one dot has an odd
number of lines (why?), so this leaves only the case of zero or two dots with an odd number of edges.
In both these cases, it turns out that we can always find a tracing of all the lines. The general idea is
to break the problem down into smaller problems, essentially finding a tracing for two smaller parts
of the picture and then putting those tracings together. If you are interested, you may want to look
into Fleury’s algorithm for more details!

Mathematicians call pictures like these, with dots and lines (vertices and edges), graphs. Aside from
modelling walks through a city, or connect-the-dots games, graphs can also be used to represent roads
between different intersections in a city, or something as complex as the connections between webpages
on the Internet (with each vertex representing a webpage, and each edge representing a link between
webpages). Mathematicians use graphs to model and help solve many different types of problems.
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